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Abstract. The classical (boolean) circuit model of computation is gen-
eralized via polynomial ring calculus, an algebraic proof method ade-
quate to non-standard logics (namely, to all truth-functional proposi-
tional logics and to some non-truth-functional logics). Such generaliza-
tion allows us to define models of computation based on non-standard
logics in a natural way by using ‘hidden variables’ in the constitution of
the model. Paraconsistent circuits for the paraconsistent logic mbC' (and
for some extensions) are defined as an example of such models. Some po-
tentialities are explored with respect to computability and computational
complexity.

1 Introduction

The classical notion of algorithm is founded in the model of automated ma-
chines introduced by Turing in [I8], now known as Turing machines, and in its
equivalent theories (A-definability, partial recursive functions, uniform families
of boolean circuits, and so on). Surprising connections between classical logic
and classical computation have been established, as the equivalence between the
well-known ‘halting problem’ and the undecidability of first-order logic (see [I8§],
[3] and [2]), and the relationship between computational complexity and express-
ibility in logic (see [15] sec. 2] for a survey). The advent of so many non-classical
logics challenge us to think, prompted by the above connections, in the possibil-
ities of logic relativization of the notion of computability and in its conceivable
advantages. In this spirit we presented in [I] a model of ‘paraconsistent Turing
machines’, a generalization of Turing machines through a paraconsistent logic,
and proved that some characteristics of quantum computation can be simulated
by this kind of machines. In particular, we have showed how this model can be
used to solve the so-called Deutsch-Jozsa problem in an efficient way. In this
paper we propose another generalization of a classical model of computation
(boolean circuits), defining unconventional models of logic circuits where gate
operations are defined in accordance with adequate semantics for non-classical



propositional logics. The conspicuous unconventional peculiarities of our ap-
proach are represented by the use of non-truth functional logics to express logic
circuitry (instead of a physical or biological approach) and by the significance of
such logical standpoint in the foundations of the notion of computability. Some
initial inquires about advantages of this logic relativized notion of computability
are also addressed here.

A boolean circuit is basically a finite collection of input variables and logic
gates acyclically connected, where input variables can take values in {0,1} (0
representing the truth value false and 1 representing the truth value true), and
each gate performs a boolean operation (e.g. AND, OR, NOT'). Boolean circuits
can be viewed as computing boolean functions f: {0,1}" — {0,1}. A particular
computation is performed by establishing the values of the input variables and
reading the result of the computation as the output at the final gate (the gate
with no output connections to any other gate)ﬂ It is clear that the classical
(boolean) circuit model of computation is based on classical propositional logic,
considering that gates operate in accordance with functional definitions of the
classical logic connectives. The fact that uniform boolean families of circuits are
a model for Turing machines clarifies much of the contents of celebrated Cook’s
theorem in [I0]; in an analogous way, the L-circuits introduced in Section could
shed light in certain aspects of computation related to non-standard logics.

In order to generalize boolean circuits, it is necessary to specify the input-
output alphabet (i.e. the set of values allowed for input variables and for outputs
of gates) as well as the gate operations. An obvious generalization of boolean
circuits to truth-functional many-valued logics would consist in considering the
set of truth values as the input-output alphabet, and defining logic gate opera-
tions as the functional definitions of the corresponding logic operation. In this
way, a logic circuit based in a many-valued logic with truth values set A would
compute functions of the form f: A™ — A.

In the case of infinite-valued logics, despite technical difficulties for imple-
mentation of infinitely many distinguishable symbols (for inputs and outputs),
the above generalization seems to be adequate for every many-valued logics;
however, the specification of gate operations is not obvious for logics without
truth-functional semantics.

The original logic relativization of boolean circuits that we propose here is
obtained via the polynomial ring calculus (PRC) introduced in [6], which is an
algebraic proof method basically consisting on the translation of logic formu-
las into polynomials and transforming deductions into polynomial operations.
As shown in [6], PRC is a mechanizable proof method particularly apt for all
finitely-many-valued logics and for several non-truth-functional logics as well,
provided that they can be characterized by two-valued dyadic semantics (see [5]).
The generalization of boolean circuits we are going to propose takes advantage
of the features of PRC, allowing to define logic gate operations through poly-
nomial operations, and restricting input-output values to finite sets. Interesting

3 This definition can be easily extended to compute functions of the form f: {0,1}" —
{0,1}™, allowing more than one final gate.



examples of our generalization are presented by exhibiting PRC' for the paracon-
sistent logic mbC and for some extensions, while exploring some potentialities
of this model with respect to computability and computational complexity.

