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The Method of Valuations in Modal Logic*

ANDREA LOPARIC

Abstract: In this paper we present a decision method for Kripke’s modal calculus K,
obtained from a new 0-1 valuation semantics for this calculus which, by means of a
weakening of the truth conditions concerning the modal operation of necessity, dispense
with central notions of Kripkean semantics, such as the notion of an accessibility relation
between worlds and of a plurality of worlds in the same model. The valuation semantics
can be easily extended to many other calculi containing K, such as T, $4, etc. It can
also be adapted to weaker modal calculi as well as to deontic and temporal logics. (More
about this kind of semantics can be found, for example, in [1] and in [2].)
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1. Kripke’s calculus K

In the following we use capital Roman letters as syntactical variables for for-
mulas, and capital Greek letters for sets of formulas.
A basis for K is given by the six postulates:
P;: AD(BDA).
P;: (ADB)D2((AD>D(B2C))>(ADC()).
P;: (mA D> -=B) D> ((-mA D> B) D A).

Py:: A,ADB/B. (modus ponens)
Ps: 0O(A > B) > (0A D OB.
Ps: A/ DA. (Gaodel’s rule)

The definitions of theorem and proof are usual; I' - A (A is a consequence
of the set I) if there is a sequence Dy, ..., D,, (called a deduction of A from I')
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such that D,, = A and for 1 < i < m,a) D; € I'; or b) D; is an axiom; or c) there
isaj <iandak <isuchthat Dy = D; D> D;; or d) thereisa j < i such that
D; = 0D; and some subsequence of Dy, ..., D; is a proof of D ;. Remember
that the following propositions hold for K:

1.1 Theorem (Deduction Theorem). I'U {B} + A iff '+ B — A.

1.2 Theorem. IfT"+ A thenOI' + OA (whereQl' = {OB: B € I'}).

2. Semi-valuations and valuations for K

2.1 Definition. B isa subformulaof A ifa) B = A; or b) for some subformula C
of A, i) C = =B;orii) C = OB; or iii) for some D,C=B>DorC=D D B.

2.2 Definition. Ay,..., A, is a Z-sequence if:

1) for every B which is a subformula of A;, 1 < i < n, thereisa j < i such
that B = Aj;

2) ifA;=Ajtheni=j,1<i<n1<j<n

2.3 Definition. A semi-valuation s is a function from the set F of all formulas
into {0, 1} such that:

1) s(=A)=1iff s(A) =0;

2) s(A— B)=1iff s(A)=0ors(B)=1.

2.4 Definition. Let I" be a set of formulas and f, a function from a set A,
containing I', into {0, 1}:

1) T =4 {FeT: forsome F',F =0F'};

2) &(I'P) =4 {F:0F €T'};

3) fET =4 forevery Fel, f(F)=1,

4) Iy, =g {Fel': f(F)=u}.

2.5 Definition. visan Ay, ..., A,-valuationif As, ..., A, is a X-sequence and:

1) n=1andv is a semi-valuation;

2) n>1,visan Ay,...,A,_i-valuation and, if for some m < n, A,, = OA,,,
then:
I) if v(A,) = 0, then there is some Ay, ..., A,,_;-valuation v’ such that

V(Am) = 0and v’ | £({Ay, ..., Agr}2);
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IN) if v(A,) = 1, then, for every p < n and every g < p such that A, =
OA, and v(A,) = 0 there is an Ay, ..., A,_;-valuation v, such that
vp(Ag) =0and v, Ee({Ay,... ,An—1}571) U{A.}.

2.6 Definition. v is a valuation if, for every X-sequence Aj,...,A,, v is an

A4, ..., A,-valuation.

2.7 Definition. Let v be an A4,...,A,_;-valuation and A4,..., A, a X-se-
quence. We say that v’ is the canonical extension of v to Ay, ..., A, if

A) foreverym < n, A, # OA, and Vv’ =v;

B) for some m < n, A, = OA,, and, for every F,

1) if A, is not a subformula of F, v/ (F) = v(F);

2) if A, is a subformula of F, we have:

a) for F = A,, vV/(F) = 0 iff for some Ay,...,A,_1-valuation v,
V(Am) =0and Vv Ee({A1, ..., Au-1}] )

b) for F=-F v/ (F)=0iff v/(F') =1,

c) forF=F D> F"”,v(F)=0iff v/(F')=1and Vv (F"”) = 0;

d) for F=OF and F # A,V (F) =v(F).

