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The Method of Valuations in Modal Logic∗

Andréa Loparić

Abstract: In this paper we present a decision method for Kripke’s modal calculus K,
obtained from a new 0–1 valuation semantics for this calculus which, by means of a
weakening of the truth conditions concerning themodal operation of necessity, dispense
with central notions of Kripkean semantics, such as the notion of an accessibility relation
between worlds and of a plurality of worlds in the same model. The valuation semantics
can be easily extended to many other calculi containing K, such as T, S4, etc. It can
also be adapted to weaker modal calculi as well as to deontic and temporal logics. (More
about this kind of semantics can be found, for example, in [1] and in [2].)
Keywords:modal logic • valuation semantics •Kripke calculusK • necessity • decision
method

1. Kripke’s calculus K

In the following we use capital Roman letters as syntactical variables for for-
mulas, and capital Greek letters for sets of formulas.

A basis for K is given by the six postulates:

P1: 𝐴 ⊃ (𝐵 ⊃ 𝐴).
P2: (𝐴 ⊃ 𝐵) ⊃ ((𝐴 ⊃ (𝐵 ⊃ 𝐶)) ⊃ (𝐴 ⊃ 𝐶)).
P3: (¬𝐴 ⊃ ¬𝐵) ⊃ ((¬𝐴 ⊃ 𝐵) ⊃ 𝐴).
P4: 𝐴, 𝐴 ⊃ 𝐵 / 𝐵. (modus ponens)

P5: □(𝐴 ⊃ 𝐵) ⊃ (□𝐴 ⊃ □𝐵.

P6: 𝐴 / □𝐴. (Gödel’s rule)

The definitions of theorem and proof are usual; Γ ⊢ 𝐴 (𝐴 is a consequence
of the set Γ) if there is a sequence 𝐷1, . . . , 𝐷𝑚 (called a deduction of 𝐴 from Γ)
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such that 𝐷𝑚 = 𝐴 and for 1 ⩽ 𝑖 ⩽ 𝑚, a) 𝐷𝑖 ∈ Γ; or b) 𝐷𝑖 is an axiom; or c) there
is a 𝑗 < 𝑖 and a 𝑘 < 𝑖 such that 𝐷𝑘 = 𝐷 𝑗 ⊃ 𝐷𝑖 ; or d) there is a 𝑗 < 𝑖 such that
𝐷𝑖 = □𝐷 𝑗 and some subsequence of 𝐷1, . . . , 𝐷 𝑗 is a proof of 𝐷 𝑗 . Remember
that the following propositions hold for K:

1.1 Theorem (Deduction Theorem). Γ ∪ {𝐵} ⊢ 𝐴 iff Γ ⊢ 𝐵→ 𝐴.

1.2 Theorem. If Γ ⊢ 𝐴 then □Γ ⊢ □𝐴 (where □Γ = {□𝐵 : 𝐵 ∈ Γ}).

2. Semi-valuations and valuations for K

2.1 Definition. 𝐵 is a subformula of 𝐴 if a) 𝐵 = 𝐴; or b) for some subformula𝐶
of 𝐴, i) 𝐶 = ¬𝐵; or ii) 𝐶 = □𝐵; or iii) for some 𝐷, 𝐶 = 𝐵 ⊃ 𝐷 or 𝐶 = 𝐷 ⊃ 𝐵.

2.2 Definition. 𝐴1, . . . , 𝐴𝑛 is a Σ-sequence if:
1) for every 𝐵 which is a subformula of 𝐴𝑖 , 1 ⩽ 𝑖 ⩽ 𝑛, there is a 𝑗 ⩽ 𝑖 such

that 𝐵 = 𝐴 𝑗 ;
2) if 𝐴𝑖 = 𝐴 𝑗 then 𝑖 = 𝑗 , 1 ⩽ 𝑖 ⩽ 𝑛, 1 ⩽ 𝑗 ⩽ 𝑛.

2.3 Definition. A semi-valuation 𝑠 is a function from the set F of all formulas
into {0, 1} such that:
1) 𝑠(¬𝐴) = 1 iff 𝑠(𝐴) = 0;
2) 𝑠(𝐴→ 𝐵) = 1 iff 𝑠(𝐴) = 0 or 𝑠(𝐵) = 1.