We present a summary of the PRC' proof method and some illustrative ex-
amples following [6], before presenting the promised generalization of boolean
circuits.

2 Polynomial Ring Calculus

PRC cousists in translating logic formulas into polynomials over the finite (Ga-
lois) fields GF(p™) (where p is a prime number and n is a natural number)ﬁ
PRC' defines rules to operate with polynomials. The first group of rules, the
ring rules, correspond to the ring properties of addition and multiplication: ad-
dition is associative and commutative, there is a ‘zero’ element and all elements
have ‘addition inverse’; multiplication is associative, and there is a ‘one’ ele-
ment and multiplication distributes over addition. The second group of rules,
the polynomial rules, establishes that the addition of an element x exactly p”
times can be reduced to the constant polynomial 0; and that elements of the
form x' - 27 can be reduced to x*(mod q(z)), for k = i + j(mod (p™ — 1)) and
q(x) a convenient primitive polynomial (i.e. and irreducible polynomial of de-
gree n with coefficients in Z,). Two inference metarules are also defined, the
uniform substitution, which allows to substitute some variable in a polynomial
by another polynomial (in all occurrences of the variable), and the Leibniz rule,
which allows to perform substitutions by ‘equivalent’ polynomials.

The tip to define a PRC, for an specific logic, is to specify translation of
formulas into polynomials in such way that they mimic the conditions of an
adequate (correct and complete) class of valuations for the logic in question. We
will illustrate this point with some examples.

First, let us consider Classical Propositional Logic (C'PL). Denoting by For
the set of well formed formulas of C' PL, and using Greek letters as metavariables
for formulas, a CPL valuation is a function v: For — {0,1} subject to the
following conditions (considering For over the alphabet {A,V,—}):

vpAy)=T1iff v(p) =1and v(y) = 1; (1)
v(pVy)=1iff v(p) =1orv(y) =1; (2)
v(=p) = Liff v(p) = 0. (3)

In this case, For could be translated to polynomials in the polynomial ring
Z5]X] (i.e. polynomials with coefficients in the field Zs and variables in the set

4 The number p is usually called the characteristic of the field. The characteristic of
any finite field is necessarily a prime number, see for example [16].



X = {21, 2, ...}). The translation function *: For — Zy[X] is defined by:

p; = x; if p; is a propositional variable; (4)
(e AP)* =" - 4% (5)
(V) =" "+ 0" + 9% (6)
(m@)* =" + 1. (7)

Polynomial rules in this case establish that  + x can be reduced to 0 and that
x -z can be reduced to x. Assigning values in {0, 1} to variables in X, it can be
easily shown that:

(pAY)* =11ff o* =1 and " = 1; (8)

(pV) =1iff p* =1 or ¢* =1; (9)

(mp)" =1iff p* =0. (10)
which means that the translation * characterizes all C' P L-valuations. Conse-
quently, using ©(p1,...,pr) to express that ¢ is a formula with propositional
variables in {p1,...,pr}, we have the following theorem:

Theorem 1. Fepr 0(p1,...,0k) 4f ©*(a1,...,ax) =1 for every (ai,...,a;) €
zk.

And by theorem 2.3 in [6], we have:

Theorem 2. Fopr, ¢ iff * reduces by PRC rules to the constant polynomial
1.

