A propositional logic for Tarski’s consequence operator
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Abstract: This paper presents the TK-algebras associated to the Tarski’s
consequence operator and introduces the TK Logic. So it shows the
adequacy (soundness and completeness) of TK Logic relative to the
algebraic model given by the TK-algebras.

Introduction

In (Grécio, Feitosa, Nascimento, 200_) it was introduced an extended logic to
capture the concept of Tarski’s deductive system. The central notion of consequence
operator of Tarski is expressed through a new generalized quantifier included in the
first-order language. Syntactical elements of the Tarski’s consequence operators are
involved and they are interpreted by open sets of the Tarski’s deductive system. In that
reference emerged the question about the possibility of representing such deductive
systems only in propositional environments. This paper introduces the TK-algebras that
correspond to the semantical structures in which notions of Tarski’s operators will be
interpreted at the propositional TK Logic.

1. Tarski’s consequence operators and logic

We define an almost topological space as a pair (S, 0) such that S is a nonempty
set and 8 < AS) satisfies the following condition:

(QT)) if B 6, then UB € 6.

The collection 6 is called an almost topology and each member of 6 is called an
open set of (S, 0). A setin AS) is called a closed of (S, ) when its complement is an
open set.

Proposition 1.1: In an almost topological space (S, 0) the set & is an open set and S is a
closed set.

Proposition 1.2: In an almost topological space any intersection of closed sets is still a
closed set of (S, 0). m

Tarski, in 1935, looking for a general characterization to the notion of logic,
introduced the concept of consequence operator in a version similar to the following



one.

A consequence operator on S is a function C: ®(S) — ®@(S) such that, for every
A,BcS:
(CH AcCA)
(C2) AcB = C(A) cC(B)
(C3) C(C(A)) = C(A).

Of course, for every consequence operator C, by (C;) and (C;), the equality
C(C(A)) = C(A) holds.

A consequence operator C on S is finitary when, for every A < S, C(A) =
U{C(Ag) / Ay is a finite subset of A}.

A Tarski’s deductive system is a pair (S, C) such that S is a set and C is a
consequence operator on S.

Let C be a consequence operator on S. The set A is called a closed in (S, C)
when C(A) = A, and A is called an open when its complement relative to S, denoted by
AC, is a closed of (S, C).

Proposition 1.3: In (S, C) any intersection of closed sets is also a closed set. [ |

Clearly, C(&) and S correspond to least and greatest closed sets, respectively,
associated to the consequence operator C.

A deductive system (S, C) is vacuous when G(QJ) = .

We can see that every topological space is a deductive system. However, the
converse is not true, since in general, in a deductive system C(J) # &. Topological
spaces are examples of vacuous deductive systems and not much interesting from the
logical point of view.

The question is to know if we can define a deductive system in a similar way
that one in topology. The answer is affirmative and in a surprising way, because we can
verify that the concepts of deductive system and almost topology are equivalents.

Let (S, 0) be an almost topological space. We verify that (S, 0) is a deductive
system if we define, for every A c S, the closure of A as C(A) = N{X < S/ X is closed
and A C X}.

Proposition 1.4: In any almost topological space (S, 0), for every A C S, the set C(A) is
a closed set. m

Theorem 1.5: Let (S, 6) be an almost topological space and let C(A) be defined as
above, for every A < S. Then (S, C) is a deductive system. [ |

On the other hand, if (S, C) is a deductive system, let us consider 6 = {X = S/ X
is open}.



Theorem 1.6: Let (S, C) be a deductive system. Then (S, 0) is an almost topological
space. ]

For the logic of Tarski’s consequence operators, we consider a classical first-
order language L'y, with type of similarity T containing symbols for predicates,
functions and constants, closed for the connectives A, v, —, — and for the quantifiers 3
and V.

By L*»0(Q) we denote the extension of L%, obtained by including the extended
quantifier Q. The formulas (and sentences) of L*,,(Q) are the same of L'y, plus those
generated by the following clause: if A is a formula in L°y,(Q), then (Qx)A is also a
formula in L ,(Q).

The notions of free and bound variables in a formula, as well as other syntactical
notions, are naturally extended for the quantifier Q.

We denote by A(t / x) the result of substituting all free occurrences of a variable
x by a term t in the formula A. For simplicity, as in L'y, when there is no danger of
confusion, we just write A(t) instead of A (t/ x).

