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Abstract. We explore the possibility and some potential payoffs of using the
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1. Introduction

1.1. Categories of logics

This work responds to an increasing tendency to consider logics by their relations
to other logics. Accordingly, the (potential) use of categories in logic we are consid-
ering here is not to give semantics for formal languages or perform proof-theoretical
considerations. Rather we are considering the use of categories for what was their
original purpose, to study the “sociology of mathematical objects”, and thus we are
considering categories of logics, i.e., categories whose objects are logical systems
and whose morphisms are translations.

This is a relatively recent point of view which has largely come into con-
sideration through the topic of combination of logics: The goal of combining two
logics Ly and Lo has been described as to obtain “the smallest logic system for
the combined language which is a conservative extension of both L; and Ly”.
In [24] it was proposed that this rather informal statement could be given pre-
cise meaning by considering the combination of logics as a colimit construction
in an appropriate category of logics. Following this idea the notions of modulated
fibring, metafibring and combination of institutions and 7-institutions have been
presented as colimit constructions in different categories.
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It has also been observed that a presentation of a logic as a colimit of others
can be seen as a splitting of this logic into other, simpler, logics, possibly helping
to understand the more complex logic. Possible translation semantics and remote
algebraization (see, e.g., [11]) are concrete developments of this point of view.
We observe that the situation of a logic L that is completely determined by the
translation of other logics L; into L can be seen as a “covering” of L by the L;.
In Section 4 we turn this intuition into a mathematical statement by choosing a
category of logics and giving a rigorous definition of covering.

Thus it seems reasonable to adopt a global perspective on logic and consider
not only constructions with particular logics but the whole category of (some kind
of) logics. Defining such a category is not a completely straightforward task. It
means giving a partial answer to the identity problem, amply discussed in the book
Logica Universalis: Towards a general theory of logic (see [7]), i.e., the question
of when two given presentations of logic systems can be considered to describe
the same logic: Two such presentations should be expected to describe isomorphic
objects in their ambient category. This gives only a partial answer, since the iden-
tity problem also includes the task of comparing logic systems which are given in
different styles of presentation, e.g. a Hilbert calculus and a sequent calculus. It
seems difficult to unite two such differently presented systems in one category.

However, the identity problem is not our main concern here and we shall only
briefly readdress it towards the end of the article. What is our main concern, and
this gives the second intended meaning to the title, is to investigate global prop-
erties of categories of logics, like those of being complete, connected, accessible
or locally presentable (the latter two notions will be explained in a moment). We
believe that in choosing a category of logics it should ultimately be of advantage
to take into account such global categorial properties and not only the ad hoc
requirements of the constructions one wishes to perform. In particular we believe
that the theory of accessible categories has to offer theorems and intuitions that
can be of use in tackling technical as well as conceptual questions arising in Uni-
versal Logic. To confirm and illustrate this we will in the following present two case
studies taken from our previous publications [4,5], of which this article is an amal-
gamation and expansion. The main point of these case studies, in each of which
we prove a certain category of logics to be accessible, is twofold: first, to show that
and how the notion of accessibility can apply to categories of logics in a natural
way (this is not obvious, see the last section) and, second that some benefits can
be gained thereof. We are, however, aware that the categories we present are not
a good ambient for proper logical studies since they give unsatisfactory answers
to the identity problem. It remains a project for the future to give a category of
logics with good global properties and an appropriate notion of isomorphism of
logics; we outline a possible solution for this task in Section 5.

1.2. Locally presentable and accessible categories

With the advent of category theory came the task of characterizing categories
“of an algebraic character” by the means of categorial language. One answer that
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has been given is through the theory of monads and its variations; see [14] for a
survey. Another one came from sketch theory; the varieties from Universal Algebra
are exactly the categories of Set-models of finite product sketches — this is close
in spirit to the usual characterization of varieties as categories of Set-models of
equational theories.

A more general class of “algebraic” categories are the locally finitely pre-
sentable categories. The key observation leading to the definition of these is that
in the familiar algebraic categories every object is a directed colimit of finitely
presentable objects, i.e., objects specifiable by a finite number of generators and
relations (a directed colimit is the colimit of a directed poset, i.e., a non empty
poset such that for every pair of elements there is one greater than each of the
two). In these familiar cases the property of an object A being finitely presentable
has an equivalent categorial description: A is finitely presentable iff the functor
Hom(A, —) preserves directed colimits (or equivalently, filtered colimits)!. A cat-
egory is called locally finitely presentable if it is cocomplete and has a set of
finitely presentable objects such that every object is a directed (or filtered) colimit
of objects from this set. Examples of such categories are all varieties of finitary
many-sorted algebras as well as the categories of sets and posets and categories of
Set-valued functors on a small category.

A further generalization is the notion of locally A-presentable category, where
A is a regular cardinal: A poset is called A-directed if every set of elements of cardi-
nality strictly lesser than A has an upper bound, an object A is called A-presentable
if Hom(A, —) preserves colimits of (diagrams over) such posets and a category is
A-presentable iff it is cocomplete and there is a set of A-presentable objects such
that each object is a A-directed colimit of these objects. Finally, a category is
called locally presentable if it is locally A-presentable for some regular cardinal .
Model-theoretically the locally presentable categories have been described as

1. Categories of Set-models of limit sketches;

2. Categories of Set-models of essentially algebraic theories, i.e., equational the-
ories of partial operations in which the domain of each operation is defined
by equations in the preceding operations;

3. Categories of Set-models of so-called limit theories, which are certain infini-
tary first order theories. A locally A-presentable category is the category of
models of an Lytheory. In particular, for A = w, this means that locally
finitely presentable theories are categories of models of finitary first order
theories.

Examples of locally presentable (but not finitely presentable) categories in-
clude the category of Banach spaces and linear contractions as morphisms, that
of convergence spaces and any complete lattice considered as a category.

IThe technical definition of filtered category is not needed in this article. The curious reader
who wants know this definition and the sense of the “equivalence” between directed colimit and
filtered colimit must see the results in the pages 13-16 of [1].



6 P. Arndt et al. Logica universalis

The last notion we will use here is that of A-accessible category, which are de-
fined like the locally A-presentable categories except for requiring only A-directed
colimits to exist instead of arbitrary ones. An accessible category is, again, a cat-
egory which is A-accessible for some \. These categories are exactly the categories
of Set-models of arbitrary sketches or, alternatively, the categories of Set-models
of so-called basic sentences of the infinitary first order logic Leooo (which allows
disjunctions and quantification over arbitrary (small) sets of formulas/variables).
Examples not included in the previous classes are the categories of fields and
Hilbert spaces.

For an introduction to these notions and their theories see [1] and [21]. There
are also other related notions like locally multipresentable categories, weakly lo-
cally presentable categories and D-accessible categories (where D is some class of
small categories) to some of which the related types of sketches and first order
theories have also been identified.

The theory of accessible and locally presentable categories provides some
powerful tools and also some conceptual clarifications. As an example of the first,
we mention the theorem of [18] which says that an accessible category is locally
presentable iff it is complete iff it is cocomplete. In Section 3 we prove a certain
category of logics to be accessible and, since we know it not to have an initial
object (hence not to be cocomplete), we know that it is not complete either. By
investigating whether this category is of any of the types of categories mentioned
in the previous paragraph we could further try to discover which type of limit is
missing. For the second recall that the above types of categories were meant to
capture the essential properties of categories of algebraic objects. Now there is
a general duality phenomenon in mathematics between algebraic and geometri-
cal/topological objects as witnessed by Stone duality, Gelfand duality, the duality
between algebraic sets and k-algebras and many others. In [18] this informal ob-
servation is turned into a real mathematical statement by a theorem saying that
the dual of a locally presentable category can not also be locally presentable ex-
cept when it is a (category coming from a) poset. This seems to indicate that the
notion of local presentability has succeeded in capturing some of the features of
algebraic categories. In view of the ever returning question of “how algebraic” is
logic, it thus seems to be interesting to investigate whether categories of logics are
locally presentable.

Having seen these attempts to characterize categories of algebras, one is nat-
urally led to think about whether the parallel between universal logic and universal
algebra could be continued here. It has been argued, as mentioned in [7], that log-
ical structures should be seen as one of the fundamental species of mathematical
structures in the sense of Bourbaki. Assuming this to be the case one can wonder
if it is possible to recognize the logical character of a category by categorial prop-
erties. If so, it should be in some different vein than the limit closure and generator
properties defining locally presentable categories; after all we show below that a
certain category of logics is locally presentable. The theory of fibred categories
seems to fit very well for considering categories of logics as is convincingly shown
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in [19]. Indeed it seems reasonable that a category of logics should be fibred over a
base category of signatures and finding further decisive properties (maybe like the
base category being a category of free algebras) of the involved categories could
give a sharp categorial picture.

2. The categories of signatures and logics

In the following subsection we will define a category of signatures which is equiv-
alent to Set" and the main results will be that this category is locally finitely
presentable (a special case of [1], ex. 1.12, p. 18) and that the finitely presentable
objects are precisely those signatures which have finitely many connectives (a spe-
cial case of [1], ex. 1.2(2), p. 9). The reader who is content with these explanations
can skip to section 2.2 without many problems, for the others we will give a detailed
exposition.

2.1. The category S

The category S is the category of signatures and morphisms of signatures. In
what follows, let X = {xg,21,...,Zn,...} be an enumerable set (written in a
fixed order) as in [10].

2.1.1. What is S? The objects of S are signatures. A signature ¥ is a sequence
of sets ¥ = (3, )new such that 3, NYE; = 0 for all i < j < w . We write |X| =
Lhco En = Unco En x {n} and we denote by F'(X) the set of all (propositional)
formulas built with signature X over the variables in X. The notion of complexity
I(p) of the formula ¢ is the usual:

o l(p)=1if pe X UZy;
o I(p) =1+1(tbo)+- - L(n—1) if o = c(2bg, ..., Pn_1), where ¢ € 3, and n > 0.
If X, ¥/ are signatures then a morphism f : ¥ — X/ is a sequence of functions
f = (fu)new, where f, : 3, — 3/ . For each morphism f : ¥ — %/ there is only
one function f: F(X) — F(X'), called the extension of f, such that:

° f:(x):xifxeX;
* f(e) = fole) if ¢ € Zo; R R
o flc(o,...,Yn_1)= fu(c)(f(¥0),...,f(¥n_1))ifc€X,, n>0.

Then f(¢(to, - - -, ¥n-1) = f(©)(f(¢0), .., f(¥n-1)), by induction on I(p).

Composition in S is componentwise. The extension of the formula algebra of
a composition is the extensions’ composition. Identities in S are the sequences of
identities on each level n, for n € w. The extension of an identity is the identity
function on the formula algebra.
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2.1.2. Some facts about S.

Remark 2.1. About stratification: For each signature X and for each n € w we con-
sider the set of X-formulas: F'(X)[n] = {¢ € F(X) : the set of variables that occur
in ¢ is precisely {xo,...,xn—1}}. Let f : X — 3’ be a signature morphism and
I F(X) — F(X') be the induced formula algebra function; we can see directly
by induction on the complexity of -formulas that f “preserves stratification”: if
p € F(S)[n] then f(y) € F(')[n].
Fact 1. About substitution:
e For any substitution function o : X — F(X), there is only one extension
o : F(¥) — F(X) such that ¢ is an “homomorphism”: ¢(x) = o(x), for all
z € X and 5(0n(1/)0,~ . ~7wn71) = Cn(g(wO))7 ce 75(11)7171))7 for all Cp € En»
n € w; it follows that for any 6(zo,...,xn—1) € F(X)7(0(zo,...,xn-1)) =
O(o(x0),-..,0(xn-1)). The identity substitution induces the identity homo-
morphism on the formula algebra; the composition substitution of the sub-
stitutions ¢’,0 : X — F(X) is the substitution ¢” : X — F(X) , 0" =
o xoc=0ocand o’ =o' xo =o' 0 F.
e Let f: 3 — ¥ be a S-morphism. Then for any substitution o : X — F(X)
there is another substitution ¢’ : X — F(X') such that /o f = f o 3.