2.8 Lemma. Let Ay,..., A, beaZ-sequence,v an Ay, ..., A,—1-valuation and
Vv’ the canonical extension of v to Ay, . . ., Ay; assume further that for every p < n,
every g < p such that A, = OA, and v(A,) = 0, there is some Ay, ..., Ap_;-
valuation v, such thatv,(Ay) = 0 andv, F e({A4,..., An_l}":)',l), Then v’ is
an Ay, ..., A,-valuation.

Proof. If, for every m < n, A,, # OA,,, then v isan Ay, ..., A,-valuation and
since v/ = v, Vv’ isan A4, ..., A, -valuation.

Suppose now that, for some m < n, A,, = OA,,. From conditions B1), B2b)
and B2c) of 2.7 it follows that v/ is an Ay, ..., A,_-valuation. If v/ (A4,) = 0
it follows from B2a) of 2.7, that there is an Ay, ..., A,—_1-valuation v such that
V(Am) = 0and Vv F e({A1,...,Ap-1}])s by Bl) of 2.7, for 1 < i < n—1,
V/(A;) = v(A;); hence v E e({A1,...,Ay-1}] ), and by 2.5.21), v’ is an
Ai, ..., Ap-valuation. Suppose now that v'(A,) = 1;let ¢ < p < n be such
that A, = OA, and v'(A,) = 0; by B1) of 2.7, v(A4,) = 0 and by hypoth-
esis there is an Ay, ..., A,_;-valuation v, such that v,(A,) = 0 and v,
e({Aq,..., An,l}f’l); now v,(A,,) = 1, otherwise, by B2a), v/ (A,) = 0; since,
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by Bl), for 1 <i<n—1v(A;) =v'(A),vp F e({Ar,..., Au-1}] ) U{An}s

hence, by 2.5.2.11, v’ is an Ay, . .., A,-valuation. ]
2.9 Lemma. Letv bean Ay, ..., Ay-valuation; then for every p < n, every < p,
such that Ap = OA, and v(Ap) = 0, there is an Ay, . .., Ap-valuation v, such

thatv,(Ag) =0 andv, Fe({Ar,..., A7 ).

Proof. By induction on n. For n = 1 the proposition is trivial. Let n > 1 and as-
sume that is hols for 7 — 1. From the inductive hypothesis together with Lemma

2.8 we have:

a) for every v, and 5 if visan A4, ..., A, _;-valuation and 7 is the canonical
extension of vto Aq,...,A, thenvisan A4, ..., A,-valuation.

And from the fact that v isan Ay, ..., A,—;-valuation together with the induc-

tive hypothesis it follows that

b) forp <n,g < p,if A, =0A,; and v(A,) = 0, thereisan Ay, ..., A,_;-
valuation v, such thatv,(A;) =0andv, F e({44,..., An}5,1)~

For each p of b), let v;, be the canonical extension of v, to Ay,...,A,. Then

since for 1 < i < n,vp(A;) =v),(A;), we have:

c) forp <n g <p,ifA, =0A; and v(A,) = 0, there is an Ay,...,A,-
valuation v, such that v,(Ag) =0and v, E e({A1,..., Ax}] ).

Now consider the two cases:

) v(A,) = 0; then,

) e({Ar..., An}E,l) =&e({A1,..., An—l}E,l);

ii) by 2.I of definition 2.5, there is an Aq,..., A,—1-valuation v, such that
vi(Ayp) =0andv, Fe({Ay,..., An—1}3,1)'

Let v}, be the canonical extension of v,; then, applying a) and B1 of 2.7, from

Lii) and Iii), it follows that:

1) forp =n,qg = m, A, = OA; and v(A,) = 0, there is an Ay, ..., Ap,-
valuation v}, such that v/,(A,;) = 0 and v), | e({A1, ..., An}) )

And from c) and i) we get:

2) forp < n, g <m, A, = 0A; and v(A,) = 0, there is an Ay, ..., A,-
valuation v/, such that v},(A,;) = 0and v}, F e({Ay,.. ., An}5,1)~
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Hence, the property holds, in case I, for p < n.
II) v(A,) = 1; then

) e(({Ar,.. . Antv 1)) =e({A1, s Anmi}D ) U {An)s

ii) by 2.I of definition 2.5 and from the fact that v(A,) = 1, we have for each
p <nyeachg < p,if A, =0A; andv(A,) =0, thereisan A;,..., A,_1-
valuation v, such thatv,(A;) =0andv, | e({A;,..., An,l}E’I)U{Am}.