As an example of a proof of ¢V —p in CPL using PRC (taking into account
Theorem [2)):

(P Vp)" =" (2p)" +¢" + (70)"
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Now, let us consider the paraconsistent logic mbC, a fundamental logic in the

hierarchy of Logics of Formal Inconsistency (LFTs). Albeit not a finite valued
logic, mbC' can be characterized by a non-truth-functional two-valued valuation
semantics (cf. [7], Sections 3.2 and 3.3). In this case, valuations are subject to the

following conditions (considering For over the alphabet {A,V, —, =, o}, where o
denotes the ‘consistency’ operator):

vipAY)=1iff v(p) =1 and v(y)) = 1; (11)
ooV ) = 1iff v(g) = 1 or o(y) = 1 (12)
olp — ) = 1iff v(g) = 0 or () = 1 (13)
v(—p) = 0 implies v(¢) = 1; (14)
v(op) = 1 implies v(p) = 0 or v(—p) = 0. (15)



Note that implications in conditions and hold in one direction only, the
other direction being ‘indeterminate’. The way offered in [6] to mimic such non-
determination via polynomials is the introduction of new variables (outside the
set of variables for propositional variables) in the translations from formulas into
polynomials. In this paper, we will dub such new variables ‘hidden Variables’ﬂ
The simple but powerful strategy of introducing hidden variables is the key
idea for making PRC' apt for a wide class of non-classical logics, including non-
truth-functional and infinite-valued logics. Using this strategy, formulas in mbC
can be translated into polynomials in the polynomial ring Z,[X], defining the
translation function x: For — Zs[X] by:

p; = x; if p; is a propositional variable;
(pAY)" =" - 9%

(V) =" "+ 0" + 9%
(p—o) =" ¥ +¢" +1;

(@) ="z + 15

(0@)" = (" (zp + 1) +1) - 2y

where z, and z,/ are hidden Variablesﬁ

For paraconsistent logics extending mbC where the formula o is equivalent
to the formula =(¢ A —¢) (such as Cy, mCil, Cil, Cile, Cila, Cilae and Cilo,
see [7]; here we will refer to these logics as mbC™ logics), the translations of
op and —(p A =) must be equivalent and dependent of the same variables.
For mbC, the translation of oy is (op)* = (¢* - (zp, + 1) + 1) - 24, and the
translation of =(p A =) is (~(p A —~))* = ¢* - (¢* -2y, + 1) - Tpr-p + 1. The
only variables that do not match in these translations are x, and x,7-,. Then,
for mbC'T logics, setting these variables as equal and taking into account that
both translations must be equivalent, we have that r,» = r,r~, = 1, and as
consequence (op)* = p* - (z, +1) + 1.

Some valuation semantics introduce conditions over schemes of formulas with
more than one logic operator. For instance, paraconsistent logics with the axiom
- — o must have the following clause in its valuation semantic (cf. [7, p. 58]):

v(——p) = 1 implies v(p) = 1. (22)

This kind of condition translate in ‘polynomial conditions’, i.e. relations between
polynomials that must be considered in any polynomial reduction. For mbC,
using the PRC presented above, the translation of the formula ——¢y is (——p)* =
(p* - @y, +1) -z, + 1. For a logic extending mbC, with a valuation semantic

® In [6] such variables are called ‘quantum variables’, by resemblance with the ‘hidden
variables’ theories of quantum mechanics.

5 In the translation defined to mbC in [6] a different rule to translate oy is presented,
but such translation does not permit that (op)* and ¢* take simultaneously the value
0, while the semantic valuation for mbC permits v(op) = v(¢) = 0. Our definition
fix this problem.



including , the following polynomial condition must be taken into account:
(¢* 24+ 1) 2-, =0 implies ¢* = 1. (23)

3 Generalizing Boolean Circuits via Polynomial Ring
Calculus

Having presented the PRC, it is now easy to generalize boolean circuits to a
wide extent of non-classical logics:

Definition 1 (L-circuit). Let L be a propositional logic provided with a PRC
over the finite field F. An L-circuit is a finite directed acyclic graph C = (V| E),
where V' is the set of nodes and E the set of edges. Nodes without incoming edges
are called inputs of the circuit, and are denoted by variables (x1, xa, ...) or by
constants (elements of F'). Other nodes are called logic gates, and correspond
to logic operators of L. A logic gate evaluates the polynomial associated to the
corresponding logic operator and perform polynomial reductions in accordance
with the PRC' for L. The gate without output connections to any other gate
gives the output of the circuit.

It is to be noted that any logic gate has at most one outcoming edge, and that
the number of incoming edges of a logic gate is determined by the arity of the
corresponding logic operator.