F(E) —— F(2)

O
F(Y) —— F(¥)
f

Proposition 2.2. S is a complete and cocomplete category.

Proof. Observe that S is equivalent to the functor category Set", where N is the
discrete category with object class N, then S has all small limits and colimits and
they are componentwise.

Here we write the constructions but omit the (standard) verfications:

Limits. Let Z be a small category and D : 7 — S, (X* AR ) (hiimjer @
diagram. Then (3, (7%);c0pj(7)) is the limit of this diagram if we take:

i Ch
o ¥, ={c=(ci)icovj(z) € Hieobﬂ »i: for all Z-arrow (i — j), f(c;) = ¢}
o 7 : %, — X such that if ¢ = (¢;)iconj(z) € Tn then 7(c) = ¢;, n € w and
rel.
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Now we describe the most important kind of colimits in this work.
Filtered colimits. Let (I, <) be a directed ordered set and D : (I,<) — S,

(¢ EAN ¥7)i<jyer a diagram. Then (X, (v")ier) is the colimit of this diagram if
we take:

o %, = (U;es(B9)n)/ ~n where, if ¢; € X, ¢; € B (¢i,0) ~n (¢5,7) iff there
is a k > i,j such that (f%),(c;) = (f7%)n(cj), n € w: it follows from the
directness assumption that ~,, is an equivalence relation on | |, ;(3°)n;

e i ¥ — 3, such that if ¢; € ¢ then 4% (c;) = [(¢;,4)], n € w and i € I.

Colimits. Let Z be a small category and D : T — S, (X* AR ) (hiimj)ez @
diagram. Then (3, (’Yi)ieObj(I)) is the colimit of this diagram if we take:

o 20 = (UWicobj)(E)n)/ ~n, n € w where ~y, is the smallest equivalence

relation on | ];c;(X%), such that for all Z-arrow (i N j§) if ¢; € B! then
e . : X! — X, such that if ¢; € X! then ! (¢;) = [(¢i,4)], n € w and
i € Obj(T). O

Fact 2. About monomorphisms and epimorphisms in S: Let f : ¥ — ¥’ be a
signature morphism. Then
(i) f is a S-monomorphism iff, for all n € w, f, : ¥,, — X/, is injective; f is
a S-epimorphism iff, for all n € w, f,, : ¥,, — X/ is surjective;
(i) if f is a S-monomorphism then R F(¥) — F(Y) is injective; if f is
a S-epimorphism then f : F(X) — F(Y') is surjective.

2.1.3. S is alocally presentable category. We have just seen that the category S is
complete and cocomplete. Furthermore, it has other nice categorial property: it is
a finitely accessible category. Therefore S is a finitely locally presentable category
(a complete and cocomplete finitely accessible category).

Fact 3. Aditional facts on filtered colimits in S: Let D : (I,<) — S,

(¢ £, %7)i<jyer be a directed diagram and let (X', (a')ier) be a commutative
cocone over the diagram D:
(i) (¥, (a)ier) is “the” universal colimit cocone of diagram D iff:
o 3 =Uies on[E0) n € w;
e ifc; € X, ¢; € ¥J are such that of,(¢;) = o, (c;), then thereis a k > i, j
such that fik(¢c;) = fi¥(c;), n € w.

(i) If (X', (a?)ier) is “the” universal colimit cocone of diagram D, as noticed
above, for all n € w, ¥, = [J;c;04[24]. Tt follows easily from the directness
condition, by induction on complexity, that any formula in the colinlit signa-
ture can be “obtained at given defined time”, that is, F(X') = ;0 [F(27)]
and, analogously, any finite set of formulas in the colimit signature can be
“obtained at a given defined time”;



10 P. Arndt et al. Logica universalis

(iii) if, for all (i < j) € [ and all n € w, fiJ : XY — %J is injective, then
if (X', (a");er) is “the” universal colimit cocone of diagram D, then for all
nE€w, af : X, — 3 is injective.

Proof. Here we only prove item (iii). Let j € I and n € w. Let ¢, d" € X such
that o (c') = aj,(d"). Therefore, by item (i) above, there is k > i such that
fik(c) = fik(d') and, as fi* : %! — ¥F is injective, we have ¢’ = d'. O

Proposition 2.3. Any signature is a directed colimit of finite type signatures.

Proof. Consider I as the set of all ¥’ such that, for all n € w, ¥/, C ¥,, and
|X’| Ctin |X]. Take in I the pointwise order relation ¥’ < X’ iff for all n € w,
¥ C %, Then:

e (I,<) is a directed ordered set;

e The obvious diagram D : (I,<) — S : (¥ < ¥) +— (¥ — ¥") is such

that (3, (X' il )sver) is a commutative D-cocone;
e By the characterization in Fact 3.(i), (3, (X' il Y)sver) is a colimit cocone
over D, so ¥ is a directed colimit of finite type (sub)signatures. U

Proposition 2.4. A signature is finitely presentable if and only if it is of finite type.

Proof.
(<). Let ¥’ be a signature of finite type, that is, |X’| is finite, and consider

D:(I,<)— S, (¥ EAN %7)i<jyer a directed diagram of signatures. Then the
canonical arrow k : colim;c;S(X,3;) — S(X/, colimierX;) is an isomorphism.

[(Z’ X, Zi),i)] — (E' RS Y LN COlimiEIZi) -

In order to prove that k is surjective, we have to prove that, for each signature
morphism h : ¥ — colim;crY;, there is an i € I and a signature morphism
hi ¥ — %; such that (%’ N colim;cr%;) = (X' IR IFRRILIN colim;er>;). As
|¥'] is a finite set, there is only a finite set {ng,...,n;—1} C N such that, for all
r <t, Y] isa finite non-empty set. Since that for each n,., ¥, is finite and (1, <)
is a directed ordered set, there is an i, € I such that h,, [¥'5] C i [S4 ], As
there is only a finite set {ng,...,n;—1} € N such that for all » < ¢, ¥}, # () and
(I, <) is a directed ordered set, take an i > i, ...,i; 1. As ' = ~vto firl it follows
that, for all n € w, h,[X',] C 44 [X¢]. Just take, for each n € w, A : X! — X%
such that, for each ¢/, € ¥/, hi (c],) € 3¢ is such that h,(c,) = [(h%(c),),i)] and
so h=~'oh’.

In order to prove that & is injective, we have to prove that, for each signature
morphism h : X' — colim;crY; such that there are ig,7; € I and signature
morphisms h : ¥/ — ¥, bt : X' — ¥, such that v o hio = h = i1 o 1,
then there is a j > io,i1 and a h? : ¥/ — %; such that fo9ohio = hJ = firiophr,
Since that for each i € {ig,i1} and n € w, h? : ¥, — X! is such that for
each ¢/, € X!, hi(c)) € ¥ is such that [(hi(ch),i0)] = hn(ch) = [(Rit(c)),i1)],
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because h = 7% o hi, then there is a j(c/,) > ig,4; such that fﬁOJ(c;)(hiS (c)) =
FRIE) i)y € 23 As |S| is a finite set then {j(c.) : ¢, € 2/} is a finite
set and, as (I, <) is a directed ordered set, there is a j, > j(c},) for each ¢/, € ¥/ .
Again, as |X'| is a finite set, there is only a finite set {ng,...,n;—1} C N such that,
for all r < t, 3], #0. As (I, <) is a directed ordered set, take a j > jng, ... Jn,-
Then, as D is a diagram, for each n € w, fi0J o hio = fi1j o hi1 take h! = f¥ o h',
1€ {io, il}.

(=). Let X be a finitely presentable logic. Then, by Proposition 2.3, there is a di-

S opid

rected diagram of finite type logics D : (I,<) — S, (¥° EAN ¥7)(i<jyer such that
there is an isomorphism h : [ =, colimic;X'. Then, as the canonical morphism
is invertible k : colim;e1S(X, 2% — S(I, colim,cr%?), there is a factorization of

h: (2 N colimier¥') = (2 LA 5 AN colim;cr?). Then, as h is an isomor-
phism, A" : 3 — 3" is an S-section. In particular there is a sequence of injections
(hi : 3, — X8 )hew s0, as |XF is finite, then |X] is finite. O

Theorem 2.5. The category S is a finitely locally presentable category, i.e., S is
an accessible category that is cocomplete and complete.

Proof. Direct consequence of Propositions 2.3, 2.4 and 2.2. (]

Corollary 2.6. (i) The Yoneda functor Y : Sy, — Set(Si2)” has an extension
to a functor Y' : & — Set(S)” ¥ Y/(2) = L(u(.), %) that is full and
faithful;

(i) Let Flat(Syp, Set) be the full subcategory of Set'Si»)” whose objects are the
functors that are filtered colimits of representable functors. Then
Flat(Ssp, Set) is the “essential image” of Y' and so his restriction functor
E : S — Flat(Syp, Set) is an equivalence of categories;

(iii) Flat(Syp, Set) coincides with the category of Set-valued functors that preserve
finite limits;

(iv) Y’ has a left adjoint.

Proof. For (i) and (ii) see [9], Theorem 5.3.5 (p. 265) or [1], Theorem 2.26 (p. 83)
or [22], Observation 1.6 (p. 46). For (iii) and (iv) see [1], Theorem 1.46 (p. 38). O

2.2. The category L

The category L is the category of propositional logics and translations as mor-
phisms. This is a category “built above” the category S, that is, there is an obvious
forgetful functor U : L — S.

2.2.1. What is £? The objects of £ are logics. A logic is an ordered pair [ = (%,+)
where 3 is an object of § and I codifies the “consequence operator” on F'(X) — I
is a binary relation, a subset of Parts(F (X)) x F(X), such that Cons(T') = {¢ €
F(X):T F ¢}, forall T C F(X), gives a structural finitary closure operator on
F(%):

e inflationary: I' C Cons(T');
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increasing: 'y C I'y = Cons(Tg) € Cons(I'y);
idempotent: Cons(Cons(I")) C Cons(T');
finitary: Cons(T") = [J{Cons(I'") : T C;, T'};
structural: a(Cons(T")) C Cons(a(I")), for each substitution o : X — F(X).
In [20], Lo$ and Suszko give a characterization of usual provability notion in Hilbert
calculi by the consequence operators with the above properties.
We say that a logic | = (X,F) is of finite type when |¥| is a finite set and
is determined, in the sense of [20]?, by a finite set of axioms and inference rules.
If i = (X,F),l! = (¥',F) are logics then a translation morphism f:1 — 1
is a signature morphism f : ¥ — ¥’ that “preserves the consequence relation”,
that is, for al TU{¢} C F(X),if T ¢ then f[T] F" f(1)). We say that a morphism
f 1 —1"is a conservative translation morphism if for al T U{y} C F(X), T+

~

if and only if f[T'] H f(’t/)) Composition and identities are similar to S.

2.2.2. Some facts about L.

Definition 2.7. There is a natural definition of order between consequence relations
on each signature X: for each pair F,F of consequence relations over ¥ we have
the equivalence between the items below:

e Foreach TU{y} C F(X), Tk =T+ ¢;
e The identity signature morphism over X, idy : ¥ — X, is a translation
morphism idy : (X,F) — (X,H).
We write - < F when the conditions above are satisfied.

Fact 4. The set of consequence relations on a signature Y, denoted by Ly, is a
complete lattice. It is in fact an algebraic lattice where the compact elements are
the “finitely generated logics”, the logics over X given by a finite set of axioms and
a finite set of (finitary) inference rules.

Proof. Here we just give a sketch of proof. In the following we have other similar
(but more general) propositions where we supply full proofs.
Let ¥ be a signature.
Infs. Consider I a set and D = {I° = (%,F;)}ier a family of logics over the
signature ¥. Now, for each TU{¢} C F(X), define that I' F ¢ < thereis IV Cy;, T
such that (Vi € I)(I" k; ), then (3,F) is a logic and [ = (3, F) is the infimum of
the family D in L. In fact, this follows from them items below:
e [ € 0bj(L);
e ids € L(1,19) for all j € I;
o if I’ = (3,) is a logic over the signature ¥ such that ids, € L£(I’,17) for all
j €1, then ids, € L(I',1).

