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Abstract

Polynomizing is a term that intends to describe the uses of polynomial-
like representations as a reasoning strategy and as a tool for scientific
heuristics. I show how proof-theory and semantics for classical and several
non-classical logics can be approached from this perspective, and discuss
the assessment of this prospect, in particular to recover certain ideas of
George Boole in unifying logic, algebra and the differential calculus.

1 From finite and hard to infinite and smooth

One of the most fascinating episodes of the history of Mathematics, which is
nowadays almost considered to be a triviality, is the discovery of the polynomial
representation (by infinite series) of numerical functions.

One can situate this historical point in the western historiography, although
variants of his methods were already known before in Europe and in China and
India as well, around the English mathematician Brook Taylor (1685 - 1731)
and his book Methodus incrementorum directa et inversa, of 1715, which led
to the development of the Taylor’s and MacLaurin’s expansions. Surprisingly,
however, the importance of Taylor’s discovery remained unrecognized until 1772,
when J. L. Lagrange realized its relevance and proclaimed it to be “the principal
foundation of differential calculus”.

Any infinitely differentiable function f(x), under certain circumstances, can
be rewritten as an infinite polynomial series in the neighborhood of a base point
x0:

f(x) = α0(x0)+α1(x0) · (x−x0)+α2(x0) · (x−x0)2 + . . . αn(x0) · (x−x0)n + . . .
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for certain coefficients αk(x0). What inspires amazement is that such coefficients
are the derivatives of f(x) itself calculated in the base point x0, and the idea
of a local representation for the function (depending on the point x0) emerges.
Much deep mathematics originated from the questions on how to restore the
global behavior of a function from its local behavior (as singularity theory),
and how far we have to go in the series to gain substantially all information
contained in the function (as Morse theory).

This amounts to transcendental functions being represented by algebraic,
polynomial functions –at the cost, however, of accepting infinite expansions.
Although the Greeks used the notion of infinite in geometry and arithmetic, as
in the famous arguments of Euclid’s proof of the infinity of primes, one cannot
lose sight, however, of the problems that surrounded the concept of infinity since
the hellenistic times.

Also, the notions of finite and infinite were not coincident in ancient Greek
and Chinese thought for example (see [23]), which indicates that the notion of
infinity was not (and perhaps is not) absolute; this may be seen as a measure
of the boldness of users of the infinite much before George Cantor attacked the
problem of conferring meaning to the “unthinkable”. Hermann Weyl in [33]
claims that “mathematics is the science of the infinite”, and compares mathe-
matics with religion: “...the religious intuition of the infinite, the απειρoν takes
hold of the Greek soul ...”. I want to argue that what lies within this idea
of expanding simple constructions to the infinite, if not religion, is a powerful
method, still to be completely clarified, which I venture to call polynomizing :
the idea that “finite´´ complexity1 can be reduced by considering (possibly in-
finite) polynomial-like representations. I will consider several instances of this
idea, particularly in the rise of modern logic by the hands of Boole.

The discovery of power series is, in a sense, a generalization of polynomials
taking into account the possibility of extending the sum to the infinite. Polyno-
mials were basically the only functions which could be manipulated by hand to
approximate trigonometric functions, for instance, which were almost beyond
the capacity of 17th century calculation.

Prior to the full development of integral calculus, the discovery of the formula
π
4 = 1 − 1

3 + 1
5 −

1
7 . . ., independently obtained by Gottfried Willhem Leibniz

(1646-1716) and by mathematicians in South India in the fifteenth century,
attributed to Nilakantha (in Sanskrit verses, cf. [27]) is a good example of
the difference between just thinking in terms of infinite objects and thinking in
polynomial terms with regard to infinite expansions. John Wallis in 1650 found
the expression π

2 = 2·2·4·4·6·6...
1·1·3·3·5·5... which converges slowly and is hard to generalize.

On the other hand, the former expression is a particular case of the expansion
arctan(x) = x− x3

3 + x5

5 − x7

7 . . . (for −1 ≤ x ≤ 1) discovered by James Gregory
(1638-1675), even if Gregory himself (cf. [18], chapter 4), failed to see that for
x = 1 it gives the expression for π

4 .
Apparently, Nilakantha was aware of the impossibility of representing π by

1Of course, I do not mean here complexity of computation, in the sense of mere efficiency:
complexity is here meant in a wider sense, though not divorced from that restricted meaning.
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means of a finite series of rational numbers, so the idea of infinite was probably
seen as a key to solve the problem of representing π.