With this definition of L-circuit and the PRC presented to C'PL in the
previous section, it is easy to see that CPL-circuits behave just in the same
way as boolean circuits, as it would have to be expected. More interesting cases
of L-circuits are obtained when we consider the paraconsistent logic mbC' and
its extensions, and their respective PRC's. For instance, the mbC-circuit for the
formula —p; A —py (graphically represented by the Figure [1]) shows how ‘hidden
variables’ appear in the process of computation, giving place to ‘indeterminism’,
an interesting characteristic not present in boolean circuitsm

Fig. 1. mbC-circuit for the formula —p1 A p2

" Probabilistic circuits are defined by introducing probabilistic input variables, but
such variables are independent of the logic operations (see [9, Sect. 2.12]). In other
words, indeterminism in probabilistic circuits is introduced by allowing indetermin-
ism in the inputs, but not generated by logic operations as in our L-circuits.



This mbC-circuit, when variables x; and x5 take both the value 0, produces
the output 1 in a deterministic way. But when x; takes the value 1, the output
depends on the hidden variable x,,; and when x5 takes the value 1, the output
depends on the hidden variable x,,. Hidden variables, like input variables, have
to take values in F' (the field used in the PRC, in this case Z3), and we could
assume that values to hidden variables are randomly assigned. Then, we could
distinguish between deterministic and non-deterministic L-circuits:

Definition 2 (Deterministic and non-deterministic L-circuit). An L-
circuit is deterministic if the reduced polynomial of the output gate does mot
contain hidden variables, otherwise the L-circuit is non-deterministic.

Note that there may be deterministic L-circuits with hidden variables within
the circuit. For example, the mbC-circuit for the formula p; V —p;, graphically
represented by the following figure:

Fig. 2. mbC-circuit for the formula p1V op1

It is also important to take into account that non-deterministic L-circuits
could behave deterministically for some specific inputs, like the mbC-circuit for
the formula —p; A —py presented above.

Now, having defined the concept of L-circuit, it is opportune to discuss its
potentialities. Main characteristics of any model of computation concerns its
computability power (the class of functions the model of computation can ex-
press) and its computational complexity. Classically, it is possible to show that
to every boolean function whose inputs have a fixed length, there is a boolean
circuit that computes such function (see for example [I7, p. 79, prop. 4.3]).
Non-computable functions arise when we consider functions whose inputs have
arbitrary length. In this case it is necessary to define a family of circuits, which
is an infinite denumerable set of circuits {C; };en where the circuit C; computes
inputs of length i. To accept a family of circuits as an effective procedure we
have to impose the restriction that such a family of circuits should be uniformly
generated, i.e. described by a Turing machine. Usually, uniform generation also
imposes computational complexity restrictions; it establishes, for example, that
the circuit must be generated by a polynomial time Turing machine, i.e. the time
taken to generate the circuit C; must be a polynomial expression on i. A uni-
formly generated family of circuits is called a uniform family of circuits. It can
be proven that uniform families of boolean circuits are equivalent (with respect
to computability and computational complexity) to Turing machines (see [4]).



The next two sections explore potentialities of uniform families of L-circuits
as models of computation, first with respect to computability and then with
respect to computational complexity, considering only to the particular case of
paraconsistent logics.

3.1 Potentialities with Respect to Computability

Because paraconsistent logics are deductively weaker than C'PL (or a version of
CPL in a different signature, see [7, Sect. 3.6]), we could think that the class
of functions computed by uniform families of paraconsistent L-circuits would be
narrower than functions computed by uniform families of boolean circuits, but
we will show that this is not the case for mbC.

Theorem 3. To every function computed by a uniform family of boolean circuits
there is a uniform family of mbC-circuits that computes such function.

Proof. Let the mapping t;: For — For® (where For is the set or formulas of
CPL and For® is the set or formulas of mbC') defined as:

1. t1(p) = p, for any propositional variable p;

2. ti(p#y) = ti(@)#t1 (), if # € {A, vV, =}
3. t1(—p) =~ t1(p), where ~ is defined in mbC as ~ ¢ = @ — (P A (= Aoy))).

t1 conservatively translates CPL within mbC (cf. [7, p. 47]), that is, for every
ru{y} C For:
I'tepr @ it () Fmpe t1(e),

where t1(I") = {t1(¢)) : ¢ € I'}.