2A formula is demonstrable from a given set of hypothesis iff there is a finite sequence of formulas
such that the last one is the thesis and each formula is an hypothesis or an instance of axiom or is
obtained from the previous formulas in the sequence by an instantiation of a (finitary) inference
rule.
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Directed sups. Consider I a set and D = {I* = (X,F;)}icsr an upward directed
family of logics over the signature 3, that is, for each i, j € I there is a k € I such
that ids € L(I',1%) , ids € L(17,1*). Now, for each I'U {1} C F(X), define that
I'F ¢ < there is IV Cyyy, I and there is an ¢ € I such that I F; ¢, then (X,F) is
a logic and | = (X, ) is the supremum of the family D in £. In fact, this follows
from the items below:

e [ € 0bj(L);

e ids € L(17,]) for all j € I;

e if I’ = (X,F) is a logic over the signature X such that ids € £(17,1) for all

j €1, then ids, € L(1,1').

Sups. As usual, the supremum of a family of logics can be obtained taking the
infimum of the set of upper bounds of that family of logics. A more objective
characterization of suprema can be given but we postpone that because this can
be easily described by more general results below (see Proposition 2.11).
Compact consequence relations. A consequence relation H’ over ¥ is compact if for
each set I, each D = {I* = (X, ;) }ier a upward directed family of logics over the
signature X, if " < \/,_; F; then there is an ¢ € I such that =" <+;. It follows easily
that this condition is equivalent to the “stronger” condition: for each set J, each
D = {l! = (X,F;)}jes a family of logics over the signature ¥, if H' < Vies Fi
then there is a finite subset J' C J such that ' < \/je 7 ;.3 A consequence
relation on X is compact if and only if it is a finitely generated consequence relation
on Y. Any consequence relation on X is the directed supremum of its compact
(sub)consequence relations on X. O

Remark 2.8. As the set of consequence operators (or consequence relations) on a
signature ¥ is a complete lattice, there exists the logic generated by any function
W . P(F(X)) — P(F(X)): it is enough to take the infimum of the family of
all consequence relations on ¥ that are upper bounds of the “proto-consequence
relation” associated with the “proto-consequence operator” W.

Definition 2.9. Direct image and inverse image: let f : ¥ — ¥’ be a S-morphism:
e Inverse image: if I’ = (3X',F) € Obj(L) then for all T U {¢p} C F(X) define

o~ ~

Db gy » HE FITTH f(4);
e Direct image: if [ = (X,F) € Obj(L) then for all IV U {¢'} C F(X') define
IV b, ) " iff there is a finite sequence of X/-formulas (¢, . . ., ¢}) such that:
- =1
— for all p <t at least one of the alternatives below occurs:
* “¢f, is a hypothesis”: ¢}, € T";
* “¢f, is an instance of an [-axiom”: there is a 0, € F(X) such that
F 6, and there is a substitution ¢’ : X — F(X’) such that

&' (f(65)) = );

3 Just observe that any sup of a family coincides with a sup of a directed family: for each set J
take I = Py, (J) then, for each J' C¢;y, J, define b5/ = Ve i



14 P. Arndt et al. Logica universalis

* “gb; is a direct consequence of an instance of [-inference rule applied
over previous members in the sequence”: there is a A, U{6,} Cpin
F(X) such that A, F 6, and there is a substitution ¢’ : X —

F(3') such that & (f(0,)) = ¢} and & [f[A,] C {¢h, ..., ¢}, }.

Fact 5. About direct image and inverse image: Let f : 3 — ¥’ be a S-morphism
and let I = (3,F),l' = (¥',F) be logics 1,1’ € Obj(L). Then (i)* and (i), hold,
and (ii)*, (i), and (ii), are equivalent:

(i) if I = (¥',F') € Obj(L) then f*(I') = (E,Fp+ 1)) € Obj(L);

(i)« if I = (X,F) € Obj(L) then f(I) = (X', Fy, ) € Obj(L).

(i)* =< f*(H);

(i)t f: (3,F) — (X,F) is a translation morphism;

(i), fu(F) <.
Proof. (Sketch)

(i) The proof of (i)* is omitted; the proof of (i), is analogous to the item Colim-
its.(a) in Proposition 2.11;

(ii) The equivalence (ii)* < (ii)¢n, follows directly from the definitions; the impli-
cation (ii)y = (ii)#y, is analogous to the item Colimits.(b) in Proposition 2.11;
the implication (i), = (i)« is analogous to the item Colimits.(c) in Propo-
sition 2.11. O

Remark 2.10. It follows easily from the facts above that the forgetful functor
U:L — S: () L () = (2 2 %) has left and right adjoint
functors: the left adjoint 7' : & — £ and the right adjoint V : § — L take
a signature ¥ to, respectively, T(X) = (X,Fmin) (the first element of Lx) and
V(E) = (£, Fmae) (the last element of Ly).

Proposition 2.11. The category L is complete and cocomplete and the forgetful
functor U : L — S creates all small limits and colimits.

Proof. Before begining the proof (that is long and tedious!) let us claim that this
result is not surprising and has an “easy proof” in terms of the concepts of in-
fima/suprema and inverse/direct image: the limit cones in £ are the underlying
limit cones in & when we take the “limit consequence relation” on the limit sig-
nature as the infimum of the set of the inverse images of consequence relations
through each S-morphism in the S-limit cone; analogously the colimit cocones in £
are the underlying colimit cocones in S when we take the “colimit consequence
relation” on the colimit signature as the supremum of the set of the direct images
of consequence relations through each S-morphism in the S-colimit cocone. How-
ever we choose present the full proofs by two reasons: first we have not present any
explicit calculation for the concepts of infima/suprema and inverse/direct image
(see, respectively Fact 4 and Fact 5), second, and most importantly, we do need
the explicit construction of the direct colimit logic in the proofs of Section 3.
We split the proof in three sections: limits?, filtered colimits and colimits.

4In [10] there is a similar proof for products, but with another notion of signature morphism.
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Limits. Let Z be a small category and D : 7 — L, (X", ;) iR (X7,55)) (hsimjyez
a diagram, and take (%, (Wi)ieobj(z)) the limit of the underlying diagram (Z L,

s % L). For all T' U {¢} C F(X), define that I' - ¢ < there is '™ Cy;, T
such that for all i € Obj(Z) 7T~] ;i 7(¢)°, then | = (X,F) is a logic and
(L, (7")iconj(z)) is the limit of D in £. In fact, this follows from (a), (b) and (c)
below:

(a) I € Obj(L);

(b) 7l € L(1,19), for all j € I,

(c) if (7, (ai)ieObj(I)) is a commutative cone over the diagram D then the unique
signature morphism « : ' — ¥ such that o' = 7o, i € Obj(Z) preserves
the consequence relation.

Now we prove (a), (b) and (c).

(a) it follows directly from the definition of - that it gives a finitary and increasing
consequence operator. It is also inflationary because if 1) € I', take any I'™ Cyy, I'
such that 1 € I'~ then, for all i € Obj(Z), 7 () € #*[I'~]. Since F; is inflationary,
then 7¢[['~] b; 7 (x)). We have " - ).

Idempotent: Let 1) € F(X) such that T - ¢, where T = {# € F(X) : T I 6}.
Let us prove that I' - . Since - is finitary, let A C 4, T be such that A F 1. Then,
for each 6 € A, let T'? Cy;,, T' be such that I'? F 6. It follows that T~ = [Jyc oY
satisfies I'” Cyy, I' and, as I is increasing, for each # € A, I'” = 0. Then, as ;
gives an inflationary operator, for each ¢ € Obj(Z), it follows from the definition
of A+ 1) that for each i € Obj(Z), 7'[A] F; 7 (¢)). Analogously, as '~ I 6 for each
6 € A, then for each i € Obj(Z), 7¢[['~] F; 7(6), for each § € A. Now, as I; gives
an idempotent operator, then 7*[I'~] F; 7 (1), for each i € Obj(Z). Therefore, as
' Ctin I', we have I' = 1.

Structural: Let T' U {¢} C F(X) be such that I" - 1. We have to prove that
for any substitution ¢ : X — F(X) we have ¢[I'] - o(¢)). Let I'™ Cy;, T be
such that, for all i € Obj(Z), 7 [['~] F; 7(¢). Since o[I'"] T4 [T, we have
o[l + o(v) if we prove that 7[a[[~]] F; 7(a(x))), for each i € Obj(Z). Now,
from Fact 1.(ii), for all i € Obj(Z) there is a substitution ¢’ : X — F(X%)
such that 7 o ¢ = & o 7', Then, for each i € Obj(Z), since 7 [['~] k; 7(¢)) and
ki gives a structural operator, we have that & [7¢[['"]] F; ¢ (7%(¢)). So we have
7o [07]] b m8(a(v)), for each i € Obj(Z). Therefore [T F 7 (1).

(b) Let T' U {¢} € F(X) be such that I' - ¢. Then select a ' Cy;,, T' such that
for all i € Obj(Z), 7 [T'~] k; 7 (v). Since 7¢[['~] C 7¢['] and F; is inflationary, for
each i € Obj(Z), we have 7¢[['] F; 7¢(¢). So the signature morphism 7¢ : ¥ — 3¢
gives also a translation morphism w : (X,F) — (X, 1;), for each i € Obj(T).

(c) Let I U {¢'} C F(X') be such that I'" ' ¢'. We have to prove that a[l'] F
a(y'). Since ' is finitary, select I'" Cy;y, I such that I'™ ' 4. Then, as o' :

I — 1" is a translation morphism, &*[I""] F; a%(¢’), for each i € Obj(Z). So,

5This definition also works for the terminal logic | = (X,F) where ¥ is the terminal signature
(card(3,) =1,Yn € w), and for all TU {¢} C F(X), T+ 2.
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as o = 7’ o a, we have T [Q[[""]] k; 7 (a(vy')), for each i € Obj(Z). Now, since
A" "] Cyin @], we have from the definition that @[I'] F @(¢)'). So the signature
morphism « : ¥’ — ¥ gives also a translation morphism « : (X/,F) — (3,F).
Filtered colimits. Let (I,<) be a directed ordered set and D : (I,<) — L,
(2% ) EAN (%7,F))i<jyer be a diagram. Take (X, (y%)ier) the colimit of the
underlying diagram (Z = § —= £). Now, for all I'U {¢}} C F(X), define that
I'F 4 < there is I'™ Cyi, I' and there is an ¢ € I such that I'" U {¢} CHUF(ZY)]
and there is I'~" U {¢'} Cjin F(X7) such that 77~ ] =T~ , 5 (") =1 and
I'~"F; 4" Then [ = (X,F) is a logic and (I, (7%)ies) is the colimit of D in L. In
fact, this follows from (a), (b) and (c) below:

(a) I € Obj(L);

(b) 47 € L(I7,1), for all j € I;

(c) if (I, (a%)ies) is a commutative cocone over the diagram D then the unique
signature morphism « : [ — I’ such that o = a0 ~*, i € I preserves the
consequence relations.

Now we prove (a), (b) and (c).
(a) It follows directly from the definition of I~ that it gives a finitary and increasing
consequence operator. It is also inflationary because if 1 € T, take '™ = {1/} and
any i € I such that ¢ € X, take ¢ € F(XF) such that 3%(¢") = v and
=" = {4'} then, as I; gives a inflationary operator, T =" I; 1.