However, it is illuminating to see cases where infinite sums and infinite prod-
ucts work together to produce new mathematical knowledge. An example of
such cases was a a remarkable result proved by Leonhard Euler (1707-1783) in
[19] about equating an infinite sum with an infinite product, which gives an
alternative proof of the infinity of prime numbers:

2 · 3 · 5 · 7 · 11 . . .

1 · 2 · 4 · 10 . . .
= 1 +

1
2

+
1
3

+
1
4

+
1
5

. . .

which, in contemporary notation, can be written as:∏
p

1
1− 1

p

=
∑

n

1
n

for all primes p and natural numbers n ≥ 1.
This formula, which coincides with a particular case of the celebrated Rie-

mann Zeta function at the value s = 1, gives an alternative proof of the fact
(already known by Euclides) that there exist an infinite number of primes, by
taking into account that the left-hand harmonic series is divergent.

Though I am more interested here in “infinite” methods emerging from al-
gebra, there is of course a geometric side in the advent of the infinite expedient
to produce finite calculations: as a precursor to integral calculus, Bonaventura
Cavalieri (1598-1647) had completely developed a method of indivisibles, as a
means of determining the size of geometric figures similar to the methods of
integral calculus in his Geometria Indivisibilibus Continuorum Nova Quadam
Ratione Promota (“A Certain Method for the Development of a New Geometry
of Continuous Indivisibles”), published in Bologna in 1635.

According to [26], a method similar to Cavalieri’s had already been used in
China around the third century to find the volume of a sphere.

Intuition in this direction not only impacted algebra and geometry, but cer-
tainly influenced (directly of indirectly) Boole and other logicians. I want to
suggest that it is possible to identify an ancient tradition of what I called “poly-
nomizing”, which has also deeply influenced logic, but this approach, although
present in many aspects in Boole’s work was for some reason relegated. How-
ever, as I plan to show, it can be regained inside the methods of logic–and
in several aspects, from propositional to many valued, from paraconsistent to
modal and even to first-order logics, and it may be used as a reasoning model,
helping understand certain aspects of Boole’s methods.

George Boole is reputed one of the greatest logicians or philosophers of logic
of all times: John Corcoran in [16] considers the Prior Analytics by Aristotle
and the attempts by George Boole (1815–1864) to codify the laws of thought
([6]) as the two most important logical works from before the advent of modern
logic.

However, Boole is often accused of fallacies and incoherences, and his logic
calculations are sometimes considered close to ridiculous: as in [17] puts it,
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“Readers of Boole’s logical writings will be unpleasantly surprised to discover...
how ill-constructed his theory actually was and how confused his explanations of
it”, and even Corcoran, on p.285 of [16] dares say that “Aristotle seems superior
to Boole and closer to contemporary thinking. My guess would be that Aristotle
would have less trouble understanding Gödel’s results than Boole.”

Indeed, some of calculations Boole proposed may seem awkward and inept,
but the critiques would lose impetus if one regards Boole’s dream of algebrizing
logic and his search for missing links between ordinary algebra and Aristotelian
Logic from the point of view of attempts to polynomize: Boole was more inter-
ested in the algebraic aspects of logic, by means of solving equations expressed
in polynomial form, than he was in the logic aspects of algebra.

The intentions of this paper are twofold: firstly, to raise some ideas on
recovering the algebraic setting of logic in a broad sense, showing how this
can be applied to the clarification of some criticisms in Boole’s work; a second
intention is to propose a wider algebraic stand to the contemporary view of
classical and non-classical logics.

2 Algebraic proof systems

Boole, in [6], attached great importance to the “index law” x2 = x, placing it
in such a central position that, for him, ”...a fundamental law of Metaphysics is
but the consequence of a law of thought”.

From the purely mathematical side, this has connections to another impor-
tant work of Boole: the invention of the calculus of finite differences of 1860
([7]), preceded by his better known treatise on differential equations.