Using t1, the uniform family of boolean circuits could be algorithmically
translated to an equivalent uniform family of mbC-circuits, just by changing the
NOT gates for subcircuits corresponding to the formula ¢ — (¥ A (= A ot))).
It can be checked that (¢ — (¥ A (=) A oth)))* = ¢* + 1, which is the same
polynomial as in classical negation. a

The previous theorem can be generalized to several other paraconsistent lo-
gics, that is, to those where a conservatively translation function from C'PL
can be defined taking into account that such translation function must be ef-
fectively calculated. In the other direction, the existence of uniform families of
boolean circuits to every uniform family of L-circuits (for any logic L provided
with PRC') is guaranteed by the classical computability of roots for polynomials
over finite fields. Then, the L-circuits model does not invalidate Church-Turing’s
thesis.

Generalizing PRC to infinite fields could be a way to define models of ‘hyper-
computation’ (i.e. models that permit the computation of non Turing-machine
computable functions, see [I1]). For the case where the field is the rational num-
bers with usual addition and multiplication, the output of a certain subclass
of L-circuits would be Diophantine polynomials, and thus the problem of de-
termining when L-circuits have 0 as output will be equivalent to the problem



of determining when Diophantine equations have solutions, a well-known classi-
cally unsolvable problem. However, in spite of the possibility of finding a clever
way (using hidden variables and polynomial operations) to determine 0 outputs
of L-circuits, hypercomputation would be attained at the cost of introducing
an infinite element into the model, which seems to be opposed to the intuitive
idea of ‘computable’ (but most models of hypercomputation, nevertheless, are
endowed with some kind of infinite element-see [12] and [I3] for critiques of
hypercomputation).

3.2 Potentialities with Respect to Computational Complexity

Computational complexity potentialities can be thought in both directions too,
that is: are there uniform families of boolean circuits more efficient than uniform
families of paraconsistent L-circuits? And vice versa? The first question has an
immediate answer, but the other is not obvious. We will next show the answer
to the first question, and subsequently some ideas related to the second.

Theorem 4. To every function computed by a polynomial size uniform family
of boolean circuits there is a polynomial size uniform family of mbC-circuits that
computes such function.

Proof. The translation ¢, defined in the proof of Theorem [3] adds only a poly-
nomial number of gates to the circuit (4 gates for every NOT gate). a

As in the case of Theorem [3] Theorem [f] can be generalized to several other
paraconsistent logics, those to where a conservative translation function from
CPL can be defined (taking into account that such translation function must be
effectively calculated and add at most a linear number of gates to the circuits).

The other direction is left as an open problem, but we will show some analo-
gies between quantum circuits (see [§]) and paraconsistent circuits that could be
valuable in looking for a positive answer.

The quantum circuit model of computation is a generalization of the boolean
circuits that depart from a quantum mechanics perspective. In a brief description
of such model of computation, we can say that classical bits are substituted
by qubits (or quantum bits). Qubits, in a similar way than classical bits, can
take values |0) and |1) (where |0) and | 1) represent bases vectors in a two
dimensional Hilbert space), but the radical difference is that qubits admit also
superpositions (or linear combinations) of such values, following the rules of
the description of a quantum system in quantum mechanics. Superposition of
values are usually referred to as superposition states. In some interpretations of
quantum mechanics (as in the many-worlds interpretations), the states involved
in a superposition state are interpreted as coexisting, and then we can think
that qubits can take simultaneously the values |0) and | 1), with probabilities
associated to each value. In quantum circuits, boolean gates are substituted
by quantum gates, which are unitary operators over qubits, also in agreement
with quantum mechanics. A relevant quantum gate is the so-called Hadamard



gate, which transforms base states into perfect superposition states (states where
probabilities are the same to any base state). Because quantum gates are also
linear operators, the application of a gate to a superposition state is equivalent to
the simultaneous application of the gate to every base state in the superposition.
This characteristic allows the circuit to compute in parallel, in what is called
quantum parallelism. The problem is that when a measurement is performed,
only one of the superposition states is obtained with a probability given by
the coefficients of the linear combination. Then, quantum algorithms must take
advantage (before performing the measurement) of global characteristics of the
functions computed in parallel.