Idempotent: Let ¢ € F(X) be such that T ¢ where T = {# € F(X) : T I 6}.
Let us prove that T' - 9. Since - is finitary, let A C;, T be such that A+ 1.
Then, for each § € A, let T Cyy T be such that T'? = 6. Then I'™ = [Jye oI
is such that I'" Cy4, I' and, since - is increasing, for each § € A, I'” - §. We
can choose i € I and A" U {¢*} Cpp F(E7) with A = A | 3%(¢%) = ¢ and
A" +; 9 because, by definition, A F 1 iff there is a subset A~ Cy;, A and a
jel A7 Ui} Cpyp F(S7) with 37[A7] = A, 37 (¢7) = ¢ and A~ F; 4 and,
since A is a finite set and (I <) is a directed ordered set, there is an ¢ > j and a
A" Cy;y F(X) such that FI[A=7] € AT and 77[A?] = A. Now we have fI/[A~] F;
fj\i(wj) and since (X, (7");es) is a commutative cocone over the diagram D, taking
Pt = fj\l(’t/}]) we have, since I-; is increasing, A'U{y*} C 44, FI(S7) with 37 [A7] = A,
J'(¢") = 1 and A" t; ¢'. Analogously we can choose, for each 6 € A, an ig € I
such that there is =" U {#%} Cyp;, F(X%) with 3% [[="] = I'~, 3% (g0) = ¢
and T=" F;, 6%. Then, since (I,<) is a directed ordered set, take Jj > i,ig for
all # € A. Now, since (%, (v* )16 1) is a commutatlve cocone over the dlagram D:
(I,<) — L, then, with '™’ = (J,. Af“”[ "] Cin F(X7) and 67 = Fiod(gie),
we have, since I-; is increasing, I'™ J t; 67 for all # € A. We can also suppose j
such that A7 = {#7 : § € A} satisfies Aj U{y7} Crin F(3) with 37[AT] = A,
() = and AT ol Flnally, since - is zdempotent we have I'~7 ; ¢7 and

we have 79[ 7] = UeeAVJ [fzej[A N =Upea?T™"] =Upeal " =T Cpin T
and 77 (7) =77 (F9 (1)) = 7 (1) = 4.
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Structural: Let T'U {¢} C F(X) be such that I' i ¢). We have to prove that
for any substitution o : X — F(X) we have o[['| F 7(¢)).

Let I~ Cyi I, an 4 € I such that T~ U {¢} C A [F(X%)] and let =" U
{¥*} Cin F(X) be such that 3 ~"] = T'~, 7%(¢)") = ¢ and I =" I; ¥'. Now,
since I'”U{#} is a finite set of X-formulas then also I'"U{y}Ua [T " |U{c(¢)} Cjin
F(X). So there is an n € w such that the X-variables that occur in I'” U {¢)} U
g I'"Ju{e(¥)} Ctin F(X) arein the finite set {xo,...,2n—1} Cfin X. Then, since
(I, <) is a directed ordered set, there is a k > 4 such that o[{zo,...,zn_1}] C
7*[2*]. Now take a substitution o* : X — F(XF) such that for any m < n,
o () € (FF) "o (2m)]. Now, with T = Fi*[[="] and ¢* = Fik(4¢), we have
" U {¢*} Cpin F(S%) such that FF[0~") = T, %(y*) = ¢ and T=" ky oF.
So, since by is structural, it follows that *[T—"] k) &% (). Since &*[I'~"] U
{G* (%)} Cpin F(XF) it is enough to show that for all X-formula 6§ in the finite
set T~ U {¢} Cyin F(X) the SF-formula 0% € r-*u {¥*} Cpip F(SF) such that
AF(0%) = 0 also satisfies () = 7% (% (%)), in order to prove that 5[['] - 5(¢)) . As

we have seen above, 6 = 0(xq,...,2,-1). This equation together with Fact 1.(i)
give 5(0(zo, ..., 2n_1)) = 0(c(x0),...,0(xn_1)) = F*(O%)(o(20),...,0(x0n_1)) =
:Y\k(ek)(:y\k(o—k(xO))v'"7:7\k(o'k(xnfl))) = :Y\k(ek(ak(xO)?'"70'k(xn71))) =
:y\k(gk(ek(x(h v 7xn71)))~

(b) Let j € I and IV U {y7} C F(¥7) be such that I'V t; ¥7. Now since | is
finitary, select -’ C fin IV such that -7 t; ¥7. For any TU{¢)} C F(X) such that
I =77[1], ¢ = 37 (¢7). We have that I - 9. In fact, there is a I'™ Cy;, I' (take
= ﬁj[F’j]) and there is an i € I (take i = j) such that I'~ U {8} C F*[F(X?)]
and there is I™" U {¢'} Cpin F(2) such that 7°[[~] = I, 7'(¢') = ¢ and
="k .

(c) Let TU{¢} C F(X) be such that I" - ¢). Then, by definition, there is '™ Cy;,, T’
and there is an i € I such that I~ U{¢} C °[F(%%)] and there is T~ U {4} Ctin
F() such that 3/[[~"] = ', 3'(¢*) = ¢ and T~' b 4. Since o/ : ! — I/
is a translation morphism, we have &i[F_i] F a‘(y?) and since a! = a o4t
ay [FJ]] H a3t (y")) we have a[l~] ' @) and a[l'] H a(y) (F is increasing).
Colimits. Let Z be a small category and D : T — L, (2%, ) i (27,
Fi))(h:i—j)ez be a diagram, and take (3, (7")iconj(z)) the colimit of the under-
lying diagram (Z -2 S - £). Now, for all TU{¢} C F(X), define that T F ¢ <

there is a finite sequence of X-formulas (¢, . .., ¢;), where ¢, = ¢ and for all p < ¢
one of these alternative occurs:

e “¢, is an hypothesis”: ¢, € I';
e “¢, is an axiom”: there are i € Obj(Z), 6" € F(¥'), 0 : X — F(X) such
that ; 0° and ¢, = (7'(0?));
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e “¢, is a consequence of a inference rule”: there are i € Obj(Z), A'U{#'} Crin
F(XY), o: X — F(X) such that A" t; 0% and 7[5 [AY]] C {0, ..., Pp—1},
¢p =a(7'(0"));

Then [ = (X,F) is a logic and (1, (v*);conj(z)) is the colimit of D in £. In fact, this
follows from (a), (b) and (¢) below:

(a) I € Obj(L);

(b) 47 € L(I7,1), for all j € Obj(T);

(c) if (I, (a%)ier) is a commutative cocone over the diagram D then the unique
signature morphism « : | — I’ such that o = ao~? i € Obj(Z) preserves
the consequence relation.

Now we prove (a), (b) and (c).
(a) It follows directly from the definition of - that it gives a finitary, increasing
and inflationary consequence operator.

Idempotent: Let 1) € F(X) be such that T - ¢, where T = {# € F(X) : T I~ 6}.
Let us prove that I - 1. Choose a “proof of ¢ from hypothesis in I'”, that is, a
finite sequence of 3-formulas (¢o, ..., ¢:) where ¢, =1 and for all p <1, “¢, is a
T-hypothesis” or “¢, is an instance of axiom” or “¢, is a consequence of previous
formulas in the sequence by an instance of a inference rule”. Now, for each p <t
such that “¢, is an [-hypothesis”, that is, I' & ¢,, select a “proof of ¢, from
hypothesis in I'": a finite sequence of X-formulas (¢f, ..., ¢, ) where ¢} = ¢,
and for all m < t,, “¢P is a I'-hypothesis” or “¢? is an instance of axiom” or
“pP is a consequence of previous formulas in the sequence by an instance of a
inference rule”. Now merge the original sequence (¢, ..., ¢;) with the sequences
(@0, -+ ¢1,), for each p < ¢ such that ¢, is a T-hypothesis in the obvious way:
replace that ¢, by the sequence (¢, ...,¢} ). Then since ¢} = ¢, we get a
finite sequence of ¥-formulas such that the last one is ¢» and each formula is “a
T'-hypothesis” or is “an instance of axiom” or “a consequence of previous formulas
in the sequence by an instance of a inference rule”. So this resulting finite sequence
of Y-formulas is a “proof of ¢ from hypothesis in I'”.

Structural: Let T'U {¢p} C F(X) be such that T' - ¢). We have to prove that
for any substitution ¢’ : X — F(X) we have o/[['] F ¢’(¢). Choose a “proof of 1)
from hypothesis in I, that is, a finite sequence of 3-formulas (¢, .. ., ¢;) where
¢+ = ¢ and for all p < t, “¢, is a I'-hypothesis” or “¢, is an instance of axiom”
or “¢, is a consequence of previous formulas in the sequence by an instance of
a inference rule”. We will see that (o/(¢0),...,0"(¢;)) is a “proof of ¢’() from
hypothesis in o/ [[]”: Since o/ (¢;) = o (1)), then we have to show that for all p < ¢,
‘o7 (¢p) is an o' [[]-hypothesis” or “c’ (¢p) is an instance of axiom” or “g7 (¢p) is
a consequence of previous formulas in the sequence by an instance of a inference
rule”:

o If “¢, is a I'-hypothesis” then ¢, € T so g’(gbp) S g’[F], that is, “c;’(qbp) is a
o'[T)-hypothesis”;
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o If “¢, is an instance of axiom” then select i € Obj(Z), §° € F(X!), o
X — F(X) such that t; 6" and ¢, = 5(7(6")), then take the substitution

"X — F(X) such that (X 2o F(2)) = (X % F(2) 2= F(2)). Then,
as 0/ = ¢’ o o, we have, by uniqueness of extensions, 0"/ = ¢’ o 7. It follows
that we have i € Obj(ZI), 0t € F(XY), 0” : X — F(X) such that +; #° and

o' (¢p) = o' (G(7(67))) = (}7@%(91)) So “0’(¢,) is an instance of axiom”

o If “¢, is a consequence of previous formulas in the sequence by an instance of a
inference rule” then select i € Obj(Z), A'U{0'} Cpin F(ZY),0: X — F(X)
such that A” +; 6% and ¢[V'[AY]] C {do,...,Pp—1}, ¢p = d(7*(0")). Then, as
above, take the substitution ¢” : X — F(X) such that ¢” = ¢’ o o, then we
have i € Obj(Z), A* U {6} Cfm F(XY), 0” : X — F(X) such that A? I, §°
and "[F'[A"]] = 3" [0 [ [A))] € G'[{¢o, -, dp-1}] = {7 (o), .. " (dp-1)}
and (3(F1(0")) = & (5(7'(0"))) = &' (¢p). So “o’(¢y,) is a consequence of
previous formulas in the sequence by an instance of a inference rule”.