Boole was one the first to perceive clearly that the symbols in operations
could be treated directly as objects of calculation, separated from the idea of
quantity. However, Leibniz already admitted equations with no explicit arith-
metical content such as x + x = x, and even talked about “blind thinking” to
refer to pure reasoning reduced to arithmetical calculation (cf. [28]). It is inter-
esting to know how Leibniz, in his Elementa Calculi of 1679, assigned numbers
to concepts in such a way as to obtain a complete representation for Aristotelian
syllogistic and complete version of algebraic logic in Boolean terms, although
apparently Boole did not know his work (see [10] for proofs of correctness and
completeness of the two mentioned systems).

Besides the “index law” x2 = x, Boole assumed, differently from Leibniz,
that x+x = 0 implies x = 0. He did not assume multiplicative inverse, but just
additive inverse; from contemporary viewpoint, many problems behind Boole’s
methods are explained by the fact that he was not working within a field: he
accepted the generalization of the index law xn = x in [4], but this will be
rejected in [6]; indeed, for him x3 = x would lead to x3 − x to have as factors
x + 1 and x− 1. The first could not be accepted, as 1 + x would correspond to
adding x to the universe 1, and −1 is equally non interpretable, since it does not
satisfy the index law (−1)2 = (−1). However, analogous difficulties will arise in
the same index law x2 = x, since it is equivalent to x2 − x = 0, which has x + 1
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and x− 1 as factors as well (for details see [22]).
Of course Boole was opening a path to future developments that would only

come after his achievements, such as working with rings of characteristic 2 with
unity. This would make simple to accept for instance 1 = −1 and solve many
of his difficulties– in particular, for his case, a Boolean ring with unity would
suffice (a concept that possibly would never have been invented if it were not
for his difficulties!).

Departing from the idea that if the intuition behind the index law had some
importance for classical logic (even if exaggerated by Boole), it seemed obvious
that this law could be easily generalized to the ‘higher-order laws” of the form
xn = x (that Boole had to reject) by employing polynomials over Galois fields:
intending to explore such laws for non-classical, [11] studied the question for
some finite-valued logics. I later learned that some methods for Boolean reason-
ing were developed by the Russian logician Platon Sergeevich Poretski in the
19th century (cf. [31], and that [34] in 1927 proposed a translation of proposi-
tions into polynomials in the realm of classical logics (with the initial intention
to give a method of proof for the propositions of Principia Mathematica). More
recently, analogous ideas have been considered by [32] (with the purposes of
automatic proof theory by means of rewriting systems) and by [15] and [3] (by
computing Gröbner bases with the purpose of investigating proof complexity).

However, (as far as I know) polynomial rings over Galois fields were not
extensively used, nor the method extended to all finite-valued logics, to non-
finite valued logics or to first-order logic.

In particular, by means of Boolean rings over finite fields (using formal se-
ries with sums and products over convenient variables) one can obtain a sound
and complete method where any finite-valued derivations and classical proposi-
tional derivations reduce to solving equations in polynomial form; what is more
surprising, the method cab be applied to non-finite-valued propositional logics
(as far as they can be represented by means of the dyadic semantics studied in
[9]) by means of introducing multivariable polynomials in appropriate rings (cf.
[13]). In particular, the same method permits to represent and compute the
so-called “non-deterministic” logics of A. Avron, as in [14].

The polynomial ring calculus can be successfully extended at least to the
monadic fragment of first-order logic that expresses traditional syllogisms, giving
a new approach to Boole’s representation. So Boole’s intent to unify the two
sides of logic, the propositional and the quantificational, could also be seen as
related to the idea of polynomizing. I wish to discuss the role of this approach
as a reasoning model and suggest its role in scientific discovery.

3 The strange methods of George Boole

The idea that Boolean algebra can be regarded as abstract rings is a consequence
of the sophisticated result of M. H. Stone of 1936 (cf. [30]), and the fact that
any Boolean algebra can be represented by algebras of classes is seen by Stone
as a precise analogue of the fact that any abstract group is represented by an
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isomorphic group of permutations.
Based on ideas introduced in [13], I briefly review here the intuitions of

using polynomials instead of formulas for finite many-valued logics. Given a
propositional logic L, a polynomial interpretation for L is a translation Ω : L 7→
F[X] of the wffs of L into a convenient polynomial ring F[X]. Then a wff α ∈ L
is satisfiable if its polynomial traduct α∗ ∈ F[X] is closed within a certain set
D ⊆ F of distinguished truth-values when evaluated in the field F.