For each p of Ilii), let v}, be the canonical extension of v,,. Then, by a) and IIi)

together with B1 of 2.7 we get from IIii):

— for each p < n,each g < p,sif A, = 0OA; and v(A,) = 0, there is
an Ay, ..., A,-valuation v;) such that v;,(Aq) = 0 and v}, Ee({Aq,...,

AdD ).
Hence, the property holds also in case II. ]

2.10 Corollary. Let Ay,..., A, be a X-sequence, v and Ay, ..., A,-valuation,
and v’ the canonical extension of v to Ay, ...,A,. Then v’ is an Aq,..., Ay-
valuation and for1 < i < Ln,v'(A;) = v(A;).

Proof. Follows from 2.7, 2.8 and 2.9. ]

2.11 Theorem. v is an Ay, ..., Ay-valuation iff Ay, ..., A, is a Z-sequence, v
is a semi-valuation and for every p < n, every g < p such that A, = 0OA,
and v(Ap) = 0, there is an Ay, . .., Ap-valuation v, such thatv,(A,) = 0 and

vp Ee({Ar. ., A)0).

Proof. The implication from the left follows immediately from Definition 2.5
and Lemma 2.9. To prove the converse, assume the hypothesis and apply in-
duction on n. From the fact that v is a semi-valuation if follows that v is an
Ajp-valuation. Suppose that every function that satisfies the hypothesis is an
Ay, ..., Ay_q1-valuation. Clearly if, for every m < n, A,, # OA,,, visan Ay, .. .,
A, -valuation. Let then, for some m < n, A, = OA,,. Remember that:

i) every Ay,...,A,-valuationis an Ay, ..., A, _;-valuation;
ii) for every function f, from F into {0, 1}, if f F e({A1,..., An}EJ)s then
FEe({Ar ..., Ana}y ).
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I) Let v(A,) = 0 and take p = n, g = m. It follows from the hypothesis together
with i) and ii) that thereisan Ay, . . ., A,-valaution v, such that v, (4,,) = 0 and
vEe({A4,..., An—l}e,l); hence, if v(A,) =0, visan Ay,..., A,-valuation.

) v(An) = 1;since e(({A1,...,An}y,1)") = e({Ar,..., Anoi}y ) U {An},
applying i) we get from the hypothesis that for each p < n, each ¢ < n such

that A, = 0OA; and v(A,) = 0, thereisan Ay, ..., A,_;-valuation v, such that
vp(Ag) =0andv, F e({A1,...,Au_1}] ;) U{An}. Thatis to say, if v(A,) = 1
thenvisan Ay, ..., A,-valuation. [}

3. Correctness

3.1 Lemma. Letv be an Ay, ..., Ay-valuation; then for1 < i < n, if A; is an
axiom of K, v(A;) = 1.

Proof. If A; is an axiom of the classical propositional logic then v(A;) = 1, for
v is a semi-valuation and a semi-valuation respects the classical requirements
for negation and implication (see Definition 2.3). Let A; be of the form O(A D
B) o (A > OB). Suppose v(A;) = 0; then v(O(A — B)) = v(OA) = 1 and
v(OB) = 0;thus A D B, A € e({Ay, ..., An}] ;) and for some p < n,0B = Ap,.