(b) Let j € Obj(Z ) and IV U {7} C F(X7) be such that IV F; ¢J. Since F;
is finitary, select T~/ Cy;,, IV such that T'~ J F; ¢7. Now take {¢o,..., 1} a

enumeration of the finite set 37 [~ ] and consider the finite sequence of E—formulas
(60, .-, b¢—1,¢¢) such that ¢, = 7 (17). Then 77 [['7] - 77 (zp7). In fact, the finite
sequence of Y-formulas (¢o, . . ., ;) is a “proof of 37 (1) from hypothesis in 7[T7]":
for each p < t, ¢, is a “§7[IV]-hypothesis”, because ¢, € 37[I'~’] C 37[IV] and,
for p=t, ¢, = 77 (¢’) is a “consequence of previous formulas in the sequence”,
because we have a j € Obj(Z) and AJ U {¢?} Cgp F(X7) such that AJ +; 679
(take A7 = I'"7 and ¢ = ¢7) and we have a substitution ¢ : X — F(X)
(take o(zy,) = xy, for all n € w. Clearly ¢ = id : F(X) — F(X)) such that
53 (67)) = én = 3(49) and 53T [AT)] = T[] € (o, .., b1-1).
(c) Let T U {4} € F(X) be such that '  ¢. We show that a[l'] ' a(), by
“induction on the rank of a formula demonstrable from hypothesis in I': if A I ¢,
rk(¢) is the least ¢ € w such there is a sequence of ¥-formulas (¢, ..., ¢;) that is
a “proof of ¢ from hypothesis in A”.
Let t = rk(y):
e If £ =0 then ¥ = ¢; is a hypothesis or an axiom:
— If ¢ is a hypothesis then ¢ € T, so (1)) € @[I'] and, as I is inflationary,
all]H a(y);
— If 1 is an axiom then select i € Obj(Z), 0 € F(X), 0 : X — F(X)
such that i; 6% and ¥ = 5(3%(6)). As o' is a translation morphism, we
have ' @*(0%) and as o' = aov!, ' a(7%(6")). Now, by Fact 1.(ii), take a
substitution o’ : X — F(X') such that o/ o@ = @og. As H' is structural
we gt I & (@(3'(6%))) and then, as & (@(7'(6%)) — a@FF(0))
a(1), we have ' a(y) so, as F' is increasing, a[I'] H a(v).
e Ift > 0 then ¢ = ¢, is a consequence of a inference rule: there are i € Obj(Z),
A" U {0} Cpip F(EY), 0 0 X — F(X) such that A" ; 6%, ¢ = ¢ =
a(71(6")) and o[y [AY] C {0, ..., dt—1}. As for each m < t the subsequence
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(d0,...,bm) is a “proof of ¢, from hypothesis in I'” then, for each m < ¢,
the formula ¢, is such that rk(¢,,) < m <t so, by the induction hypothesis,
a[l] ' @(¢m), for each m < t. As o' is a translation morphism, we have
a'[AY F a'(6%) and as of = aoryt, a[¥[AY] H a(7¢(6%)). Now, by Fact 1.(ii),
take a substitution o’ : X — F(X') such that ¢/ 0@ = @0 5. As  is struc-
tural we get /(a7 (A1 = 7 (@(5(6))). As ' (@(7(6)) = a((7(6) =
a(y) and ¢'[a[y'[A"]]] = alg[7'[A"]]] we have alo[y'[A]]] F a(4)) so, as
is inflationary, a[{¢o,...,¢:+—1}] F a(). Finally, as a[['| H' &(¢,,) for each
m < t, and I is idempotent, we get a[l'] F" a(v). O

Proposition 2.12. Monomorphisms and epimorphisms in L: let U : L — S be
the forgetful functor. Then a morphism [ in L is monic (epic) iff U(f) is monic
(epic) in S.

Proof. The right to left implication is easy. Let f : I — I’ be a morphism in £
such that U(f) : U(l) — U(!’) is not S-monic. Then there exists £ € Obj(S)
and g,h : X" — U(l) such that g # h and U(f) o g = U(f) o h. These g, h are
L-morphisms from the least logic over ¥ (i.e., the logic whose closure operator is
the identity) to [ which satisfy g # h and f o g = f o h, showing that f is not
L-monic. For the “epic” part proceed similarly, taking two “counterexample” ar-
rows in S, g,h: U(l') — X" such that g # h and go U(f) = ho U(f). These g, h
become L-morphisms equipping their codomain with the greatest consequence
relation there (where “everything can be deduced from anything and/or noth-
ing”) or with the “logic generated” by the direct image logic of this S-morphism
(F'= g (F) V hi(F)). O
2.2.3. L is a locally presentable category.
Fact 6. Additional facts on filtered colimits in L: Let D : (I,<) — L, (I* EAN
17)(i<jer be a directed diagram and let (I, (a);er) be a commutative cocone over
the diagram D:
(i) (I, (a%);er) is “the” universal colimit cocone of diagram D iff:
o X =Uieron[X5], n € w;
o If ¢; € 3¢ ¢; € ¥J are such that of,(c;) = o (c;) then there is k > i, j
such that (f%),(c;) = (f*)n(c;), n € w;
e For all IV U {¢'} C F(X') such that I F' ¢/ <, there is I"" Cyyp
[V and there is i € I such that I"” U {4’} C &'[F(X%)] and there is
=" U {¢'} Cpin F(X) such that o[~ = I'", a'(y') = ¢ and
="k ¢t
(ii) If, for all (i < j) € I, f¥ :1* — 7 is a conservative monomorphism, then if
(', (a)ier) is “the” universal colimit cocone of diagram D then o : [ — I
is a conservative monomorphism.

Proof. We prove only the part of item (ii) concerning conservativeness: Let j € I
and IV U {47} C F(¥7) such that a’[[V] ' a7 (7). Now take IV U {¢'} C F(¥)
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such that IV = a’/[V] , ¢/ = a’(¥7). As I' I’ ¢/ then, by item (i) above, there
is I"" Cyy, IV and there is i € I such that I'™ U {¢'} C &'[F(X")] and there is
I~ U{¢} Cpim F(Z7) such that a0~ = I'", @i(¢) = ¢ and T~ b ¢
As (I,<) is a directed ordered set, there is k > i,j, then as o' = oFf o fik,
'~ U{y'} C @*[F(E*)] and there is =" U{y*} Cpin F(SF) (take T—" = fik[T~"]
and F = Fik(41)) such that GF[T—"] = TV", ak(y*) = ¢/ and T—" k; @*
(this because f™* : [ — [* is a translation morphism). As o, a”, fi* are S-
monomorphisms (by Proposition 2.12 and Fact 3.(iii)) and o/ = o o f7¥ we
have, by Fact 2.(ii), that the formula algebra functions a7, a*, fi* are injectives
and &/ = aF o fAﬂC From this we can conclude that % = fAik(z/Jj) and there is
I'~7 Cpip TV such that T = fIF[0—7] (take T/ = (@;) " [["7]). As T=" b, ok
and f7% : I/ — [¥ is a conservative translation morphism, we have I~/ F; tJ.
Finally, as I~/ C IV and b, is increasing, we have 'V |, 7. O

Proposition 2.13. Any logic is a directed colimit of finite type logics.

Proof. Let 1 = (X,F) € Obj(L) and take the set I of all I’ = (X', ) € Obj(L) such
that |X'| C4 |X]; F is given by a finite set of axioms and a finite set of finitary
inference rules; the signature morphism of inclusion ¥’ < ¥ is also a translation
morphism I’ < [. Then:

(a) This diagram is “directed by inclusions” (clear);
(b) (I,(I" = l)yer) is the colimit of this diagram.

This follows from the characterization of F in filtered colimits.

It is clear that the first two conditions in Fact 6.(i) are satisfied. Now consider
I'U{¢} C F(X) such that T - ¢: take I'" Cy;, I' such that I'" + 1. Take all
symbols € |X| that occur in formulas in I'~ U {«}: this is a finite set S C 4y, |3,
and take the unique subsignature ¥/ < ¥ such that |¥'| = S. Take I’ = (¥',})
the unique logic that is generated (by substitutions) by the unique basic axiom (if
'™ = 0) or inference rule (if '™ # @) “from hypothesis '~ conclude %", then the
inclusion !’ < [ is in fact a translation morphism and I' F ¢ iff there is '™ C;, T
such that if ' : I’ < [ then I~ U {¢} C¥[F(X)] and T~ ' o (in I'). O

Remark 2.14. Through an analogous argument we can prove that any logic is a
filtered colimit of “conservative sublogics” with finite type underlying signature.
However, the next proposition say that we have chosen the “correct definition” of
finite type logic.

Proposition 2.15. A logic is finitely presentable if and only if it is of finite type.

Proof.
(<). Let I’ = (X',F) be a logic of finite type and consider D : (I,<) — L,

(1t EAN lj)(iéj)ej a directed diagram of logics. Then the canonical arrow k :



22 P. Arndt et al. Logica universalis

colimier L(I', 1) — L(I', colimel?) is an isomorphism.

[(1’ R zi> ,i)} o (z' NN colimigli) .

Let us prove that k is surjective. Let h : I’ — colim;crl’ be a L-morphism.
Because || is a finite set, as in Proposition 2.4, there exists ¢ € I such that, for
each n € w, h,[Y)] C 75[24]. As ' is given by a finite set of axioms and a finite
set of (finitary) inference rules and (I, <) is a directed ordered set, there exists
j € I such that j > 7 and the finite image set of formulas in this chosen axioms and
rules by h : F(X') — F(colim;c;%") are contained in the set 37 [F(£7)]. Since h is
a translation morphism whose codomain is a filtered colimit, then we can assume
also, by the definition of - in filtered colimits, that j is such that the images of
these axioms and inference rules under h are in fact +;-derivable in 7. So if we
take for each n € w and each ¢/, € X! | hJ : 22! — ¥J such that bl (c)) € ¥J with
hn(cl) = [(h(cl,), )] then, h¥ : ' — 19 is a translation morphism (by Fact 5.(ii),
because ' < (h7)*(k;)) and h = ~7 o hi.

Now we prove that k is injective. This is analogous to the correspondent part
of Proposition 2.4; in fact, here we need only the information that |X'| is a finite
set.

(=). Let I = (X,F) be a finitely presentable logic. Then, by the proof of Propo-
sition 2.13, the logic [ is the colimit of the directed diagram of its finite type
sublogics. Then, as [ is a finitely presentable logic, there is I, a finite type sublogic
of [, such that the identity translation morphism id; : | — [ must factor through
the (colimit) canonical inclusion I’ < [, because the canonical morphism & :
colimper L(1,1") — L(I, colimperl’) is surjective, that is, there is a translation
morphism A’ : I — I’ such that (I RLIN = Mo 1). Then the L-inclusion
" < [ must be a S-isomorphism. Then I’ < [ and h' : | — I’ have as subjacent
the identity S-morphism. So, by Fact 5.(ii), as I’ < [ is a translation morphism,
then ' < and as '/ : | — I’ is a translation morphism, then - < . Then we
have I =’ and [ is a finite type logic. O

Theorem 2.16. The category L is a finitely locally presentable category, that is,
L is an accessible category that is cocomplete and complete.

Proof. Direct consequence of the Propositions 2.13, 2.15 and 2.11. O

Corollary 2.17. (i) The Yoneda functor Y : L, — Set(£»)”" has an extension
to a functor Y' : L — SetFi)” 1 Y'(I) = L(u(.),]) that is full and
faithful;

(i) Let Flat(Lyp, Set) be the full subcategory of SetF2)" whose objects are the
functors that are filtered colimits of representable functors. Then
Flat(Lyp, Set) is the “essential image” of Y', so its restriction functor E :
L — Flat(Lyp, Set) is an equivalence of categories;
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(i) Flat(Lyp, Set) coincides with the category of Set-valued functors that pre-
serve finite limits;
(iv) Y’ has a left adjoint.

Proof. For (i) and (ii) see [9], Theorem 5.3.5 (p. 265) or [1], Theorem 2.26 (p. 83)
or [22], Observation 1.6 (p. 46). For (iii) and (iv) see [1], Theorem 1.46 (p. 38). O

Remark 2.18. L is an “algebraic category” and is not a “topological category”:

e [is an “algebraic category”: all the usual categories in algebra are accessible;

e [ has a “topological appeal”: because its objects have a particular kind of
closure operator and its morphisms are continuous functions relative to the
closure operators and the set of consequence relations over any given signa-
ture, it is a complete lattice;

e L is not a “topological category”: the category of commutative C*-algebras
is wi-locally presentable and has as dual the category of compact Hausdorff
topological spaces. There is a general non-duality principle for categories
locally presentables: If a category and its opposite are both locally presentable
then they are equivalent to a complete latticeS: see Theorem 1.64 in [1] (p. 51).

3. The category of algebraizable logics A

3.1. What is A?

The category A is the category of algebraizable logics and translation morphisms
that preserves algebraizing pair. An algebraizable logic is a logic | = (X,F) €
Obj(L) that is algebraizable in a Blok-Pigozzi sense: There is an ordered pair
((6 = €),A), called an algebraizing pair, and a class K of Y-structures (i.e. X-
algebras), called an equivalent algebraic semantic, such that:

e (§ = ¢) is a finite set of ordered pair of X-formulas (§ = €) = {(,,€,) : 7 < s},
called the set of defining equations, such that {6, : r < v’ < s} C
F(S)1);

e A s a finite set of X-formulas A = {A,, : u < v}, called the set of equivalence
formulas, such that, {A, : u <v} C F(X)[2];

and ((6 =€), A) satisfies conditions (i) and (ii) (and/or conditions (i)’ and (ii)’)
below, with T’ U O U {4, p,(,n,9} C F(3):

(i) TFee{(6@) =) eT}Ek (d(p) = e(v));
(ii) (¢ =) ExFE (6(pAY) = e(pAy));T

(1) ©Fk (¢ =) & {CAn: (CAn) € O} - pAy;
(i) 9 - 5(9)Ae(¥).