It is convenient to show first that any finite function can be expressed by
means of polynomials over finite fields using a particular case of the well-known
Lagrange interpolation2 (a simple but important fact that almost certainly be-
longs to the mathematical folklore of combinatorics and coding theory).

Theorem 3.1. (Representation of finite functions in GF (pn) ) Let A be any
finite set with cardinality | A |= k and f : Am 7→ A be any function with m
variables on A. Let GF (pn) be a Galois field with pn ≥ k elements. Then f can
be represented as a polynomial function in GF (pn)[x1, . . . , xm].

Proof. The proof is just sketched for the case of binary functions. Suppose,
without loss of generality, that the elements of A are {0, 1, . . . ,m−1} ⊂ GF (pn).

Define the functions δ〈m,n〉(x, y) as:

δ〈m,n〉(x, y) =
∏

i 6=n,j 6=m

(x− i) · (y − j) ·
∏

i 6=n,j 6=m

(n− i)−1 · (m− j)−1

Clearly, δ〈m,n〉(x, y) = 1 if 〈x, y〉 = 〈m,n〉, and 0 otherwise.
Now, if f : A2 7→ A has values f(i, j) ∈ GF (pn), then:

p(x, y) = f(0, 0)·δ〈0,0〉(x, y)+f(0, 1)·δ〈0,1〉(x, y) . . . f(m−1,m−1)δ〈m−1,m−1〉(x, y)

is a polynomial in GF (pn)[x1, x2] which represents f(x, y). Of course, a similar
construction can be obtained for the general case.

It should be remarked that it is essential to work within a Galois field
GF (pn): for example the binary function f(x, y) = max{x, y} and the unary
function g(x) = 0 if x 6= 2, and g(2) = 3 , though representable in GF (22)[x, y],
cannot be represented in Z4[x, y].

The method above gives a particularly expeditious method to compute poly-
nomials over Z3, since in this case the denominator

∏
i 6=n,j 6=m(n− i) · (m− j) of

the functions δ〈m,n〉(x, y) can be easily seen to be the unity: indeed,
∏

i 6=n(n−i)
and

∏
j 6=m(m−j) are products of distinct non zero factors, and can only be 1 ·2

or 2 · 1 in Z3; hence the product
∏

i 6=n,j 6=m(n− i) · (m− j) is 1.
This is interesting since the vast majority of examples and usage of many-

valued logics falls into the three-valued case. Thus, for the specific case of
converting three-valued logics into polynomial form, the functions δ〈m,n〉(x, y)
are:

δ〈0,0〉(x, y) = (x− 1) · (x− 2) · (y − 1) · (y − 2)

2I am indebted to Odilon Otávio Luciano from IME- USP for this remark.
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δ〈0,1〉(x, y) = (x− 1) · (x− 2) · y · (y − 2)
δ〈0,2〉(x, y) = (x− 1) · (x− 2) · y · (y − 1)
δ〈1,0〉(x, y) = x · (x− 2) · (y − 1) · (y − 2)
δ〈1,1〉(x, y) = x · (x− 2) · y · (y − 2)
δ〈1,2〉(x, y) = x · (x− 2) · y · (y − 2)
δ〈2,0〉(x, y) = x · (x− 1) · (y − 1) · (y − 2)
δ〈2,1〉(x, y) = x · (x− 1) · y · (y − 2)
δ〈2,2〉(x, y) = x · (x− 1) · y · (y − 1)

We suppose, then, that all calculations are done within a convenient field
GF (pn); there are two basic sets of rules to manipulate polynomials:

a) Index rules

1. p · x `≈ 0, where p · x means x + x + . . . + x p times

2. xi · xj `≈ xk(mod q(x)) where q(x) is a convenient primitive polynomial
that defines GF (pn), and k = i + j(mod pn − 1)

b) Ring rules

1. f + (g + h) `≈ (f + g) + h

2. (f + g) `≈ (g + f)

3. f + 0 `≈ f

4. f + (−f) `≈ 0

5. f · (g · h) `≈ (f · g) · h

6. f · (g + h) `≈ (f · g) + (f · h)

We also need some explicit metarules : For f, g, h ∈ F[X]:

1. Uniform Substitution: f`≈g
f [x:h]`≈g[x:h]

2. Leibnitz Rule: f`≈g
h[x:f ]`≈h[x:g]

The index rules are justified taking into account that the Galois field GF (pn)
has characteristic p as a ring with multiplicative identity element, and that the
multiplicative group of every finite field GF (pn) is cyclic. The ring rules come
form the fact that GF (pn)[X] (on appropriate variables in X) is a polynomial
ring. Uniform Substitution and Leibnitz Rule can be easily justified by induction
on polynomial functions.