But it is easy to see that no Ay, ..., A,-valuation v, is such that v, (B) = 0 and
vp Fe({Ar, ..., An}] ) —forifv,(B) = 0, thenv,(A) = 1iffv,(A D B) = 0;
hence, v(A;) = 1. [

3.2 Theorem. If F is an axiom of K and v is a valuation, then v(F) = 1.

Proof. Arrange the subformulas of F in a sequence Ay, ..., A, which respects
the length order: then F = A, and A4,..., A, is a X-sequence. Since every
valuation is an A4, ..., A,-valuation, it follows from 3.1 that if F is an axiom
and v a valuation, v(F) = 1. [

3.3 Lemma. Foreveryn, if visan Ay,...,Ap-valuation and + A, thenv(Ay)
=1.

Proof. By induction on the number of rows of a proof for A,,. If r = 1 then A,
is an axiom and the property is already proved in 3.1. Let » > 1 and suppose
that is holds for ' < r (and every n’). Then, if A,, is not an axiom,

i) A, was obtained by Modus Ponens from B and B > A,,, which precede A, in
the proof. Forma = {C : Cisasubformulaof B > A, and C ¢ {Ay,..., A, }}.1f
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a # 0, arrange the elements of « in some sequence Cy, ..., C, which respects
the length order of the formulas. If @ = 0, let ¢ = Ay,..., A, and V' = v;
otherwise, oo = Ay,...,A,,C1,...,Ck, form vy, vy,...,vi where vy = v and,

for 1 < j < k let v; be the canonical extension of v;_; and take v' = v¢. Then
o is a X-sequence and v’ is a o-valuation. Now, from the inductive hypothesis
we have v'(B D A,) =v'(B) = 1, hence v'(A,) = 1, but since v(A,) =Vv'(A,),
v(A,) =1

ii) for some j < n, A, = OA; was obtained by Gédel’s rule from A ;, which pre-
cedes A, in the proof. Thus, by the inductive hypothesis, for every Ay, ..., Ay,-
valuation v/, v/(A;) = 1. Then taking p = n, ¢ = j and applying 2.9, we obtain
that for every Ay, ..., A,-valuation v, v(A,) = 1. ]

3.4 Corollary. If + F then for every valuation v, v(F) = 1.

Proof. Take a X-sequence Ay, ..., A, with A,, = F. Since every valuation if an
Aj, ..., Ay-valuation, it follows from 3.3 that for every valuation v, if + F then
v(F)=1. [

3.5 Theorem. If I + F, for every valuation v, if v =T thenv(F) = 1.

Proof. Suppose that I' + F and let Dy,...,D,, be a deduction of F from I'.
Then apply induction on m:

- if m = 1, F € T and there is nothing to prove, or F is an axiom and the
property is already proved 3.4;

— letm > 1;then, if F ¢ I" and F is not an axiom,

a) For some m < n,somei < m, D; = D; O F, that is to say, F was
obtained by modus ponens from D; and D;. Hence, I' + D;,I" + D;
and by the inductive hypothesis, if v |= T then v(D;) = v(D;) =
v(Dj > F) =1.Hence, v(F) = 1.

b) For some j < m, F = 0D ; and was obtained by Godel’s rule from D ;;
in this case, - D; and + F; hence, by 3.4, v/(F) = 1 for every v'; a
fortiori, if v |= T then v(F) = 1. -

4. F-saturated sets; completeness

4.1 Definition. A is an F-saturated set if A ¥ F and for every G ¢ A, AU {G}
FF.
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4.2 Lemma. IfA is an F-saturated set,
a) AeA iff A+ A;

b) —AcA iff A¢A;

c) ADBeA iff A¢ AorBeA.

Proof. a) If A € A, then A + A; for the converse, suppose that A + A, now, if
A ¢ Athen AU {A} F F and, by the Deduction Theorem A + A D B, but then
A + F, by modus ponens; hence A € A.

b) A+ -A D (A D F); hence if both A,—~A € A, A + F; on the other hand
A+ (=ADF)D ((ADF)DF);butifboth—-A,A ¢ A, AU {=A} + F and
AU A + F; by the Deduction Theorem, A+ =A D F,A+ A D F,hence A+ F;
so-A e Aiff A ¢ A.

c)f ADBeAand A € A,then A+ A D B, A+ A and, by modus ponens,
A+ B; hence B € A. Suppose, now, that A ¢ A; then =A € A and A + —A; since
A+-AD>(ADB),A+ AD B;hence A D B € A, finally let B € A; hence
A+ Band,since A+ B> (ADB),A+ A D B;therefore A D B € A. [}