2.4 Definition. Let Γ be a set of formulas and 𝑓 , a function from a set Δ,
containing Γ, into {0, 1}:
1) Γ□ =df {𝐹 ∈ Γ : for some 𝐹′, 𝐹 = □𝐹′};
2) 𝜀(Γ□) =df {𝐹 : □𝐹 ∈ Γ};
3) 𝑓 |= Γ =df for every 𝐹 ∈ Γ, 𝑓 (𝐹) = 1;
4) Γ 𝑓 ,𝑢 =df {𝐹 ∈ Γ : 𝑓 (𝐹) = 𝑢}.

2.5 Definition. 𝑣 is an 𝐴1, . . . , 𝐴𝑛-valuation if 𝐴1, . . . , 𝐴𝑛 is a Σ-sequence and:

1) 𝑛 = 1 and 𝑣 is a semi-valuation;
2) 𝑛 > 1, 𝑣 is an 𝐴1, . . . , 𝐴𝑛−1-valuation and, if for some 𝑚 < 𝑛, 𝐴𝑛 = □𝐴𝑚,

then:

I) if 𝑣(𝐴𝑛) = 0, then there is some 𝐴1, . . . , 𝐴𝑛−1-valuation 𝑣′ such that
𝑣′ (𝐴𝑚) = 0 and 𝑣′ |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1);
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II) if 𝑣(𝐴𝑛) = 1, then, for every 𝑝 < 𝑛 and every 𝑞 < 𝑝 such that 𝐴𝑝 =

□𝐴𝑞 and 𝑣(𝐴𝑝) = 0 there is an 𝐴1, . . . , 𝐴𝑛−1-valuation 𝑣𝑝 such that
𝑣𝑝 (𝐴𝑞) = 0 and 𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1) ∪ {𝐴𝑚}.

2.6 Definition. 𝑣 is a valuation if, for every Σ-sequence 𝐴1, . . . , 𝐴𝑛, 𝑣 is an
𝐴1, . . . , 𝐴𝑛-valuation.

2.7 Definition. Let 𝑣 be an 𝐴1, . . . , 𝐴𝑛−1-valuation and 𝐴1, . . . , 𝐴𝑛 a Σ-se-
quence. We say that 𝑣′ is the canonical extension of 𝑣 to 𝐴1, . . . , 𝐴𝑛 if

A) for every 𝑚 < 𝑛, 𝐴𝑛 ≠ □𝐴𝑚 and 𝑣′ = 𝑣;
B) for some 𝑚 < 𝑛, 𝐴𝑛 = □𝐴𝑚 and, for every 𝐹,

1) if 𝐴𝑛 is not a subformula of 𝐹, 𝑣′ (𝐹) = 𝑣(𝐹);
2) if 𝐴𝑛 is a subformula of 𝐹, we have:

a) for 𝐹 = 𝐴𝑛, 𝑣′ (𝐹) = 0 iff for some 𝐴1, . . . , 𝐴𝑛−1-valuation 𝑣,
𝑣(𝐴𝑚) = 0 and 𝑣 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1);

b) for 𝐹 = ¬𝐹′, 𝑣′ (𝐹) = 0 iff 𝑣′ (𝐹′) = 1;
c) for 𝐹 = 𝐹′ ⊃ 𝐹′′, 𝑣′ (𝐹) = 0 iff 𝑣′ (𝐹′) = 1 and 𝑣′ (𝐹′′) = 0;
d) for 𝐹 = □𝐹′ and 𝐹 ≠ 𝐴𝑛, 𝑣′ (𝐹) = 𝑣(𝐹).

2.8 Lemma. Let 𝐴1, . . . , 𝐴𝑛 be a Σ-sequence, 𝑣 an 𝐴1, . . . , 𝐴𝑛−1-valuation and
𝑣′ the canonical extension of 𝑣 to 𝐴1, . . . , 𝐴𝑛; assume further that for every 𝑝 < 𝑛,
every 𝑞 < 𝑝 such that 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is some 𝐴1, . . . , 𝐴𝑛−1-
valuation 𝑣𝑝 such that 𝑣𝑝 (𝐴𝑞) = 0 and 𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1). Then 𝑣′ is
an 𝐴1, . . . , 𝐴𝑛-valuation.