The axioms of the logic of Tarski’s consequence operators denoted by L xo(Q)
are those of L'y, including the identity axioms, plus the following specific axioms for
the quantifier Q:

(Ax) (VY)IQOA, ¥) = (Q)EY)A(X, y)
(Ax2) (Vx)(A(x) <> B(x)) = (Qx)A(x) <> (Qx)(B(x))
(Ax3) (Qx)A(X) = (Qy)A(y), when y is free for x in A(X).

The intuitive interpretation for these axioms is as follows:
(Ax;) The union of open sets is an open set;
(Ax,) If the sets A and B have the same elements, then A is an open set iff B is an
open set;
(Axs) This axiom permits the change of variable bounded by the quantifier Q.

The basic logical rules of the system L'4,(Q) are the usual rules of classical
logic:
Modus Ponens (MP): A, A—>B - B
Generalization (Gen): A - (VX)A.

Usually syntactical concepts such as proof, theorem, consistency and others for
L' »o(Q) are also appropriately adapted from classical first-order logic.

We now introduce the TK-algebras and after a propositional logic associated to
those algebras.

2. Introducing the TK-algebras

A TK-algebra is a sextuple 4 = (A, 0, 1, v, ~, ®) such that (A, 0, 1 v, ~) is a
Boolean algebra and ® is a new operator, called operator of Tarski, such that:
(1) a v ea = eq;
(i1) ®a v ¢(avb) = ¢(avb)
(iii) ®(ea) = eq.



Since we are working with a Boolean algebra, the item (i) of the above definition

asserts that, for every a € A, a < g and we can define in the algebra a =~ b =4 ~avb.

Proposition 2.1: In a TK-algebra it is valid:
(i) ~ea<~a<e~q
(i))a<b=ea< ep.
Proof: (i) a<b = avb=b= e(avb) =eb = eq v ¢(avb) = ¢(avb) =eb = eq<eh. R

Proposition 2.2: In a TK-algebra the following assertions are valid:
(1) e(anb) < ea A ®b
(ii) ®a v b < o(avb).
Proof: (1) anb < a and anb < b = e(anb) < ®q and ®(arb) < b = e(anb) < ea A b,
(i1) is similar to (i). [ |

Proposition 2.3: In a TK-algebra it is valid:

(1) e(®saneb) = ea A ®h
Proof: 1t is enough to verify that e(eaneb) < eq A o). But, e(eareb) < eeg A ee)) = eq A
*bh. [

We have a new operation in a TK-algebra, dual of e:

Oa =4 ~®~a.

Proposition 2.4: In a TK-algebra, the following conditions are valid:
(i) a<a
(i1) O(anb) £ Oa
(iii) ©a £ 00a
iv)asb=0a<0b nm

An element a € 4 is closed when ¢a = a and a € A is open when Oa = a.

Proposition 2.5: (i) If a is open, thena < b < a < Ob
(i) If bisclosed, thena<bh < ea<b. m

An algebra 4 is non-degenerate when its universe A has at least two elements.

Proposition 2.6: For each TK-algebra 4 = (A, 0, 1, v, ~, ®) there is a monomorphism h
of A into an almost topological space of sets defined in AR A)).
Proof: Through the Stone’s isomorphism, we know that for each Boolean algebra 4 =
(A, 0, 1, v, ~) there is a monomorphism h of A into a field of subsets of HA).
Next, we introduce an almost topology in A{P(A)) in the following way. For
each set X ¢ A, we define:
C(X) = Nuea {h(a) / X c h(a) and a = ea}.
We must show that:
(i) X < C(X)
(i) XY = C(X) c C(Y)



(iii) C(C(X)) < G(X)
(iv) h(®a) = C(h(a)).

(i) Direct consequence of definition.

(ii) Suppose that C(X) & C(Y). Then there is z such that z € C(X) and z ¢ C(Y).
So, for some a € A, z ¢ h(a) with Y < h(a) and ®a = a. Since X Y c h(a) and ®a = a,
then z ¢ C(X), and it contradicts the hypothesis.

(iii) x € C(C(X)) = x € NMuea {h(a) / C(X) c h(a) e a = ®a}. As X < C(X), it
follows that x € Muea {h(a) / X < h(a) and a = ea} = C(X) and, therefore, C(C(X)) <
CX).

(iv) h(ea) c C(h(a)):

Consider that h(a) € h(b) and b = ®b. Since h is a Boolean monomorphism, a < b
and eaq < ). But, since ®b = b, then ®a < b and h(®a) < h(b). Concluding, for each b €
A such that ®b = b and h(a) < h(b), results that h(ea) < h(b), that is, h(®a) < C(h(a)).