4.3 Lemma. If I' ¥ F, there is an F-saturated set A such that " C A.

Proof. Take an enumeration Aq,...,A;,... of the formulas of K. Construct
A =UU;, whereT'y =T"and, fori > 0,I; =I;_; if I';_; U {A;} + F, otherwise
I =T-1 U{A;}. Then I" C A.Itis easy to prove that if [';_; ¥ F then A + F;
since Iy ¥ F, by induction, for every j > 0, I'; ¥ F. Now if A + F, then for
some finite « C A, @ + F, and for some i > 0, @ C I';; in this case I'; + F; sence
A ¥ F. Suppose that G ¢ A; since for some i, G = A;, ;-1 U {G} + F, hence
AU {G} + F. Therefore A is an F-saturated set such that I' C A. [

4.4 Corollary. IfT ¥ OF, there is an F-saturated set A such that (T7) C A.

Proof. If T ¥ OF then '™ ¥ OF and by 1.2, ¢(I'") ¥ F; hence, by 4.3, there is an

F-saturated set A such that £(T'") C A. ]
4.5 Theorem. If A is an F-saturated set and A1, ..., A, is a X-sequence, the
characteristic function f, of A, is an A4, . .., A, -valuation.

Proof. By induction on n.If n = 1, it is easy to prove, using 4.2 b) and c), that f
is a semi-valuation. Therefore f is an A;-valuation. Suppose that for every A’,
every F’ and every f’, if A’ is an F’-saturated set and f” is the characteristic
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function of A’, then f’ is an Ay, ..., A,_;-valuation. Then, in particular, f” is
an Ay, ..., Ay_1-valuation. Suppose that, for some m < n, A, = OA,,; we have
two cases:

I) f(A,) =0;then A, ¢ Aand A ¥ A,;; by 4.4, there is an A,,-saturated A” such
that e(A") € A”; but it follows from the inductive hypothesis that the charac-
teristic function f”/,of A”,isan Ay, ..., A,—1-valuation; now {Ay, ..., An—1}?,1
C A", therefore e({Ay, ... ’An—l}?’l) C &(A") € A”; and since A, ¢ A",
f"Ee({A,..., An—1}?-,1) and f""(A,,) = 0. Hence, if f(A,) = 0, the charac-
teristic function f, of Aisan Ay, ..., A,-valuation.

II) f(A,) = 1;then A, € &(A”). Let p < nand g < p be such that A, = OA,
and f(Ap) = 0;then A, ¢ Aand A ¥ A,; from 4.4 it follows that there is
an Ag-saturated set A” such that e(A”) € A”. Then g({Aq, ..., An_l}?’l) U
{Am} C e(A") € A” and A, ¢ A”; using the inductive hypothesis we obtain

that f”, the characteristic function of A”, is an Ay, ..., A,—_i-valuation, f” |
e({Aq,... ,An_l}?,l) U {An} and f”(Ag) = 0. That is to say, if f(A,) =1, f
isan Ay, ..., A,-valuation. [ |

4.6 Theorem. v is a valuation iff for some A and some F such that A is F-
saturated, v is the characteristic function of A.

Proof. Suppose that v is a valuation; let A; = {A : v(A) = 1} and Ay = {B :
v(B) = 0}; let F € Ay; then F ¢ A; and it is easy to prove that A; ¥ F; let
G ¢ Aq; thenv(G) =0, v(=G) =1and -G € Ay; but, v(=G D (G D F)) =1,
hence =G > (G D F) € A;s0 A1 + G D F, therefore A U{G} + F. Hence, A;
is an F-saturated set; and by construction of Ay, v is the characteristic function
of A;. The converse is a direct corollary of 2.6 and 4.5. ]

4.7 Definition. | F if for every valuation v, v(F) = 1; I" | F if for every
valuation v, if v |z T, then v(F) = 1.

4.8 Theorem. If " = F thenT' + F.

Proof. Follows from 4.3, 4.5 and 4.7. [}

5. A simple extension: valuations for T

The valuation method can be extended to most other modal calculi, as we will
show elsewhere. To exemplify, we indicate here how to adapt the results for
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the system T, of Feys—von Wright. As it is well known, T can be obtained by
adding to K the postulate P7: DA > A. To obtain valuations for T it is sufficient
to modify the semi-valuation notion by adding the condition: 3) if s(A) = 0
then s(0A) = 0. Adequacy theorems are obtained in the same way as in K,
with obvious adaptations.