Proof. If, for every 𝑚 < 𝑛, 𝐴𝑛 ≠ □𝐴𝑚, then 𝑣 is an 𝐴1, . . . , 𝐴𝑛-valuation and
since 𝑣′ = 𝑣, 𝑣′ is an 𝐴1, . . . , 𝐴𝑛-valuation.

Suppose now that, for some 𝑚 < 𝑛, 𝐴𝑛 = □𝐴𝑚. From conditions B1), B2b)
and B2c) of 2.7 it follows that 𝑣′ is an 𝐴1, . . . , 𝐴𝑛−1-valuation. If 𝑣′ (𝐴𝑛) = 0
it follows from B2a) of 2.7, that there is an 𝐴1, . . . , 𝐴𝑛−1-valuation 𝑣 such that
𝑣(𝐴𝑚) = 0 and 𝑣 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1); by B1) of 2.7, for 1 ⩽ 𝑖 ⩽ 𝑛 − 1,
𝑣′ (𝐴𝑖) = 𝑣(𝐴𝑖); hence 𝑣 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣′ ,1), and by 2.5.2.I), 𝑣′ is an
𝐴1, . . . , 𝐴𝑛-valuation. Suppose now that 𝑣′ (𝐴𝑛) = 1; let 𝑞 < 𝑝 < 𝑛 be such
that 𝐴𝑝 = □𝐴𝑞 and 𝑣′ (𝐴𝑝) = 0; by B1) of 2.7, 𝑣(𝐴𝑝) = 0 and by hypoth-
esis there is an 𝐴1, . . . , 𝐴𝑛−1-valuation 𝑣𝑝 such that 𝑣𝑝 (𝐴𝑞) = 0 and 𝑣𝑝 |=
𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1); now 𝑣𝑝 (𝐴𝑚) = 1, otherwise, by B2a), 𝑣′ (𝐴𝑛) = 0; since,
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by B1), for 1 ⩽ 𝑖 ⩽ 𝑛 − 1, 𝑣(𝐴𝑖) = 𝑣′ (𝐴𝑖), 𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1) ∪ {𝐴𝑚};
hence, by 2.5.2.II, 𝑣′ is an 𝐴1, . . . , 𝐴𝑛-valuation. ■

2.9 Lemma. Let 𝑣 be an 𝐴1, . . . , 𝐴𝑛-valuation; then for every 𝑝 ⩽ 𝑛, every < 𝑝,
such that 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is an 𝐴1, . . . , 𝐴𝑛-valuation 𝑣𝑝 such
that 𝑣𝑝 (𝐴𝑞) = 0 and 𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1).

Proof. By induction on 𝑛. For 𝑛 = 1 the proposition is trivial. Let 𝑛 > 1 and as-
sume that is hols for 𝑛−1. From the inductive hypothesis together with Lemma
2.8 we have:

a) for every 𝑣, and 𝑣, if 𝑣 is an 𝐴1, . . . , 𝐴𝑛−1-valuation and 𝑣 is the canonical
extension of 𝑣 to 𝐴1, . . . , 𝐴𝑛 then 𝑣 is an 𝐴1, . . . , 𝐴𝑛-valuation.

And from the fact that 𝑣 is an 𝐴1, . . . , 𝐴𝑛−1-valuation together with the induc-
tive hypothesis it follows that
b) for 𝑝 < 𝑛, 𝑞 < 𝑝, if 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is an 𝐴1, . . . , 𝐴𝑛−1-

valuation 𝑣𝑝 such that 𝑣𝑝 (𝐴𝑞) = 0 and 𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1).
For each 𝑝 of b), let 𝑣′𝑝 be the canonical extension of 𝑣𝑝 to 𝐴1, . . . , 𝐴𝑛. Then
since for 1 ⩽ 𝑖 < 𝑛, 𝑣𝑝 (𝐴𝑖) = 𝑣′𝑝 (𝐴𝑖), we have:
c) for 𝑝 < 𝑛, 𝑞 < 𝑝, if 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is an 𝐴1, . . . , 𝐴𝑛-

valuation 𝑣𝑝 such that 𝑣𝑝 (𝐴𝑞) = 0 and 𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1).