Now, for the definitions of deduction and proof in the polynomial ring cal-
culus for the logic L, let Γ ∪ {α} be wffs in L and Γ∗, α∗ be their translations
in polynomial form: the following general completeness of the method can be
proven for any finite-valued logic: Γ `L α iff Γ∗ `≈ α∗ where `≈ denotes the
derivation of α∗ ∈ D (in the equational logic defined by the above rules) from
the hypothesis Γ∗ ∈ D (see [13] for details).
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Of course, when the the set D of distinguished values is a singleton, say D =
{1}, then derivations Γ∗ `≈ α∗ reduce to proving α∗ ≈ 1 from the hypothesis
Γ∗ ≈ 1, and (when Γ = ∅) proofs reduce to showing directly that α∗ ≈ 1 by
high-school manipulation of polynomials.

Just for illustration, consider the case of classical logic PC. Define in this
case the translation Ω : PC 7→ Z2[X] of PC into the Boolean ring Z2[X] as:

• Ω(pi) = xi for each atomic variable pi

• Ω(¬α) = 1 + Ω(α)

• Ω(α ∧ β) = Ω(α) · Ω(β)

• Ω(α ∨ β) = Ω(α) · Ω(β) + Ω(α) + Ω(β)

• Ω(α → β) = Ω(α) · Ω(β) + Ω(α) + 1

Thus, for instance, having translated atomic variables pi as fresh variables
xi, we have:

• x2 ≈ x

• x + x ≈ 0

• ¬α ≈ 1 + x

• α ∧ β ≈ x · y

• α ∨ β ≈ x · y + x + y

• α → β ≈ x · y + x + 1

Proving reductio ad absurdum, for example, amounts to:

• α → β, α → ¬β `PC ¬α. Translating into polynomial form, we have to
check that: (x · y + x + 1) · (x · (y + 1) + x + 1) · x `≈ 0

• But easily: (x·y+x+1)·(x·(y+1)+x+1)·x ≈ (x·y+x+1)·(x·y+1)·x ≈
(x2ẏ2+x·y+x2 ·y+x+x·y+1)·x ≈ (

︷︸︸︷
x · y +

︷︸︸︷
x · y +

︷︸︸︷
x · y +x+

︷︸︸︷
x · y +1)·x ≈

(x+1) ·x ≈ x2 +x ≈ 0 taking into account (as indicated) that here x2 ≈ x
and x + x ≈ 0.

Now, for classical logic PC this seems to be an obvious usage of Boolean
algebras and Boolean rings, but the same can be done for all finite-valued logics3;
of special interest are the cases of the well-known (see e.g. [21]) three-valued
logics of Lukasiewicz, Gödel, Kleene, Sette, and the four-valued logic of Belnap
(see [13] for concrete examples of polynomial proofs in three-valued logics).

However, some authors (as for instance [16]) see solving equations as opposed
to performing deductions. In that paper J. Corcoran points to two fallacies of

3In a certain sense, this is the algebraic analogue of the universal method for provability
in many valued logics shown in [11]
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Boole: a first fallacy (p. 280 and 281) is that Boole overlooks indirect reason-
ing, or reductio ad absurdum, an important and productive form of inference:
“This... is very likely part of why he missed indirect deduction (or reductio
reasoning). There is no such thing as indirect equation-solving, of course.”