6This result connects, in some sense, the three fundamental species of structures of Bourbaki...
"This is an abbreviation for (¢ = ¥) Ex {0-(pAu) = er(pAyh) @ 7 < s,u < v} and
{0r(PAuY) = er(PAu) i1 < s,u < v} Fr (o = ).
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Ifl = (X,F), % = (¥',F) are algebraizable logics, then a morphism f : ¥ —
Y/ is a translation morphism that also “preserves the algebraizing pairs”: if ((§ =
€),A) is an algebraizing pair for [, then ((f[6] = f[e]), f[A]) is an algebraizing pair
for I', where (f[d] = fle]) B {(f((&),f(er)) ir < s} and fIA] = {f(Ay) : u < v}.
By Remark 2.1, we have (f[0] = fle]) C F(X')[1] and f[A] C F(X)[2].
Composition and identities are similar to L.

Proposition 3.1. For eachl € A, let ((0; = €;),A;), an algebraizing pair, and K; an
equivalent algebraic semantic, for each i € {0,1}. For any class K' of ¥-algebras
let us denote (K')9 the Y-quasivariety generated by K'. Then some uniqueness
conditions holds: on quasivariety semantics: (Ko)® = (K1)%; on equivalence for-
mulas: Ao iF Ay; on defining equations: (0g = €y) FxF (01 = €1) (where
K = (Ko)? = (K')?).

Proof. Theorem 2.15 in [8]. O

Remark 3.2. By Proposition 3.1, a L-morphism [ : (X,F) — (X/,F) between
algebraizable logics [, I’ is a A-morphism if and only if there exists ((6 =€), A),
an algebraizing pair for [, such that ((f[&] = f[e]), f[A]) is an algebraizing pair for
. So we believe that the terminology “category of algebraizable logics” fits better
than “category of algebrized logics”, as the notion of morphism between A-objets
does not depend of a preservation of any particular choice of algebraizing pairs of

the logics source and target.

The theorem below (Theorem 4.7 in [8]) gives a useful characterization of
algebraizable logics through an algebraizing pair.

Theorem 3.3. Letl = (X,F) alogic and A Cyi F(X)[2], (6 =€) Cpin (F(X)[1]x
F(X)[1]) such that the conditions below are satisfied
(a) = ©AR®, for all p € F(X);
(b) AV YA, for all g, € F(X);
(¢) AV, YAV E A, for all p,1,9 € F(X);
(d) SDOAQ/JM SRR <)07171A’(/}n71 = C(SD07 SER) Sﬁnfl)AC(l/Jm cee 7"/}n71): fOT’ all c € ¥,
and all ®o, "/}07 sy Pn—1, "/}nfl S F(E)’
(e) 94 F§(0)Ae(V), for all ¥ € F(X).
Then 1 is an algebraizable logic with A as equivalence formulas and (6 = €) as
defining equations.

It follows easily that:

Corollary 3.4. If f : 1 — 1’ is an L-epimorphism where | is an algebraizable logic
then I’ is an algebraizable logic and f is a A-epimorphism.

We might ask if there are algebraizable logics with a given number of equiva-
lence formulas and/or of defining equations. The example below gives an affirma-
tive to the first question.

8That is, F Ay, for all u < v.
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Example. For each natural number k& > 1 we consider the following algebraizable
lOgiC lk = (Ek, |—k):

Y @ as exactly two connectives, ¢
nective.

k. : is the consequence operator determined by the following axioms and
inference rules:

First let us write:
Ap(zo, 1) = {cF (20, 21, ..., 1), F(x0, 20,71, ..., 1), ..., (20, ..., 20,71)} aset
with k — 1-formulas in F(X)[2];
(e(z0) = 6(x0)) = {(x0,c (70))} a unitary set with a pair of formulas in F(X)[1]

! a unary connective and c* a k-ary con-

[aziom:]
° '—k Ck(xo, cee ,.’EQ)

[inference rules:]

o Ap(zo,z1) b Ag(zr,z0) °

o Ap(zo, 1), Ap(x1,22) i Ap(xo,x2)

L] Ak(xg,arl) l_k Ak (cl(xo),cl(xl))

o Ap(mo,x1), Ap(w2,23), ..., Ap(zon—2,226-1) Fi Ap(cF(zo,22,. .., pop—2),
ck(xl,xg,...,xgk,l))

o '—k Ak (6(%0),(5(%0))
[ Ak (6(%0),5(%0)) '_k To
It follows from Theorem 3.3 that [;; is an algebraizable logic with algebraizing
pair ((e = 9), Ax). Besides, if A’(xg,x1) is a set of formulas in F(0)[2] such that
20A’r b wgAgxy then Ay € A’ so, by Proposition 3.1, k—1 is the least number
of equivalence formulas for the logic Ij.

The example above suggests the:

Definition 3.5. (i) Let [ = (X,F) be an algebraizable logic. We write neqy =
min{k € N : there is an algebraizable pair ((, €), A) of [ such that card(A) =
k}; neq = min{k € N : there is an algebraizable pair ((6 =€), A) of | such
that such that card((6 = ¢€)) = n}.

(ii) Let I be a small category and D : I — A a diagram; we write D(i) = ' =
(X%, 1), for each i € I. We say that diagram D of algebraizable logics is
bounded if both the sets of natural numbers {n.,, : i € I} and {nl,, :i € I}
have an upper bound in N.

Remark 3.6. (i) For each signature X, It = (X, F,p), the greatest logic over 3,
is algebraizable and neqy = Neqr = 0.
(ii) Let I,1" algebraizable logics. Then n;,,, < negy and ng,, < neq: are necessary
conditions for the existence of a A-morphism f:1 — I’
(iii) A diagram D : I — A of algebraizable logics is bounded if and only if
{D(%) :i € obj(I)}, the discrete diagram underlying to D, is bounded.

9That are k — 1 distinct inference rules!
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3.2. Filtered Colimits in A
3.2.1. Obtaining the filtered colimits.

Theorem 3.7. The category A has all filtered colimits and the (obvious) underlying
functor U : A — L creates all such colimits.

Proof. Let (I,<) be a directed ordered set and D : (I, <) — A, (I* EAN U)i<per
a diagram. Consider (I, (y%);cr) the colimit in £ of the underlying diagram
((1,<) L2, A-% £ and choose an i € I and an algebraizing pair ((§' = €'), A?) =
({0 =€) : r < sh{AL : u < v}) of I" and take ((0 = €),A) = F[¢]] =
7[€'],7[A%]). Then [ is an algebraizable logic with algebraizing pair ((§ = €), A)
and (I, (7");er) is the colimit of D in A. In fact, this follows from (a), (b) and (c)
below:

(a) I = (X,F) € Obj(A).1° To check this, we invoke the characterization of

algebraizable logics through an algebraizing pair in Theorem 3.3:

(a1) F @At for all ¢ € F(X): By definition of 3 and by Fact 3.(ii), for
each u < v there is an j, € I and a ¢/ € F(%7+) such that 37« (pi) =
. Because (I,<) is a directed ordered set and D : (I,<) — A is
a diagram, there exists k > i, 7o,...,j,—1 such that 7%(¢*) = . As
fi* 1" — [¥ is an A-morphism, then ((fAlk[zV] = ﬁk[ei]), Jak[Az]) is an
algebraizing pair for [*. By Theorem 3.3 , -, cpkaik(Ai)(pk, for all u < v.
As ¥ IF — [ is an L-morphism, then - ¥ (o%)3% (FikF(AL)F* (o),
for all w < v. As (y/ : I — 1)jer is a commutative cocone over
the diagram ((I,<) — A — L), then F F%(@")F(AL)F*(pF), for
all u < v. Therefore, for all © < v, F Ay, because we have taken
A =7'[A".

PAY FAp, for all p,9 € F(X): is analogous to (az)
YA, PAI F AY, for all ¢, 1,9 € F(X): is analogous to (a;)
(pkoo, ey @n—lAwn—l - c(gpo, ey @n_l)AC(¢0, Ce ﬂ#n—l), for all ¢ €
¥, and all pg,%0,...,0n—1,%n—1 € F(X): We can find k > i and
ke (ZF),, ok vk ..o ok 1wk | € F(ZF) such that v*(c¥) = ¢ and,
for all m < n, 3*(¢F) = om, ¥*(WE) = thm. As f* : 1! — [¥ is an
A-morphism, then ((f#[67] = fi*[€']), Fi*[A]) is an algebraizing pair
for I*. Hence by Theorem 3.3 ok Fik(AL)k, ... ok | FR(AL )k |
F(ok, ..., @2_1)ﬁk(Ai)ck(¢§, ool ) forallu < v, AsAyF 1P —
is an  L-morphism, then ¥ (p§)F*(FF(AL))F*(WE), - 7" (0h_1)
FEFHFADF W —1) E AR (@8- om ) (PR AL (e (g, -
0_1), for all u < v. As (77 : I/ — 1)jes is a commutative cocone
over the diagram ((1,<) — A — L), then A% (57 (AL)FF(E), ...,
Vo lon DV (AT (1) = T8 (b, - eh DA (AT (5, - -,

10This is independent of the chosen 4 € I and the algebraizing pair ((§° = €?), A?) of I*.
HThat is, F @Ay, for all u < v.
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(b)

9 1)), for all w < w. Therefore, for all u < v, peAuto,.-.,

cpz,iAuz/Jn,l Foc(eo, .. s on—1)Auc(to, ..., n_1) because we have
taken A = 7[A7].

(az) 9 4 F 6(HA ( ), for all ¥ € F(X): We can find k& > ¢ such that
k(%) = 9. As fi* : I — I¥ is an A-morphism, then ((f*[§'] =
fik[e D, f A *[AT]) is an algebraizing pair for 1k, Hence by Theorem 3.3

r < s. As 'y : l’C — [l is an ﬁ—morphism,Athen for each u < v and
< s FEOR) A E FEFRE)E) FEEAL) FE(TRE)) ).
As (9 : U )jer is a commutative cocone over the diagram
((I <) — A ﬁ) then for each u < v and r < s, F*(9%)

SR (IF)F(AL) A (€)F* (9%). Therefore, for all u < v and r < s,
9 A4, ( )Ayer(9), because we have taken (5 =€) = (7°[0'] = 7'[€']

and A = A

ve A1), for all j € It As (7 : I/ — 1) er is a commutative cocone
over the diagram ((I,<) — A — L), to show that 7/ : I/ — [ is an
A-morphism it is enough to find k > j such that v* : [* — [ is an
A-morphism because, in this case, 7/ is a composition of .A-morphisms:
v =~k o fik So, as (I,<) is a directed ordered set, it is enough to show
that v* : I* — [ is a A-morphism, for all k& > i. Take a k > i: because
fi* . I' — I* is an A-morphism, we have that ((fi*[67] = fiF[e']), FIF[Af])
is an algebraizing pair for [*; because v* = ¥ o f** and, by definition,
(6 = €),A) = ((3'[0°] = 7le l]) 7'[A?), we have that the L-morphism ~*
takes an algebraizing pair of I¥ onto an algebraizing pair of I (by item (a)
just above), hence by Remark 3.2, v* : [* — [ is an A-morphism.