We propose that outputs depending on hidden variables in L-circuits cor-
respond to superposition states, since the indeterminism introduced by hidden
variables allows us to simulate indeterminism of superposition states measure-
ments. Under this assumption, gates corresponding to — and o in mbC and
mbC™ logics, setting 1 as input, could be used to simulate the Hadamard gate
(because in mbC, (—p)*(1) = z,+1 and (op)*(1) = z, -z, and in mbC™ logics
we have that (op)*(1) = z,,). To illustrate how — and o gates could be used in
mbC-circuits and mbC™-circuits, we will demonstrate a relevant theorem:

Theorem 5. Let ¢ a formula in mbC and @[p; /1] the formula obtained from
¢ by uniformly replacing p; by . Then, ¢* = f(x1,...,2;,...,2y,) implies that
(plpi/pil)*(z1,. .., 1, xn) = f(21,. - @p, + 1,000, 2p).

Proof. By induction on the complexity of . ad

Theorem [5] shows that, for mbC, by uniformly replacing in a formula ¢ the
propositional variable p; with the formula —p;, and setting 1 to the input variable
x; in the corresponding mbC-circuit, we have that the output polynomial of the
mbC-circuit is equal to the polynomial for ¢ replacing the input variable x; with
Tp, + 1.

A similar theorem can be established for mbC™ logics, uniformly replacing the
propositional variable p; with the formula op;. In this case, the output polynomial
is equal to the polynomial for ¢ replacing the input variable x; with the hidden
variable x,,. This result could be used to compute satisfiability of C'PL formulas
in a non-deterministic way, taking the translation of a C PL formula to a mbC™
logic (with a conservative translation), by uniformly replacing all propositional
variables p; with op; and setting 1 to all input variables.

For example, the translation of the CPL formula ¢ = p; A ps to a mbC™
formula (using the translation ¢, above) is the same formula ¢ = p; A ps. Using
the PRC for mbC, and the translation of op to polynomials in mbC™ logics
already present above, we have that ©* = x1-29 and (p[p1/op1,p2/op2])*(1,1) =
Zp, - Tp,. Note that the only thing we did was to replace input variables with
hidden variables.

Obviously, for any C' PL formula ¢ with propositional variablesin {p1,...,pn},
if o is satisfiable, then (¢1(¢)[p1/ o p1,..-,0Pn/ o Pn])*(1,...,1) =1 for some as-
signment of values to hidden variables. An interesting question is whether there
exists any method, in accordance with PRC, that allows to eliminate hidden



variables in such a way that polynomials distinct to the constant polynomial 0
reduces to the constant polynomial 1. For some paraconsistent logics that we
have explored, this seems to be impossible, but we also do not have a definite
negative result (the possibility of polynomial conditions, see last paragraph of
Section [2| could be the key to obtain positive or negative results). We also have
to take into account that PRC's can be defined over distinct fields, and for other
(not necessarily paraconsistent) non-standard logics.

4 Final Comments

This paper proposes a natural way to generalize boolean circuit model of com-
putation to models based on non-standard logics. This opens possibilities to
integrate innovative concepts of non-standard logics into computational theory,
shedding light into the question of how depending on logic abstract notions of
computability and algorithmic complexity could be. Moreover, the generaliza-
tion proposed here has the advantage of being flexible enough to be almost
immediately adapted to a wide range of non-standard logics.

Cook’s theorem (cf. [10]) states that any NP-problem can be converted to
the satisfiability problem in C'PL in polynomial time. The proof shows, in a
constructive way, how to translate a Turing machine into a set of C'PL formu-
las in such a way that the machine outputs ‘1’ if, and only if, the formulas are
consistent. As mentioned in the introduction, a model of paraconsistent Turing
machines presented in [I] was proved to solve Deutsch-Jozsa problem in an effi-
cient way. We conjecture that a similar result as Cook’s theorem can be proven
to paraconsistent Turing machines. In this way, paraconsistent circuits could
be shown to efficiently solve Deutsch-Jozsa problem. Consequences of this ap-
proach would be the definition of ‘non-standard’ complexity classes relative to
such unconventional models of computation founded over non-classical logics.

Finally, another relevant question that we do not tackle in this paper refers to
physical viability: are there any physical implementations to the hidden-variable
model of computation presented here? We think that hidden-variable theories of
quantum mechanics (see [I4]) could give a positive response to this question.
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