This criticism cannot be taken literally, as we just have seen (as an example)
an equational proof of reductio ad absurdum. The second fallacy, according to
Corcoran, is the Solutions Fallacy, which involves confusing solutions to an
equation with its consequences. For example, the equation x = (x · y) (in a
Boolean algebra– an unavoidable anachronism!) does not imply the solutions
x = 0 or y = 0 (since x and y may be both 1). However, x = 0 does imply
x = (x · y). In defense of Boole it could be added, as S. Burris suggests in
[8], that there exists a kind of “universal error” of Boole’s interpreters: Boole
used existential import in his Aristotelian arguments but this is usually not
taken into account: for example, Boole used Aristotelian semantics, accepting
arguments (as Conversion by Limitation) which only make sense if all classes
are non-empty:‘All A is B’, therefore ‘Some B is A’.

As an interesting example, let us recall an example by Boole from his paper
of 1848 ([5], pp. 7-8), proving contraposition. The sentence “All Y s are Xs´´ is
formalized in his algebra as y = v · x (meaning: Y is the intersection of X with
some non-empty V ) and he seeks the value of 1− x (i.e., the class not-X).

Boole uses x · y to denote intersection, x + y to denote union (provided
x · y = 0) and x − y to denote class difference (provided y j x); thus 1 − x
denotes the complement of x; 0 denotes the empty class, and 1 is the universe
of discourse.

A point which caused some confusion in Boole’s intuition is that x · y can be
interpreted as intersection or conjunction, but + cannot be interpreted as union
or disjunction: indeed, while x∨ (y∧z) = (x∨y)∧ (x∨z) holds in propositional
logic, x + (y · z) = (x + y) · (x + z) does not hold universally in what is today
called a Boolean ring; it can be easily checked that:

x + (y · z) = (x + y) · (x + z) iff x · (y + z) = 0.
This is, of course, due to the fact that + should be seen as “exclusive or”,

not usual disjunction.
First, Boole solves the equation y = v · (1− z) in the new variable z (putting

1− x = z): z = v · (1− y) + 1
0 (1− v) · y + 0

0 (1− v) · (1− y)
He then considers 1

0 as an “infinite coefficient” and thus the term 1
0 (1−v) ·y

vanishes, but 0
0 is to be replaced by “an arbitrary elective symbol w”

Thus the equation becomes: z = v · (1 − y) + +w · (1 − v) · (1 − y) or
1− x = (v + w · (1− v)) · (1− y)

He then argues that (v + w · (1− v)) represents a class, since it satisfies the
“index law”(v + w · (1− v))n = (v + w · (1− v)), and therefore can be replaced
by an “elective symbol” u: therefore 1 − x = u · (1 − y), i.e., “All not-Xs are
not-Y s”.

This “elective symbol” was a source of problems and misunderstanding, and
has been widely criticized since the beginning (see [28]). But the point is that
Boole is actually trying to reason at the same time with algebra and with classes,
so in a certain way anticipating the results that would only be clarified by M.
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Stone more than 80 years later. I think that Boole was much more innovative
than logicians would suppose: he even mixed ideas of differential calculus to
logic, algebra and probability, a blend that we are far from understanding in
the general case of non-classical logics.

4 Infinite polynomials and Aristotelian logic

In [29], Ernst Schröder, in his reformulation of Boole’s logic, already consid-
ered addition and multiplication as logical operations and stressed their dual
character. He introduced the symbols

∏
and

∑
as arithmetic analogues of

conjunction and disjunction; quantification could thus be seen as “indefinite”
operations (indefinite logical addition for existential quantification, and indefi-
nite logical multiplication for existential quantification).

However, the approach I am considering here is significantly distinct: Schröder
was probably influenced by the ideas of Charles S. Peirce, and the way he chose
to see logic as a model of absolute algebra does not seem to be generalizable to
logics other than classical; what I suggest, instead, is a way to employ algebra
to represent and calculate logical inference4.

Departing from such motivations, I now examine some preliminary ideas on
expressing first-order logic (FOL)in polynomial form, but treating the monadic
case only.

The translation rules for interpreting propositional logic in terms of polyno-
mials over Z2 can be extended to first-order logic by adding clauses defining a
translation Ω : FOL 7→ Z2[X]:

1. For each constant ci (in a denumerable universe), Ω(A(ci)) = xA
i (i.e., a

new variable in Z2[X])

2. Ω(∀zA(z)) =
∏∞

i=1 xA
i . This results in:

3. Ω(∃zA(z)) = Ω(¬∀z¬A(z)) = 1 +
∏∞

1=1(1 + xA
i )

It is to be noted that now polynomials are infinite (i.e, are formal series in
Z2[X]). To simplify notation, let Ω(∀zA(z)) =

∏
xi and Ω(∃zA(z))= 1+

∏
(1+

xi).
It is instructive to see some examples of proofs in FOL.