If (I, (a?)jer) is a commutative cocone over the diagram D then the unique
translation morphism o : | — [’ such that o/ = a o7, j € I is an
A-morphism: By definition of I and item (a) above, ((§ =€), A) = ((7'[0%] =
7€), ¢ [AY]) is an algebraizing pair of I, so by Remark 3.2, to prove that
a:l —1"is an A-morphism it is enough to show that ((a[d] = ale]), a[A])
is an algebraizing pair of I’. As o' : I — I’ is an A- morphism, then
(@8] = a'[e']), @'[A7]) is an algebralzlng pair of I. Finally, as o' = o v*,
we have that the £-morphism « takes an algebraizing pair of [ onto an alge-
braizing pair of I’, so by Remark 3.2, a : | — [’ is an A-morphism. 0

9% k- ({A’“( D)) (FE(AL) (JRE))(0F), for all u < v and
)

3.2.2. On the algebraic semantics for filtered colimits.

Fact 7. About structures and morphisms:

(i)

For each signature morphism % 7, Y’ there is a functor X—Str Loy s
between categories of structures over the signatures such that:

o A= (A (YA = Ay expnew) o FA) = (A (XD am -

A')gesmew)s where (B 0 A AT) = ((falen)A + A™ — AY),
Cp € Xp,n € wW;
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o (A5 B) = (J(A) = f(B).
(ii) Connectives (¢, € X/ .n € w) and (propositional) X'-formulas
(¢’ (o, ..., 2n—1)) give functions A’ — A’. The first order atomic formulas
are equations between Y/-terms (= propositional ¥'-formulas);

(iii) Let A’ be a ¥'-structure. Then, for every first order valuation in A”:

e For each Y-equation ¢(xg,...,2n-1) = Y(xo,...,Tn-1): A Ex_sir
(F@lay ) = (FWlapdy)) & FA) Fnose
(@)ags - - an_1]) = (W)lag, - .., an,4]);

e For each first order X-formula P(xg,...,xn-1): A Es_sir

(FP)ag, - ap ] & FA) Es s (P)lag, ., ap, ).
Proposition 3.8. On the quasivariety semantics for filtered colimits: Let (I,<) be

a directed ordered set and D : (I, <) — A, (I* EAN ) i<jer a diagram. Consider
(1, (v)ier) the colimit in A. For each i € I, take K; the unique quasivariety-
semantics for l; and let K be the unique quasivariety-semantics for l. Then, for
all A € X — Str:

Ac K&~ (A eK;, foralicl.

Proof. This follows from Theorem 2.17 in [8], by the construction in Theorem 3.7
and the Fact 7 above. g

3.3. More on colimits and limits in A
3.3.1. Colimits.

Proposition 3.9. The category A has colimits of all non-empty diagrams and the
(obvious) underlying functor U : A — 8 creates all such colimits.'?

Proof. (Sketch) Let I # () be a nonempty category and D : I — A a diagram.
We write D(i) = I = (X%, F;) for each i € Obj(I). Consider (3, (v*)iconj(r)) the
colimit in S of the underlying diagram (I 2oas S). As Ly is a complete
lattice, take - as the least consequence relation over the signature ¥ such that:
e For each i € Obj(I) and ©'U {¢'} C F(X?), if ©% k; o' then 71 [0 - F¢(¢%);
e For each i,j € Obj(I) and each algebraizing pairs ((§° = €'), A?) of I* and
((67 =€), A7) of 17, then: F'[A] 4+ AI[AT].
Now choose any i € Obj(I) and any algebraizing pair ((0' = ¢'), A) of I* and
take ((6 =€), A) = ((3*[0"] =7"[€']), 7' [A]). Then [ is an algebraizable logic with
algebraizing pair ((6 =€), A) and (I, (v");conj(r)) is the colimit of D in A. O

Remark 3.10. The restriction on the proposition above is essential, i.e., the cate-
gory A does not have initial object. In fact, A does not have weak initial objects: as
there is a unbounded family of algebraizable logics (see, for instance, Example 3.1)

2The construction in this result is similar to the one in [16], but they work with another notion
of morphism.
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and if [~ is any algebraizable logic then, by Remark 3.6.(b), the subset of an un-
bounded family of the algebraizable logics that are target of some A-morphism
with source [~ is a proper subset.

3.3.2. Products. As we saw in the Remark 3.10 above there is no (projective) cone
over an unbounded diagrams. But there are universal commutative cones in the
case of discrete bounded diagrams:

Proposition 3.11. The category A has products of all bounded families and the
(obvious) inclusion functor J : A — L creates all such limits.'3

Proof. (Sketch) Let I be a set and D : I — A a bounded discrete diagram. We
write D(i) = ' = (X, F;), for each i € I. Consider (X, (7%);e;) the product in £
of the underlying diagram (I LAl L):

o If T = (): observe that the empty family can not be unbounded and the
terminal logic in £ is algebraizable, so it is the terminal algebraizable logic
(in A);

e If I # (): then, with the notation just above, choose n,k € N and any
algebraizing pair ((6° = €'), A?) of I’ such that card((§; = ¢)) < n and
card(A;) < k, for each i € I. We take ((6 = ¢€),A), with card((§ =€) =n
and card(A) = k, as the finite sets of formulas in the product signature that
are obtained as I-indexed sequences of the corresponding finite set of formu-
las in the chosen algebraizing pair ((§° = €'), A?) (with some repetition, when
necessary). Then [ is an algebraizable logic with algebraizing pair ((0 =€), A)
and (I, (7%);es) is the product of D in A. O

3.4. A is an accessible category

Theorem 3.12. The category A is a finitely accessible category.

Proof. (Sketch) Through analogous arguments to others in the category L, we
obtain that:

e Each algebraizable logic is the colimit of a directed diagram of finite type
logics that are also algebraizable;

e An algebraizable logic is finitely presentable in A if and only if it is a fi-
nite type logic that are also algebraizable if and only if it is a logic finitely
presentable in £ that is also an algebraizable logic.

It follows that any algebraizable logic is the direct colimit of finitely presentable
algebraizable logics, that is, A is a finitely accessible category. O

Remark 3.13. Note that A is a finitely accessible category but, on the contrary to S
and L, A is not a finitely locally presentable category because it is not cocomplete,
as it has no initial object, and is not complete, as it has no commutative cone over
unbounded diagrams. These results are related with a general fact about accessible

3 The construction in this result is similar to the one in [11], but they work with another notion
of morphism.
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categories: an accessible category has all non-empty colimits if and only if it has
limits of diagrams that are base of some commutative cone'* (see [2,3]).

3.5. Application: Remote algebrization revisited

As another consequence of the theory of accessible categories to our context, we
obtain a general (for any logic) weak form of the concept of remote algebrization
firstly introduced in [12]: since £ : A — L is an accessible functor, that is, £ and A
are accessible categories and & preserves filtered colimits then, by Proposition 6.1.2
n [21], for each logic [ there is a set I and a family of L-arrows 7 : | — £(1),
where the [* are A-objects such that, for each L-arrow of I to an algebraizable
logic I', f : I — E(I'), there exists i € I and an A-morphism f¢ : [* — [’ such
that f = f'on'.

It follows that for any logic [ there exists a L-arrow 7 : | — [[,;l* (take
n = (n')ier) such that, for any L-morphism f : 1 — I’ with I’ € Obj(A), there
is an L-morphism f : [Lic: I* — I’ such that f = f on. Consequently, the
logic [ is remotely algebraizable if an only if the £L-morphism 7 is a conservative
translation. It seems to be an interesting problem to characterize the class of logics
that have such a “canonical” family (in case that the existential conditions above
are substituted by “there is only one”). In this situation it follows easily that the
set I and the L-arrows ' : [ — [* are unique up to isomorphism. This will provide
a kind of “algebraizable spectre” of that logic.

4. Fibrings, coverings and sheaves

4.1. Fibrings and coverings

Now that we have described the objects of £ as colimits of the essentially small
category Ly, and thus gained an embedding of £ into Set(£s2)”" (which is the
cocompletion of L¢,), we are in the position to pursue the intuition, mentioned
in the introduction, that a logic [, whose consequence relation is generated by the
images of translations of other logics [; into [, can be considered to be “covered”
by the /;. To this end we introduce Grothendieck topologies on Ly, and investi-
gate how the related sheaf theoretic notions apply to the logics in £. The overall
picture is: We are relating the categories displayed in the following diagram, where
Flat((Lf,)P, Set) denotes the category of functors in Set(~7»)”" that are filtered
colimits of representables, where k, i denote the inclusion functors from sheaves
into separated presheaves and from the latter to presheaves (we will recall these
notions below) and where a and s are the associated sheaf and separated presheaf
functors. a and s are left adjoint to k and i respectively. 7 denotes the inclusion
functor of flat presheaves into general presheaves and, by the theory of locally
presentable categories, there is a left adjoint to j which we call e. Further we de-
fine L == eoitok and S :=aosoj, L and S are adjoint to each other being a
composition of adjoints; given any Grothendieck topology on Ly, we thus get an

14We thank the referee who pointed to us this result and references.
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adjunction between Flat((Lys,)°?, Set) and the category of sheaves. Further, by
the theory of accessible categories, £ and Flat((Lf,), Set) are equivalent (by an
equivalence denoted E in the diagram). In the following we shall make free use of
these functors and their properties.

/ S a
L — s SetE)” = Sep(Lyy Fib) == Sh(L sy, Fib)

7
O L
Jl|e S

Flat((Lsp)°P, Set)

First we will take a look at some possible notions of covering.

Definition 4.1. Let [ = (X,F) be a finitely presentable logic and H a set of trans-
lation morphisms with codomain [ and with domain a finitely presentable logic:
(i) H is a covering(i) of [ iff for all T U {¢} C F(X)I' 4 < thereis '™ Cy;, T
and there exists h € H such that I'™ U {¢} C h[F(2%™")] and there
is T=" U {"} Cpin F(R%mM)Y) such that h[I~"] = T~ , (") = ¢ and
_h

r l_dom(h) wh'

Since we have coproducts in £, we can also express properties of families
of morphisms with common codomain by means of the induced arrow from the
coproduct of the occurring domains:

(ii) H is a covering(ii) of [ iff the canonical translation morphism cp

[),c i dom(h) — [, the unique arrow such that for all h € H, (dom(h) 2,

— 1) = (dom(h) = ;e dom(h) =% 1), is such that - = cy,(Fp).

(iii) H is a covering(iii) of [ iff the canonical translation morphism cg

[,c g dom(h) — 1, the unique arrow such that for all h € H, (dom(h) 2,

— 1) = (dom(h) = ,,c g dom(h) =% 1), is such that cy is a conservative

translation morphism that is also an L£-epimorphism.

(iv) H is a covering(iv) of I iff the morphism cg of (ii) is an isomorphism.

The latter is equivalent to saying that H covers [ iff [ is a fibring in the sense
of [24] of the domains of the morphisms in H and thus suggests the more general
definition:

(v) Given any notion of fibring, define H to be a covering of [ iff [ is the result
of fibring (in the given sense) the domains of the arrows in H.
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Remark 4.2. Adopting either of the above covering notions!® (or any other notion
which gives conditions only involving the consequence relations), we have some
space for “fine tuning” according to the intended meaning of “covering”:

(i) We can require covering families to be epimorphic families (or, equivalently,
to be cy in (ii) to be epic). On the logical side, by Proposition 2.12, this
means that every generating connective of the underlying language of the
covered logic will occur in the image of some covering morphism and so rules
out coverings by proper linguistic fragments as given by the one-element
covering family ({—}, modus ponens) — ({—, —}, modus ponens). On the
sheaf-theoretical side it implies that every representable functor will be a
separated presheaf (see next subsection).

(ii) We can require the members of a covering family to be monos, thus (again by
Proposition 2.12) allowing only coverings by proper linguistic fragments but
not, for example, ({A1, A2}, (AN B A ANy BE B)) — ({AL(AABE
A, AN B F B)) (where the expressions (...) denote the consequence rela-
tions generated by the given inference rules and/or axioms; see Remark 2.8).
This condition amounts to allowing only proper decompositions of logics as
coverings and seems appropriate to treat the splitting of logics.

4.2. Sheaves

A notion of covering (i.e., a mapping C'ov associating to each object X a collection
Cov(X) of families of morphisms to X') gives rise to a unique Grothendieck topol-
ogy on Ly,.'% The covering sieves of an object X in this Grothendieck topology
are the compositional right ideals of pullbacks to X of covering families in Ly,
and will also be denoted by Cov(X).