Now consider the two cases:

I) 𝑣(𝐴𝑛) = 0; then,
i) 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1) = 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1);
ii) by 2.I of definition 2.5, there is an 𝐴1, . . . , 𝐴𝑛−1-valuation 𝑣𝑛 such that

𝑣𝑛 (𝐴𝑚) = 0 and 𝑣𝑛 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1).

Let 𝑣′𝑛 be the canonical extension of 𝑣𝑛; then, applying a) and B1 of 2.7, from
Iii) and Iii), it follows that:
1) for 𝑝 = 𝑛, 𝑞 = 𝑚, 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is an 𝐴1, . . . , 𝐴𝑛-

valuation 𝑣′𝑝 such that 𝑣′𝑝 (𝐴𝑚) = 0 and 𝑣′𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1).
And from c) and Ii) we get:
2) for 𝑝 < 𝑛, 𝑞 < 𝑚, 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is an 𝐴1, . . . , 𝐴𝑛-

valuation 𝑣′𝑝 such that 𝑣′𝑝 (𝐴𝑚) = 0 and 𝑣′𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1).
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Hence, the property holds, in case I, for 𝑝 ⩽ 𝑛.

II) 𝑣(𝐴𝑛) = 1; then

i) 𝜀(({𝐴1, . . . , 𝐴𝑛}𝑣,1)□) = 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1) ∪ {𝐴𝑚};
ii) by 2.II of definition 2.5 and from the fact that 𝑣(𝐴𝑛) = 1, we have for each

𝑝 ⩽ 𝑛, each 𝑞 < 𝑝, if 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is an 𝐴1, . . . , 𝐴𝑛−1-
valuation 𝑣𝑝 such that 𝑣𝑝 (𝐴𝑞) = 0 and 𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1)∪{𝐴𝑚}.

For each 𝑝 of IIii), let 𝑣′𝑝 be the canonical extension of 𝑣𝑝 . Then, by a) and IIi)
together with B1 of 2.7 we get from IIii):
– for each 𝑝 ⩽ 𝑛, each 𝑞 < 𝑝, sif 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is

an 𝐴1, . . . , 𝐴𝑛-valuation 𝑣′𝑝 such that 𝑣′𝑝 (𝐴𝑞) = 0 and 𝑣′𝑝 |= 𝜀({𝐴1, . . . ,

𝐴𝑛}□𝑣,1).
Hence, the property holds also in case II. ■

2.10 Corollary. Let 𝐴1, . . . , 𝐴𝑛 be a Σ-sequence, 𝑣 and 𝐴1, . . . , 𝐴𝑛-valuation,
and 𝑣′ the canonical extension of 𝑣 to 𝐴1, . . . , 𝐴𝑛. Then 𝑣′ is an 𝐴1, . . . , 𝐴𝑛-
valuation and for 1 ⩽ 𝑖 < 𝐿𝑛, 𝑣′ (𝐴𝑖) = 𝑣(𝐴𝑖).

Proof. Follows from 2.7, 2.8 and 2.9. ■

2.11 Theorem. 𝑣 is an 𝐴1, . . . , 𝐴𝑛-valuation iff 𝐴1, . . . , 𝐴𝑛 is a Σ-sequence, 𝑣
is a semi-valuation and for every 𝑝 ⩽ 𝑛, every 𝑞 < 𝑝 such that 𝐴𝑝 = □𝐴𝑞

and 𝑣(𝐴𝑝) = 0, there is an 𝐴1, . . . , 𝐴𝑛-valuation 𝑣𝑝 such that 𝑣𝑝 (𝐴𝑞) = 0 and
𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1).