• ∀zA(z) → ∃zA(z):

(
∏

xi) ·(1+
∏

(1+xi))+
∏

xi +1 ≈ (
∏

xi) ·(
∏

(1+xi))+
∏

xi +
∏

xi +1 ≈
(
∏

xi·(1+xi))+
∏

xi+
∏

xi+1 ≈ 1 since
∏

xi+
∏

xi ≈ 0 and xi·(1+xi) ≈ 0
for each xi

As another example, consider:

• (∀zA(z) → ∀zB(z)) → ∀z(A(z) → B(z)]):

4Perhaps, if this contributes to a better understanding of the approach, one might call it
algebra ratiocinator.

10



1. Let α := (∀zA(z) → ∀zB(z)):
∏

x ·
∏

y +
∏

x + 1 ≈
∏

x · y +
∏

x + 1

2. Let β := ∀z(A(z) → B(z)):
∏

(x · y + x + 1)

3. α → β: (
∏

x · y +
∏

x + 1) ·
∏

(x · y + x + 1) + (
∏

x · y +
∏

x + 1) + 1 ≈

4.
∏

(x·y+x·y+x·y)+
∏

(x·y+x+x)+
∏

(x·y+x+1)+(
∏

x·y+
∏

x+1)+1 ≈

5.
∏

(x · y) +
∏

(x · y) +
∏

(x · y + x + 1) + (
∏

x · y +
∏

x) ≈

6.
∏

(x · y + x + 1) +
∏

x · y +
∏

x 6≈ 1

The method (as much as other proof procedures as tableaux, for instance)
can also be used to find counter-models: Why is

∏
(x·y+x+1)+

∏
x·y+

∏
x 6≈ 1?

Well, if there are x and x′ such that x = 0 and x′ = 1, and some y such that
y = 0, then:

∏
(x′ · y + x′ + 1) +

∏
x · y +

∏
x =

∏
(0 + 1 + 1) +

∏
0 +

∏
0 = 0

which is precisely a usual (and intuitive) counter-model: x = 0 corresponds to
a false instance A(a), and x′ = 1 corresponds to a true instance A(b), and y = 0
corresponds to a false instance B(c).

Boole’s analysis of Syllogistic Logic can now be recovered in polynomial
form. Recall the four Aristotelian categorical forms:

A – All A is B: ∀z(A(z) → B(z)

I – Some A is B: ∃z(A(z) ∧B(z)

E – No A is B: ∀z(A(z) → ¬B(z)

O – Some A is not B: ∃z(A(z) ∧ ¬B(z)

where A and I are affirmative (respectively, universal and existential), E and
O are negative (respectively, universal and existential), A = ¬O and I = ¬E.

Recalling our simplified notation, the categorial propositions are expressed
in polynomial form as follows:

1. Ω(∀zA(z)) =
∏

xi

2. Ω(∃zA(z))= 1 +
∏

(1 + xi)

3. Ω(¬α) = 1 + x

4. Ω(α ∧ β) = x · y

5. Ω(α → β) = x · y + x + 1

Mnemonically:

• A (All A is B):
∏

(a · b + a + 1)

• I (Some A is B): 1 +
∏

(1 + a · b)

It is now possible to recover Boole’s interpretation: for the form A,
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• A holds iff
∏

(a · b + a + 1) = 1 iff a · b + a + 1 = 1 for every a, b iff
a · b + a = 0 for every a, b iff a · b = a for every a, b

which coincides with Boole’s formalization of A as “AB = A” in his book
[4] of 1847.

It is important to remark here that a · b = a implies a = 0 if b = 0, and that
a · b = a holds “vacuously” if a = 0.

Similarly, for the form I:

• I holds iff 1 +
∏

(1 + a · b) = 1 iff
∏

(1 + a · b) = 0 iff 1 + a0 · b0 = 0 for
some a0, b0 iff a0 · b0 = 1 for some a0, b0

which by its turn coincides with Boole’s formalization of I as “AB = V ” in his
article [5] of 1848.