The purpose of this section is to investigate what it means for a logic to be
a separated presheaf or a sheaf.

We first recall the relevant definitions.

Definition 4.3. Given a presheaf F' € [Set(£/»)”| an object X € |Ljp,| and a
covering sieve S = {f; : X; — X | i € I} € Cov(X), a compatible family is a
family {s; € F(X;) | @ € I} such that F(f : X; — Xj)(s;) = s; for all 4,5 € I.
A presheaf F is called a separated presheaf (a sheaf, respectively) if, for each such
X € |Lypl, S € Cov(X) and compatible family {s;, € F(X;) | i € I}, there is at
most one (exactly one, respectively) s € F(X) such that s; = F(f; : X; — X)(s)
foralli € I.

Remark 4.4. As we see in the diagram above, there is a pair of functors £ L‘:

S/
Sh(Lyp, Fib) such that S’ : L — Sh(Lyp, Fib) preserves finite limits and filtered
15Some of these covering notions are obviously related: covering(iv) is the strongest notion be-

tween (i), (ii), (iii) and (iv); covering(iii) and covering(i) are stronger than covering(ii).
16Notation for that kind of site: (L, F'ib).
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colimits.'” As we know that every logic is a filtered colimit of finitely presentable
logic, we get a “good codification” of £ in Sh(Ly¢p, F'ib) in the sense that codifi-
cation preserves the glue (the filtered colimits) between fundamental bricks (the
FP-logics). We also know that the category £ of all logics has nice categorial
properties, but the category has no nice logical properties! This “defect” of L is
mitigated by the codification into the category of sheaves, a complete, cocomplete,
locally finitely presentable category that does have nice logical properties: as an
elementary topos it has exponential objects and a classifying object.

Now we will take a closer look at the notions of sheaf and separated sheaf
and what they say about the behavior of a logic; we rephrase these definitions into
statements about F in the category Set(£s2)”"

Under the Yoneda lemma isomorphism, elements s; € FI(X;),s € F(X) corre-
spond to unique natural transformations 7; : Hom(—, X;) — F,7: Hom(—, X) —
F respectively and F(f : X; — X;)(s;) = si, F(f : Xi — X)(s) = s; translate to
7, =150 Hom(—, f), 7, = 7o Hom(—, f;) respectively, so that we get the following
characterization: F is a sheaf iff for each X € [Lfp], S € Cov(X) the Yoneda em-
bedded cone Y'(S) is universal for F' in the sense that for every compatible family
{7 | i € I} of morphisms from the domains of Y(5), there exists a unique arrow
as in the following diagram:

Y4 A2

Hom(—,X;) — 3 Hom(—,X) «— Hom(—,Xj)

T E”

So that F'is a sheaf roughly says that “for F' all (Yoneda embedded) covering
sieves are colimit cones”. From this formulation it is immediate to see the following
equivalences which we note in passing:

Fact 8. (i) The representable functors are separated presheaves iff all covering
families are epimorphic.
(ii) The representable functors are sheaves iff all covering sieves are colimit cones.

"Because Y/ = joE : L — Set(Lsp)” preserves limits and filtered colimits and the “associated
P
sheaf functor” a o s : Set(Lsp)™" — Sh(Ljp, Fib) preserves finite limits and colimits.
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So separatedness for a logic | means that a translation h from a finitary
logic I’ into [ is completely determined by the translations obtained by composing
with the morphisms of a covering family of I’ and the sheaf property says that,
given translations from the domains of a covering family of I’, such a translation
I — [ in fact always exists.

Ezample. A logic which is not a separated presheaf: take as (generating) coverings
all families {f; : I; — 1 | ¢ € I} such that F; < sup{f7(r;,) |i € I}. Let I3 be
the logic with signature given by one connective ¢ and the minimal consequence
relation, and ls the logic with the signature consisting of two connectives ci, co
with the same arity as ¢ and the minimal consequence relation. Then the signature
morphism mapping ¢ to ¢; is clearly a morphism of logics and moreover gives a
(one-element) covering family of I, but we have two different endomorphisms of [
making the diagram below commute, namely the identity and the morphism that
maps both ¢y and co to ¢q:

CcH— C1

({c}, Fmin) > ({c1, 2}, Fmin)

id

CH— C1

({01762}7|_min)

This example (and lots of similar ones) suggests that separatedness is a kind
of “Occam’s Razor property” in the sense that a separated logic has no redun-
dant (e.g., doubly occurring or interchangeable) connectives. Thus the separation
functor s (the left adjoint to the inclusion of separated presheaves into presheaves)
would give a procedure to cut down redundancies in the presentation of a logic —
and in fact s is defined by a quotient construction.'® Be careful to note that we
do not know a priori whether the application of s actually yields a presheaf cor-
responding to a logic; this has to be investigated separately after fixing a specific
notion of covering. However, at any rate we get an equivalence relation between
logics given by I ~ I’ iff s(I) = s(I’) which, in the spirit of the above, could be
understood to hold when two (presentations of) logics have the same essence after
cleaning up the redundancies. In the same vein, the sheaf property for a logic [
indicates a good behavior with respect to translations from finitary logics into [
and the sheafification functor yields an equivalence relation between logics.

8For F a presheaf, s(F) is defined by s(F)(X) := F(X)/ ~, where a ~ b iff there is a covering
{fi | i € I} such that F(f;)(a) = F(f;)(b) for all s.
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5. Operads and the need for better categories of logics

Our chosen framework, the category S of signatures and the category £ of logics,
excludes many kinds of logics: the propositional logics with infinitary connectives,
the non-reflexive logics, the linear logics and the relevant logics. Our category S
of signatures is, for its simplicity and good categorial properties, often chosen as a
test bed for categorial constructions like combination of logics, as is the case here.
In practice it leads, however, to a much restricted notion of morphism between
logics: for example, two presentations of classical propositional logic taking as
primitive connectives (i.e., signatures) {—, —}, {—, V} respectively, do not admit
any morphism between each other (since it would have to take — to V) while they
could intuitively be expected to be isomorphic. In terms of the introduction, this
means that our categories give an unsatisfactory (partial) answer to the identity
problem.

To remedy this defect, [10] and others have taken as signature morphisms the
substitutions from Section 2.1.2, thus allowing to take — to the derived connective
(= (=) vV —). The resulting category S of signatures has, however, bad categorial
properties — for instance, it does not have all pullbacks nor all colimits, which
implies that a category of logics built above it (and thus coming with a limit cre-
ating forgetful functor to §) can not be accessible. The reason for these categorial
insufficiencies lies in the fact that F/(X) (the language freely generated by X) is
the absolutely free algebra over its signature, so S is a category of free algebras
and colimits of free structures are hardly free again. That formal languages are
free algebras over some signature seems to be a crucial feature in logic, so how can
we overcome this difficulty?

It could be helpful to rephrase the situation using the language of operads: An
operad is a multicategory (a structure coming from proof theory and thus maybe
known to logicians) with only one object. Such a structure can be seen as an ax-
iomatization of the behavior of a collection of finitary operations on a set, closed
under the formation of derived operations. Thus it consists of a set of “operations”
of finite arity and bears a structure given by substitution of operations into other
operations. A morphism of operads is a function between the sets of operations
preserving arities and commuting with substitution. An algebra over an operad is
an interpretation of the sets of operations as actual operations on some set; more
formally, it is an operad morphism into the operad of all finitary operations on
some set. An introduction to operads would go beyond the scope of this article,
for this we refer to [6], which, although treating much more general operads than
we are needing here, gives an excellent intuition of this notion. It is also possi-
ble to describe an operad by giving generating operations and relations between
them, and accordingly there are free operads generated by a series of sets of n-ary
operations — those with no relations. The formation of an absolutely free algebra
over a signature can now be described in two steps: First form the free operad
over the signature, then the free algebra over that operad. The substitutions from
above are just morphisms between (free) operads which of course induce a function



36 P. Arndt et al. Logica universalis

between the corresponding free operad-algebras. The above category of signatures
is thus just the category of free operads and arbitrary operad morphisms. The
operad-algebras only come into play when on wants to define a category of logics
above the signatures: Since consequence relations are defined on sets (of formulas)
we now need to form the free algebra over the operad to get such a set.

To escape from the dilemma that categories of free structures are bad behaved
we propose a simple step: One could take as a category of signatures the category
of all operads which is known to have good categorial properties. In particular it is
locally presentable, and thus possibly allows to reproduce the results of this article.
This would lead to a category of logics over languages with possibly interdefinable
connectives (since now the operations can satisfy relations) and would thus include
a common practice in logic into the formal treatment. To build a category of
logics above this category of signatures one could proceed as before: Formally
one could define an object in this category as a pair consisting of an operad O
and a consequence relation (possibly satisfying some further conditions) on the
underlying set of the associated free O-algebra. A morphism would be a morphism
of operads such that the induced function between the associated free algebras
preserves consequence (again possibly satisfying further conditions).

The step from free operads to arbitrary ones may seem to go away from
the usual intuitions of logic, where one is used to the sets of formulas having
the structure of an absolutely free algebra, and at first one may feel to have
thus introduced pathological objects into one’s category of logics. But first, the
informal use of interdefinable connectives in logical practice does not cause any
problems, and if the language of operads is an adequate formalization of this
practice, which it seems, this gives a reason to hope not to encounter difficulties
on the formal side as well. Second, on a more abstract level, it is a highly successful
mathematical practice to admit pathological objects in a category in order to make
(the global properties of) the category itself less pathological — the passage from
manifolds to C*°-schemes in Differential Geometry illustrates well this point, as
does the functorial approach to algebraic geometry, where one passes by the Yoneda
embedding from schemes into a category of functors where most objects have no
geometric appeal at all.

6. Conclusion

The main concrete purpose of this work was to bring the theory of accessible
categories into the study of logics. Let us summarize what we have achieved for
this goal and point out some further consequences:

1. The category of finitary structural logics is locally finitely presentable.

2. The category of algebraizable logics is accessible but not locally presentable.

3. We have identified which are the finitely presentable logics: They are precisely
those whose signature has a finite number of symbols and whose consequence
relation can be generated by a finite number of axioms and deduction rules.
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Thus the categorical notion of finite presentability makes sense in the context
of logics — a fact which was not a priori clear and encourages further studies
of the accessibility of categories of logics.

4. There exist direct and inverse image logics.

5. Tt is a question of Universal Logic whether there exist irreducible logics, i.e.,
logics which cannot be obtained by combining proper non-trivial sublogics,
and, if so, what characterizes such logics. We know that, in a A-accessible
category of logics, any logic is a colimit of A-presentable logics, and therefore
it receives morphisms from its colimit cocone. Taking the images of these
morphisms we obtain sublogics whose combination gives the original logic.
This indicates that an irreducible logic would have to be A-presentable.

The question about irreducible logics is, of course, aimed at finding the
fundamental building bricks out which any other logic can be constructed.
In a A-accessible category of logics it would suffice to show that every A-
presentable logic can be built out of irreducible ones, the rest being given by
colimits (i.e. combinations) of these.

6. Another question of Universal Logic is to what extent Logic (as a field of
study) has an algebraic character. The notions of accessibility and local pre-
sentability bring new aspects into this question. Of course it is still not an
entirely settled question how well local presentability really corresponds to
algebraicity.

7. About the metatheory of logics: That the categories studied here are accessi-
ble, implies, by the model theoretical characterizations of accessible categories
mentioned in the introduction, that they are categories of models of first or-
der theories. The locally finitely presentable category L is even a category
of models of a theory in usual classical first order logic, which is somewhat
astonishing, given the fact that the definition of a consequence relation in-
volves the powerset. It is possible that there is a reasonable model theory for
logics which form a locally finitely presentable category.

For the moment the main task for starting the exploitation of the theory of
accessible categories is to find “serious” categories of logics, not suffering from the
defects pointed out in the previous section — the possible use of operads suggested
there could do the job. Independently of that we hope to have convinced the reader
that global properties of categories of logics are not an esoteric subject matter,
but make themselves felt in concrete situations and are worthwhile to care about.
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