Proof. The implication from the left follows immediately from Definition 2.5
and Lemma 2.9. To prove the converse, assume the hypothesis and apply in-
duction on 𝑛. From the fact that 𝑣 is a semi-valuation if follows that 𝑣 is an
𝐴1-valuation. Suppose that every function that satisfies the hypothesis is an
𝐴1, . . . , 𝐴𝑛−1-valuation. Clearly if, for every 𝑚 < 𝑛, 𝐴𝑛 ≠ □𝐴𝑚, 𝑣 is an 𝐴1, . . . ,

𝐴𝑛-valuation. Let then, for some 𝑚 < 𝑛, 𝐴𝑛 = □𝐴𝑚. Remember that:

i) every 𝐴1, . . . , 𝐴𝑛-valuation is an 𝐴1, . . . , 𝐴𝑛−1-valuation;

ii) for every function 𝑓 , from F into {0, 1}, if 𝑓 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1), then
𝑓 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1).
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I) Let 𝑣(𝐴𝑛) = 0 and take 𝑝 = 𝑛, 𝑞 = 𝑚. It follows from the hypothesis together
with i) and ii) that there is an 𝐴1, . . . , 𝐴𝑛-valaution 𝑣𝑛 such that 𝑣𝑛 (𝐴𝑚) = 0 and
𝑣 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1); hence, if 𝑣(𝐴𝑛) = 0, 𝑣 is an 𝐴1, . . . , 𝐴𝑛-valuation.
II) 𝑣(𝐴𝑛) = 1; since 𝜀(({𝐴1, . . . , 𝐴𝑛}𝑣,1)□) = 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1) ∪ {𝐴𝑚},
applying i) we get from the hypothesis that for each 𝑝 ⩽ 𝑛, each 𝑞 ⩽ 𝑛 such
that 𝐴𝑝 = □𝐴𝑞 and 𝑣(𝐴𝑝) = 0, there is an 𝐴1, . . . , 𝐴𝑛−1-valuation 𝑣𝑝 such that
𝑣𝑝 (𝐴𝑞) = 0 and 𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑣,1) ∪ {𝐴𝑚}. That is to say, if 𝑣(𝐴𝑛) = 1
then 𝑣 is an 𝐴1, . . . , 𝐴𝑛-valuation. ■

3. Correctness

3.1 Lemma. Let 𝑣 be an 𝐴1, . . . , 𝐴𝑛-valuation; then for 1 ⩽ 𝑖 ⩽ 𝑛, if 𝐴𝑖 is an
axiom of K, 𝑣(𝐴𝑖) = 1.

Proof. If 𝐴𝑖 is an axiom of the classical propositional logic then 𝑣(𝐴𝑖) = 1, for
𝑣 is a semi-valuation and a semi-valuation respects the classical requirements
for negation and implication (see Definition 2.3). Let 𝐴𝑖 be of the form □(𝐴 ⊃
𝐵) ⊃ (□𝐴 ⊃ □𝐵). Suppose 𝑣(𝐴𝑖) = 0; then 𝑣(□(𝐴 → 𝐵)) = 𝑣(□𝐴) = 1 and
𝑣(□𝐵) = 0; thus 𝐴 ⊃ 𝐵, 𝐴 ∈ 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1) and for some 𝑝 < 𝑛, □𝐵 = 𝐴𝑝 .
But it is easy to see that no 𝐴1, . . . , 𝐴𝑛-valuation 𝑣𝑝 is such that 𝑣𝑝 (𝐵) = 0 and
𝑣𝑝 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣,1) — for if 𝑣𝑝 (𝐵) = 0, then 𝑣𝑝 (𝐴) = 1 iff 𝑣𝑝 (𝐴 ⊃ 𝐵) = 0;
hence, 𝑣(𝐴𝑖) = 1. ■

3.2 Theorem. If 𝐹 is an axiom of K and 𝑣 is a valuation, then 𝑣(𝐹) = 1.

Proof. Arrange the subformulas of 𝐹 in a sequence 𝐴1, . . . , 𝐴𝑛 which respects
the length order: then 𝐹 = 𝐴𝑛 and 𝐴1, . . . , 𝐴𝑛 is a Σ-sequence. Since every
valuation is an 𝐴1, . . . , 𝐴𝑛-valuation, it follows from 3.1 that if 𝐹 is an axiom
and 𝑣 a valuation, 𝑣(𝐹) = 1. ■