6. Valuations and Kripke models

Let M be a structure {w, W, R) where W is a non-empty set, w is a member of
W and R is a subset of R X R; let F be the set of formulas of K and let I be a
function from ¥ into {0, 1} such that, for A,B € Fanda € W,

1) I(-A,a) =1iff I(A,a) = 0;
2) I(AD>B,a)=1iff I(A,a)=00rI(B) =1;
3) I(OA,a) = 1iff for every B € W, such that bRa, I1(A,b) = 1.

Then the function / associated with the structure (w, W, R) is a Kripke model
for K; and a formula A is true in this model iff 7(A, w) = 1 (cf. [3]).

We say that two models M = (I, {(w, W, R)) and M’ = {I’,{(w’, W', R"))
are equivalent (M ~ M) iff, for every A € T, [(A,w) = I' (A, ).

In this section we shall compare valuations and Kripke models showing a
close connection between them.

Let My be the set of all Kripke models for K. For each (I, {(w, W, R)) € My
and each a € W, let A, be the set {A € F : I(A,a) = 1}. Let C be the set
{I" ¢ F : for some (I, {w, W, R)) € My and for some a € W, I" = A,}. On the
other hand, let D be the set {I" : for some F € &, I" is an F-saturated set }.

6.1 Lemma. C =D.

Proof. 1) Suppose that I' € C; then for some (I, {(w, W, R)) € My, and some
a € W, T = Ag; it is easy to prove by induction on the length of a deduction,
that I' ¥ =(A D A), for every A; further, if B ¢ I" then I' U {B} + =(A D A),
for every A, every B (for: a) B ¢ A,, hence I(B,a) and I1(—=B,a) = 1; since
I(-B2> (B> -(AD>A)),a)=1,1(B> —-(A D A)) =1, therefore B> -(A D
A)eA,,BD-~(ADA)eTlandT'F B> =(ADA);sol"U{B}+—=(ADA)).
Therefore for every A, I' is a =(A D A)-saturated set, that is to say, I" € D.

2) To prove the converse, let I" € D and,
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a) construct (I, (I', D, R)) such that: i) for every I'", T in D, "/ RT"" iff (T"'") C
;i) I(A,T") =1iff A e I, for every A € F and every [V € D.

b) we prove now, for every I € D that e(I"") = N{T eD:e() c T} Itis
clear that £(I"?) € {T € D : &(I"®) C T'}. For the converse, let A ¢ (I"?);
thenOA ¢ I"",and0A ¢ T and, since [V € D, I ¥ OA, hence "™ ¥ OA; by 1.2,
&(I""7) ¥ A and, by 4.3 there is an A-saturated I'* such that £(I""") C T'*; hence
A¢Tl*andT™ e {T € D: &(I"") C T'}; therefore A ¢ N{T' € D : (I"°) CT}.
c) From b) together with a.i), we have that A € £(I"®) iff A € N{T' € D :
e(I?) cT},ifAen{T €eD:TRI"}.

d) Now, we can prove that (I, (I, D, R)) is a Kripke model for K; in fact, D is

a non-empty set, I' € D, R is a subset of D X D and / is a function from ¥ x 'V
into {0, 1} such that, for A, B € F,and I € D,

1) I(-A,T")=1if ~A eIV iff A € T” (see 4.2.6) iff (A, T”) = 0;
2) I(AD>DBTI")=1iff A>BeI”iff A¢1I"orB €TI’(see 42.c) iff
I(A,T")=0o0r I(B,I") =1;

3) I(OA,T)=1if0A eIl"if0A e TP if A e eI ifAen{T eD:
TRI} (see c), iff for every ' € D such that TR, A € T iff for every
T € D such that TRT”, I(A,T) = 1.

Thus, (I,(I',D, R)) € My.
e)Since Ar ={A: I(A,) =1} =TT eC. |
6.2 Theorem. There is a bijective function h from the set 'V of all valuations into

the set My/~ such that ifv € V, h(v) = M| and M = {I,{w, W, R)) then for
every A € F,v(A) = I(A, w).