5 Proving syllogisms in polynomial form

As an example let us show how to use this technique to prove the syllogism
Barbara (mode AAA of the First Figure):

From
A All A is B a · b = a for every a, b
A All B is C b · c = b for every b, c

conclude
A All A is C a · a = b for every a, b

The proof runs as follows (recalling the mnemonic abbreviation above):

1. a · b = a hypothesis 1

2. b · c = b hypothesis 2

3. a · b · c = a · b from (2), multiplying by a

4. a · c = a from (3) and using (1), replacing a · b by a

As another example, it is instructive to prove the syllogism Darii (mode AII
of the First Figure):

From
A All B is C b · c = b for every b, c
I Some A is B a0 · b0 = 1 for some a0,b0

conclude
I Some A is C a0 · c0 = 1 for some a0,c0

The proof is as follows:

1. a0 · b0 = 1 hypothesis 2

2. b0 = b0 · c0 instance of hypothesis 1

12



3. a0 · b0 = a0 · b0 · c0 from (2)

4. a0 · b0 · c0 = c0 from (1)

5. a0 · b0 = c0 from (3) and (4)

6. a0 · a0 · b0 = a0 · c0 from (5),

7. a0 · b0 = a0 · c0 from (6), since a0 · a0 = a0

8. hence 1 = a0 · c0 from (1) and (7)

It is well known that from Barbara and Darii all the 19 valid syllogistic forms
can be deduced, by means of the following rules:

• Conversion: Some A is B/ Some B is A (in our notation: a0 · b0 =
1/b0 · a0 = 1);

• Conversion by limitation: All A is B/ Some A is B (in our notation:
a · b = a/a0 · b0 = 1).

Conversion is an obviously valid rule in our setting. Conversion by limitation
is more complicated, since our method takes into account the “contemporary”
semantics, where classes can be empty, as remarked before. In order to adapt it
to “Aristotelian” semantics that assumes existential import, we have to suppose
that there exists a0 such that a0 = 1. Thus, since supposing “All A is B” implies
a · b = a holds for all a, there must be b0 such that a0 · b0 = 1. If not, then
a0 · b = 0 for any b, which implies a0 = 0, contradiction.

6 Conclusions

The methods described in this paper have a promising potentiality to any truth-
functional multiple-valued logic; there is an exciting area of research in designing
new proof theory techniques for such logics, and simplifying applications to
multiple-valued logics in decision tables and discovering patterns, as in several
other fields (it is well-known that multiple-valued logics find applications in
artificial intelligence, database theory and data mining, modeling reasoning and
model checking, for instance). It is important to emphasize that the method is
also plainly applicable to non-finite valued logics, and also to represent binary
semantics for many-valued logics5 (cf. [13]) and even to quantum circuits and
quantum gates (cf. [1]). The arguments advanced here try to conceptualize this
approach, in particular when extended to quantification and non-finite valued
logics, as inheritance of an admirable legacy in the mathematical thinking, which
may have been disregarded by logicians. We should keep in mind that Boole’s
ideas included to relate logic to probability theory and to the fascinating method

5In such cases, the binary semantics for a finite-valued logic may be simpler and more
philosophically palatable than the multiple valued one, and even permits a completely different
approach to the logic, but at the cost of losing truth-functionality; see [9].
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of finite differences. By exploring it conveniently we would gain new tools in
logic and in our patterns of reasoning, and assess Boole’s work from a new
perspective.

As B. Mates points out in [25], Boolean insights rehabilitated Stoic logic,
rather than Stoicism supported Boole. Starting from a historical background
leading up to a modern perspective on algebraic logic, the excellent survey [2]
accurately concludes (p. 511) that the ideas of Boole have not borne their full
fruit yet.

We are suggesting here that Boolean insights also rehabilitated a method of
looking at logic which boldly mixes logic with the roots of differential calculus.
How possible would be to try to re-analyze some deep Boolean intuitions and
return to a closer algebraic approach to logic, good for several logics, and to
methods of differential calculus in logic, taking profit of the idea of polynomiz-
ing? As It does not seem to be easy to extend this type of calculus to full
FOL and to higher-order logic or even to modal logics– an specially interesting
application would be to extend it to the finite variables fragment of FOL– but
this seems to be a very rewarding challenge.
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