C(h(a)) c h(®a):

a < eqg = h(a) < h(*a) = C(h(a)) < C(h(®a)). Since h(®a) < h(®a) and ea = eeq,
then C(h(®a)) = h(®a) and C(h(a)) C h(*a). m

In next section we introduce a new logic associated with the concept of Tarski’s
consequence operator.

3. TK Logic

TK propositional logic is determined over a propositional language L(—, v, —,
4, D1, P2, P3» ---) as follows:

Axioms:
Classical Propositional Calculus Axioms (CPC) +

Axtki A — ¢A
AXxTkr ¢ ¢A — ¢A.

Deduction Rules:
MP: Modus Ponens

Re: A —>BH ¢A — ¢B.

Proposition 3.1: - ¢ A — ¢ (AVB).

Proof:
1.A — (AvB) Tautology
2. ¢A - ¢(AVB) Re in 1. |

Proposition 3.2: A -~ ¢A.

Proof:

1. A Premise

2.A —> ¢A AxTr1

3. ¢A MP in 1 and 2. [ ]

Like in algebra, we can define the dual operator of ¢ in the following way:
OA g —eA.



Proposition 3.3: A > B - 0A — 0B.

Proof:

I.A—>B p-

2.(A—>B)—>(—B—>—-A) Tautology

3.-B—>-A MPin 1 and 2

4. =B — ¢—A Re in3

5.(¢7B — ¢—A) > (—e—A —> —e—A) Tautology

6. —¢—A —> —e—A MPin4 and 5

7.0A — 0B Definition of ¢ in 6. [ ]

Proposition 3.4: - 0A — A.

Proof:

1.7A — ¢—A AXTr1

2.60A 5 A Tautology in 1

3.0A > A DN and definition of ¢in 2. =

Proposition 3.5: = 0A — 00A.

Proof:

1. ee—A = ¢—A AXTK2

2.16—A > e e—A Tautology in 1
3.60A > —ee—A DN in 2

4. 0A — O00A Definitionof 0in3. m

We could, alternatively, consider the operator ¢ as primitive and substitute the
axioms Axrg; and Axtk, by the following:

AXTK]* 0A - A
AXTKZ* OA —> OOA,
and the rule R ¢ by the rule R0:
RO A —> B+ 0A — 0B.

The next objective of this paper is to show that the variety of TK-algebras
consists in an appropriate algebraic semantic for the TK Logic.

4. The algebraic adequacy

Next, we will indicate the set of propositional variables of TK by Var(TK), the
set of its formulas by For(TK) and a generic TK-algebra by 4.

The propositional logical system TK is determined by a pair (L, C), where L is
the propositional language of TK and C is a consequence operator on For(TK) given by
axioms and deduction rules of TK.

Thus, for I' < For(TK), considering AX as the set of axioms of TK, then C(I') =
{B/T'UAx - B}. We denote that B is derivable in TK or is a theorem of TK when B €
C(Q).

A TK-theory is a triple T = (L, C, A) in which L is the language of TK, C is its
consequence operator and A is a set of non-logical axioms.



When A = J, then T = (L, C, A) = TK. We denote that B is a theorem of T by

Fr B.
A formula B € For(TK) is refutable in T when —B is a theorem of T.
Otherwise, B is irrefutable.

A restrict valuation is a function v*: Var(TK) — 4, that interprets each variable
of TK in an element of 4.

A valuation is a function v: For(TK) — _4, that extends natural and uniquely v*
as follows:
v(p) = vA(p)
v(—=A) = ~v(A)
v(AVB) = v(A)vv(B)
v(A—B) =v(A) - v(B)
v(eA) =ep(A).

As usual, operator symbols of left members represent logical operators and the
right ones represent algebraic operators.

Let 4 be a TK-algebra. A valuation v: For(TK) — 4 is a model for a set A C
For(TK) when v(A) = 1, for each formula A € A. In particular, a valuation v: For(TK)
— Ais amodel for A € For(TK) when v(A) = 1.

A formula A is valid in a TK-algebra 4 when each valuation v: For(TK) — A4 is
a model for A.

A formula A is TK-valid, what is denoted by = A, when it is valid in every TK-
algebra.

Let T = (L, C, A) be a TK-theory and B = (For, v, A, —, —) the algebra of
formulas of language L. We consider the algebra of formulas of TK, (For(TK), v, —,
—, ¢, 0, 1), such that v and — are binary operators, — and ¢ are unary operators and 0

and 1 are constants and A—B =4 —AVB. As usual, we define the Lindenbaum algebra
of LK.