Proof. Consequence of 4.6 and 6.1. ]

7. A decision method for K, based on valuations

Let A be any formula; we easily see how to construct a Z-sequence Ay, ..., A,
such that A, = A. Let V(A4,...,A,) be the class of all Ay,..., A,-valuations
and, for v,v' € V(Ai,...,A,), definev ~ Vv iff, for 1 < i < n, v(4;) =
V' (A;). Clearly V(Ay,...,A,)/~ is finite. Hence, if we exhibit an algorithm
whcih permits us to produce, for every |v| € V(Ay,..., An)/~, the restriction
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v of some v/ € |v| to the set {Ay,...,A,}, then we have obtained a decision
method for K. We call such a construction the tableufor Ay, ..., A,, in symbols,
T(Ay, ..., Ap).

Before giving the precise definition of T(Aq, ..., Ay) let us illustrate the
main ideas by an example. Let A be O(p D —p) D O-p and Ay, ..., Ae the se-
quence p,—p, p D =p,0-p,0(p D =p),0(p D =p) D O-p. Then we begin by
constructing 7 (A;) and then extend it successively to T'(A1, Az),...,T (A1, Ag),
in the following way:

12 3 4 5 6
p|-p |pD-p|O-p |O(>-p)|O(p>D-p)dO-p

1) 1[0 0 1 1 1

2) 01 1 1 1 1

3) 1 0 0 0 0 1

4 0 1 1 0 0 1

As we see, T(A;), T(A1, Ay) and T(Ay, Ay, A3) are constructed as usual.
But, in T(A4,...,As) two new rows are constructed. The reason for this can
be explained thus: V(Ay, ..., As)/. has, as obviously, only two elements, say
[v1] and |v;|, and the members of |v| and |v,, restricted to Ay, . .., A3 are repre-
sented, respectively, by rows 1 and 2. Now, for i € {1, 2}, since {A1, ..., A3}" =
0, we have:

) vEe({A,..., An}ei,l) and v{(—p) = 0; hence the necessary condition for
the existence of av’ and a v’ in V(Ay, ..., As) such thatv € |v{|, V' € |v5]
and v(Ay) = v’ (A4) = 0; is satisfied; and, vacuously:

II) for each p < 4, each ¢ < p such that A, = OA, and v;(4,) = 0, there
isa j € {1,2} such that v;(A;) = 0 and v; [ s({Al,...,A3}5"_,1) v
{A,}. Hence, the necessary conditions for the existence of a v and a v’
in V(Ay,...,As) such that v € |vi]|, V" € |vo] and V(A4) = V' (Ay) = 0;
is also satisfied. Hence, it is plausible that V(Aq, ..., A4)/~ has four mem-
bers |vq],...,|v4| and that, for 1 < i < 4, the elements of |v;| restricted to
Aq, ..., Ay, are represented by the lines 1-4.

On the other hand, V(Ay, ..., As)/. has, at most, |v{],. .., |v4| as its mem-
bers, for:

) Ifi € {1,2} andv € |vi|, e({A1,..., A4} ;) = {-p} and, for 1 < i < 4,no
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v' € |v;|is such that v’ £ {=p} and v'(p D —p) = 0; hence, for {1,2} and
v € |vi|, v(As) = 1.

I) Ifi € {3,4} since O—-p = A, = OA; and, for v € |v;|, v(A4)00, v(As) = 0;
for although £({A;, . ..,A4}‘D},1) =0,no Vv’ € |vj|, for some j,1 < j < 4,
is such that v/(=p) = 0and v’ E O U {p D> —p}; hence, fori € {3,4} and
v € |vi], v(As) = 0.

Let us now give a precise definition of a tableau for a ¥-sequence Ay, ..., A,.