We define an equivalence relation ~ by:
A~BosgkFrA—>Band 1B — A.

The relation ~, more than an equivalence, is a congruence, since by rule R :
A~B=rFHA->Band-B—>A=F ¢A—>eBand- ¢B > ¢A = ¢A~ ¢B.

For each B € For(TK), we denote by [B] = {C € For(TK) / C ~ B} the class of
equivalence of B modulo ~.

The (Lindenbaum) algebra of theory T, denoted by 4(T), is the quotient algebra
B .., defined by:



A(T) = (For(TK)I., 0,1, v, —_, ¢.),
such that:
[A] v- [B] =[AVB],
- [A] = [—A],
¢+ [A]=[eA],
0 =[AA—A] and
1=[Av—A]

When T = TK, we indicate the algebra of T by A4(TK). In general, we will not
indicate the index ~ of operations.

Proposition 4.1: In 4(T) it is valid [A]<[B] © - A —> B.
Proof: [A]<[B] < [A]lv[B]=[B] < [AVB]|=[Bl - AVvB& B H-A—>B.n

Proposition 4.2: The algebra _4(T) is a TK-algebra.
Proof:
Axtki A = ¢A = [AJS[¢A] = [A] < ¢[A]

Proposition 3.1: - ¢ A — ¢ (AVB) = [¢A] < [¢(AVB)] = ¢[A] < ¢[AVB].
AxTky ¢ ¢A > A [eeA]<[eA] = ¢ ¢[A] < ¢[A] [ |

The algebra A4(TK) is the canonical model of TK.

Corollary 4.3: Let A be a member of For(TK). The formula A is a theorem of T if [A]
is the unit 1 of 4(T). The formula A is irrefutable in T if [A] # 0. The theory T is
consistent if TK-algebra 4(T) is non-degenerate.

Proof: Let -1 A. Since A(T) always has an identity element 1, then:

1.A Hypothesis

2. A—>(B—A) Tautology

3. A>((A—>A)—>A) Substitution in 2
4. (A—>A)>A MPin 1 and 3

Hence: 1 =[A—A] < [A], thatis, [A] = 1.

On the other hand, consider [A] = 1, so [A—A] < [A], this means that Fr
(A—A)—A. Since -1 A—A, it follows, by MP, that ~r A.

Now, A is irrefutable iff 1 —A iff [-A] # 1 iff = [A] = 1 iff [A] #0.

Finally, [A] = 1 iff 1 A, then 4(T) has a different element of 1 iff there is A €
For(TK) such that ~1 A. [ ]

It results from preceding propositions that for every formula A:
[A]=1iff -1 A and

[A] = 0 iff -1 —A,
and, since 4(TK) is non-degenerate, then TK is consistent.

Theorem 4.4: (Soundness) The TK-algebras are correct models for TK logic.



Proof: Let A= (A, 0, 1, v, ~, ®) be a TK-algebra. It remains to prove that the axioms
Axrk) and Axrg; are valid and the rule R ¢ preserves validity:

Axtki - V(A—¢A) = v(A) — v(eA) = ~v(A)V v(eA) = ~v(A) v (v(A) v v(eA)) =
(~v(A) vv(AA) vi(eA)=1vv(eA)=1.

AXto- V(6 ¢ A— @A) =eey(A) — ep(A) = ~eey(A) v op(A) = ~ep(A) v op(A) = 1.

Re - Using Proposition 2.1: v(A—>B) = 1 & v(A) < v(B) = v(*A) < v(*B) &
v(eA—eB) = 1. [ |

Corollary 4.5: Propositional calculus TK is consistent.
Proof: Suppose that TK is not consistent. Then there is A € For(TK) such that ~ A and

 —A. By Soundness Theorem, A e —A are valid. Let v be a valuation in a TK-algebra
with two elements 2 = {0, 1}. Since A is valid, then v(A) = 1 and therefore v(—A) =
~v(A) = 0. This contradict the fact of —A is valid. [ |

Theorem 4.6: Let A be a member of For(TK). The following assertions are equivalent:
(1) A is derivable in TK;
(i1) A is valid;
(iii) A is valid in every TK-algebra of closed subsets of a deductive system (S, C);
(iv) v* g1xy(A) = 1, where v* is the valuation defined at the canonical model.
Proof: (i) = (ii): it follows of Soundness Theorem.
(i) = (iii): it suffices to observe that the algebra of closed subsets of any
deductive system is a TK-algebra.

(iii)) = (iv): since every TK-algebra is isomorphic to a sub-algebra of closed
subsets of a deductive system (S, C) and 4(TK) is a TK-algebra, the result follows.

@iv) = (1): if A € For(TK) and it is not derivable in TK, by Corollary 4.3, [A]
do not coincide with the unity of 4(TK) and, thus v* 41k)(A) # 1. Therefore A is not a
valid formula. [ |

Corollary 4.7: (Completeness) For each A € For(TK), if A is valid, then A is derivable
in TK. [ |

In next proposition it is proved by showing a counter example that the formula
(A > B) > (¢A — ¢B)isnot TK valid.

Proposition 4.8: = (A —> B) > (¢ A — ¢B).
Proof: There is a TK-algebra in which does not hold the above formula.

Let E = {x, y, z} and take the Boolean algebra (AE), C, N, U, I, E). Now,
define the following consequence operator over (HAE), C, N, U, G, E): o{x} = {x, y},
of{x, vy} = {x, v}, o{x, z} = {x, y, z}, and X = X, for all the other sets in AAE). Then
(AE), C, N, U, ®, I, E)is a TK-algebra, but (A — B) — (¢ A — ¢B) is not valid in it.

We will show that v(A — B) & v(¢A — ¢B), when A is interpreted by {x} and B by
{z}:



iy}

T

{nyl ixz) {%z]

fxp iyl 1z}

L

]

{x} =~ {z} = {x}°Ufz} = {y, 2}U{z} = {y, } and
o{x} =~ o{z} = (o{x)Us{z} = {z}U(z} = {z}. m

As a consequence of the previous proposition, follows that the Deduction
Theorem is not valid for the TK Logic when it was applied the rule R ¢ in a deduction.

5. Theories: consistency and models.

A model for a theory T is a valuation v: Var(£) — @, in which 3B is a TK-
algebra that makes valid all the non-logical axioms of T.

Proposition 5.1: Let T = (L, C, A) be a theory of TK. If A is a theorem of T, then every
model of T, in any TK-algebra @, is a model for A.

Proof: Let v: Var(L£) — B be a model to T in B. Since B is a TK-algebra, then v is a
model to every logical axiom and for every non-logical axiom, that is, for every formula

of A. Like in Theorem 4.4, rules of TK preserve validity and 1 A then va(A)=1. &

Proposition 5.2: Let T be a theory. If there is a model v: Var(£) — B in a TK-algebra
@, then T is consistent.

Proof: If A and —A are theorems of T, then va(A) = 1 and va(—A) = 1. Considering that
va(—A) = 1, it follows that ~vg(A) = 1 and, therefore, vg(A) = 0, a contradiction. m

A model v: Var(£) — B is adequate for T when for every A € For(L), A is
theorem of T iff v is a model to A.

Proposition 5.3: Let T = (L, C, A) be a consistent TK-theory. Then the canonical
valuation is an adequate model to T.
Proof: Since T is consistent, then algebra A4(T) is not degenerate. Considering the

canonical valuation: v¥ 41): For(L£) — A(T), v¥41)(A) = [A], by Corollary 4.3, v* 41)(A)
= 1 iff A € C(A). Therefore we have that v*is an adequate model to T. m

Theorem 5.4: (Adequacy) For any theory T in TK, the following conditions are
equivalent:

(1) T is consistent;

(ii) there is an adequate model to T;

(iii) there is an adequate model to T in a TK-algebra B of all closed subsets of a
deductive system S = (S, C);

(iv) there is a model to T.

10



Proof: (i) = (ii) It follows of preceding proposition.

(i) = (iii) Since A(TK) is a TK-algebra and every TK-algebra is isomorphic to
a sub-algebra of closed sets of a deductive system (S, C), then the result follows.

(ii) = (iv) It is a immediate consequence.

(vi) = (i) It results directly by Proposition 5.2. [ |

Corollary 5.5: For any formula A in a consistent theory T, the following conditions are
equivalent:

(i) A is a theorem of T;

(i1) every model of T is a model to A;

(iii) every model of T in a TK-algebra of all closed subsets of a deductive system S
=(S, C)isamodel to A;

(iv) v¥41)(A) = 1 for every canonical valuation v*. [ ]

6. Filters in TK-algebras

Let A= (A, 0,1, v, ~, ®) be a TK-algebra. A filter in 4 is a nonempty set F c A
such that for all x, y € A:
(i)xe Fandye F=xAyF
(i) xe Fandx<y=ye F.