7.1 Definition. The tableau for a given X-sequence Ay, ..., A, is a function
a, : I, x J(I,) — {0,1}, where I, = {1, ...,n} and:
1) forn=1,J(1I,) ={1,2},a:(1,1) =1 and a;(1, 2) = 0;
2)forn > 1,and J(I,,-1) ={1,...,q}
a) If A, is a propositional variable, then J(I,,) = {1,...,2q} and,
i) fori<n,je€J(n-1),an(i, ) = an-1(i, j);
ii) fori<n,j eJ(Uy—1)and j=qg+j,a,(i,]) =an-1(i,j);
iti) fori=n, je€J(Ino1),an(i,j) =1;
iv) fori=n,j € J(I,-1) and j=q+ ), a,(i,J) =0;
b) IfA, =-Ag J(I,) =J(I,-1) and:
i) fori<n,a,(i,j)=an-1(,7J);
ii) fori=n,a,(,J) # an-1(k, j);
c) IfA, =Ax DA, J(,;) =J(I,-1) and:
i) fori<n,a,(i,j)=an-1(,J);
ii) fori=n,a,(i,j)=1iifay-1(k,j) =0o0ra,_i(e,j) =1;
d) IfA, =0Ag, foreach j € J(I,-1),
) leta(j,n—-1) = {j’ € J(I-1) : an-1(k,j’) = 0 and, for every r,
1<r<nifA, =0Agand a,—1(r, j) = 1, then a,—1(s,j’) = 1};
II) for every p < n, every g < p such that A, =0A, and a,_1(p,j) =0,
let B(p,j,n—1) = {j" € J(n-1) : an-1(q,J’) = 0, an-1ks,j’) = 1
and for every r, 1 < r < n, if A, = 0OA and a,,—1(r,j) = 1, then
an-1(s,j’) = 1}.
) Now let {ji,...,Jm} S J(I,—1) be such that:

1) Ju < Jmr ifm’ <m”;
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2) Jw € {j1o---sjm} if @(jur,n — 1) # 0, and for each p < n,
B(p, jow,n—1) £0.

Then, J(I,,) ={1,...,q,...,q +m} and:

i) fori<n,j<gq, an(i,j)=an-10,Jj);

ii) fori<n,j=qg+m’, a,(i,]) =an-10, ju);

iii) fori=mn, jsuchthata(j,n—-1)=0,a,-1(i,j) =1;

iv) fori = n, j such that a(j,n — 1) # 0 and B(p, j,n—1) = 0, for
some p < n, ay—1(i, j) =0;

v) fori =n, j such that a(j,n — 1) # 0 and, for each p < n, B(p, J,
n —1) # 0, in which case, for some m’ € {1,...,m}, j = j, or
J=q+m,

1) ifj=ju,thena,(i,j) =1
2) if j=g+m’,thena,(i,j)=0.

Let a,, : I, x J(I,;) — {0, 1} be the tableau of the X-sequence Ay, ..., A,.

7.2 Lemma. Foreach j € J(I,) there is a valuationv such thatv(A;) = a,(i, j),
fori<i<n

Proof. Let {A1,...,An}ju=1{Ai € {A1,..., Ay} 1 an(i, j) = u}. By induction
on n, we prove thatif A; € {Ay,...,A,}; o, then {A,..., A} ¥ A;. Then the
proposition follows from 4.8. ]

7.3 Lemma. For every valuation v there is a j € J(I,,) such that, for1 < i < n,
v(A;) = an(i, j).

Proof. By induction on n. ]
7.4 Theorem. + A;, iff for every j € J(1,,), an(i, j) = 1.

Thus, K is decidable by the tableau of valuations.

8. Final remarks

The results obtained in sections 6 and 7 are easily adapted to T. Valuations
for S4, S5 as well as for many other calculi, having or not Kripkean semantics,
can be obtained by convenient modifications on the procedures here employed.
They contribute also to the better understanding of Kripke models: as we have



The Method of Valuations in Modal Logic 87

seen for the system K, the plurality of worlds in a given model and the relation
between worlds can be considered as technical devices to simplify the truth
conditions governing modal formulas.

Bibliography

[1] N. C. A. da Costa and E. H. Alves. 1976. Une sémantique pour le calcul Cy. C. R.
Acad. Sc. Paris 283 A: 729-731.

[2] A. Lopari¢. 1977. Un étude sémantique de quelques calculs propositionnels. C. R.
Acad. Sc. Paris 284 A: 835-838.

[3] S. A. Kripke. Semantic analysis of modal logics, I, normal propositional calculus.
ZML 9 (1963), 67-96.

ANDREA LOPARIC
Centre for Logic, Epistemology and the History of Science
University of Campinas (UNICAMP)