The filter F is a TK-filter when for all x € A it is valid:
(iii)exe F=>x e F.

The filter F is a prime filter when F # A and for all x, y € A itis valid:

(ivyx »ye Fory » xe F.

Let 4 be a TK-algebra and F a prime TK-filter in 4. Consider the following
equivalence relation = in 4:

x=pyifx —»ye Fandy » xe F.

The relation =g is a congruence in 4 with respect to v, A, —, that is, [a]V[b] =

[avb], [alA[b] = [anb], ~[a] = [~a], [a]~[b] = [a—b]. Also, [1] is the unit, [0] is the
zero element of 4 | =p and [a] < [b] if a — b € F (Rasiowa, Sikorski, 1968, p. 63).

Proposition 6.1: Considering ®[x] = [®x], the relation =p is a congruence and the
quotient algebra A4 | = is a TK-algebra.
Proof:
(1° step) verify that ® | = is well defined.
[al]=[b] >a—~be Fandb—ae F= ~avbe Fand ~bvae F

(Casel)~ae F=>a¢ F>ea¢ F= ~egec F= ~oqgvepc F = oqg —~ op c F.
~t€e Foa¢ F=>~be F=>beF=>eb¢g F= ~hec F= ~ohvegec F=

ehp—eqc F.
Hence, [®a] = [*b].

(Case2)~a¢ F>ace F=>eac F=>eqv~ebec F= o) — eqc F.

11



~at¢ F=>beF=>ebec F= ~eqvehec F= e epc F.
Hence, [®a] = [*b].
Therefore, in any case, ®[a] = ®[b].

(2° step) verify that ® | =g preserves the properties of operator o.
[x]v o[x] = [X]V [ex] = [xvex] = [ex] = ¢[x].
o[x] v o[xvy] = ¢[x] v [o(xvy)] = [*x Vv ®(xVy)] = [¢(xVvy)] = *[(xVvy)].
oo[x] = [oex] = [ox] = *[x]. u

Proposition 6.2: The quotient algebra 4 | = is linearly ordered.
Proof:

Let F be a prime filter and consider that x, y € A. It follows that x = y € F or
y = x € F, thatis, [x] < [y] or [y] £ [x] and, therefore 4 | =g is linearly ordered. m

Proposition 6.3: Let 4 be a TK-algebra and 1 # x € A. Then there is a prime TK-filter
F in A that does not contain x.

Proof: This is easily obtained by generalizing the proof of the well-known Ultrafilter
Theorem. ]

Theorem 6.4: Each TK-algebra is a sub-algebra of the direct product of a system of
linearly ordered TK-algebras.
Proof: Let S be the system of prime TK-filters of 4. For each F € S, let 4r= 4| - and
take the set:

B =Ilfes ./ZlF-

This way, B is the direct product of linearly ordered TK-algebras { 4z / F € S}.
For each x € 1, let ¢(x) be the element {[x]g}rc s of B.

The function @ preserves operations.
For each prime filter, like in Proposition 6.1, the operation ¢ preserves the
operations of TK-algebra.

The function @ is injective.

If x,ye Aand x #y, then x &« y or y £ x. Without loss of generality, assume
that x £ y, that is, x = y # 1. By preceding proposition, let F be a prime filter in 4 that
does not contain x = y. It follows that in A4lg, [x]r % [y]r and, therefore, [x]r # [y]F, that
is, 9(x) # Q(y). u

Lemma 6.5: If a formula A is valid in every linearly ordered TK-algebra, then A is
valid in every TK-algebra.

Proof: Suppose that A is not valid in some TK-algebra 4 and let B be a direct product
of a system of linearly ordered TK-algebras for which 4 is a sub-algebra. So, A is not
valid in some linearly ordered TK-algebra. [ |

Theorem 6.6: (Adequacy) For each formula A of TK the following assertions are
equivalent:

12
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(i) A is demonstrable in TK;

(i1) A is valid in each linearly ordered TK-algebra;

(iii) A is valid in each TK-algebra.
Proof: (1) = (ii) is given by 4.4. (ii) = (iii) is in 6.5 and (iii) = (i) if A € For(TK) and
it is not derivable in TK, by Corollary 4.3, [A] does not coincide with unity of 4(TK)
and so, v* 4tx)(A) # 1. Then A is not a valid formula. [ |
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