3.3 Lemma. For every 𝑛, if 𝑣 is an 𝐴1, . . . , 𝐴𝑛-valuation and ⊢ 𝐴𝑛 then 𝑣(𝐴𝑛)
= 1.

Proof. By induction on the number of rows of a proof for 𝐴𝑛. If 𝑟 = 1 then 𝐴𝑛

is an axiom and the property is already proved in 3.1. Let 𝑟 > 1 and suppose
that is holds for 𝑟 ′ < 𝑟 (and every 𝑛′). Then, if 𝐴𝑛 is not an axiom,
i) 𝐴𝑛 was obtained by Modus Ponens from 𝐵 and 𝐵 ⊃ 𝐴𝑛, which precede 𝐴𝑛 in
the proof. Form 𝛼 = {𝐶 : 𝐶 is a subformula of 𝐵 ⊃ 𝐴𝑛 and𝐶 ∉ {𝐴1, . . . , 𝐴𝑛}}. If
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𝛼 ≠ ∅, arrange the elements of 𝛼 in some sequence 𝐶1, . . . , 𝐶𝑛 which respects
the length order of the formulas. If 𝛼 = ∅, let 𝜎 = 𝐴1, . . . , 𝐴𝑛 and 𝑣′ = 𝑣;
otherwise, 𝜎 = 𝐴1, . . . , 𝐴𝑛, 𝐶1, . . . , 𝐶𝑘 , form 𝑣0, 𝑣1, . . . , 𝑣𝑘 where 𝑣0 = 𝑣 and,
for 1 ⩽ 𝑗 ⩽ 𝑘 let 𝑣 𝑗 be the canonical extension of 𝑣 𝑗−1 and take 𝑣′ = 𝑣𝑘 . Then
𝜎 is a Σ-sequence and 𝑣′ is a 𝜎-valuation. Now, from the inductive hypothesis
we have 𝑣′ (𝐵 ⊃ 𝐴𝑛) = 𝑣′ (𝐵) = 1, hence 𝑣′ (𝐴𝑛) = 1, but since 𝑣(𝐴𝑛) = 𝑣′ (𝐴𝑛),
𝑣(𝐴𝑛) = 1.
ii) for some 𝑗 < 𝑛, 𝐴𝑛 = □𝐴 𝑗 was obtained by Gödel’s rule from 𝐴 𝑗 , which pre-
cedes 𝐴𝑛 in the proof. Thus, by the inductive hypothesis, for every 𝐴1, . . . , 𝐴𝑛-
valuation 𝑣′, 𝑣′ (𝐴 𝑗 ) = 1. Then taking 𝑝 = 𝑛, 𝑞 = 𝑗 and applying 2.9, we obtain
that for every 𝐴1, . . . , 𝐴𝑛-valuation 𝑣, 𝑣(𝐴𝑛) = 1. ■

3.4 Corollary. If ⊢ 𝐹 then for every valuation 𝑣, 𝑣(𝐹) = 1.

Proof. Take a Σ-sequence 𝐴1, . . . , 𝐴𝑛 with 𝐴𝑛 = 𝐹. Since every valuation if an
𝐴1, . . . , 𝐴𝑛-valuation, it follows from 3.3 that for every valuation 𝑣, if ⊢ 𝐹 then
𝑣(𝐹) = 1. ■

3.5 Theorem. If Γ ⊢ 𝐹, for every valuation 𝑣, if 𝑣 |= Γ then 𝑣(𝐹) = 1.

Proof. Suppose that Γ ⊢ 𝐹 and let 𝐷1, . . . , 𝐷𝑚 be a deduction of 𝐹 from Γ.
Then apply induction on 𝑚:
– if 𝑚 = 1, 𝐹 ∈ Γ and there is nothing to prove, or 𝐹 is an axiom and the

property is already proved 3.4;
– let 𝑚 > 1; then, if 𝐹 ∉ Γ and 𝐹 is not an axiom,

a) For some 𝑚 < 𝑛, some 𝑖 < 𝑚, 𝐷𝑖 = 𝐷 𝑗 ⊃ 𝐹, that is to say, 𝐹 was
obtained by modus ponens from 𝐷𝑖 and 𝐷 𝑗 . Hence, Γ ⊢ 𝐷𝑖 , Γ ⊢ 𝐷 𝑗

and by the inductive hypothesis, if 𝑣 |= Γ then 𝑣(𝐷 𝑗 ) = 𝑣(𝐷𝑖) =

𝑣(𝐷 𝑗 ⊃ 𝐹) = 1. Hence, 𝑣(𝐹) = 1.
b) For some 𝑗 < 𝑚, 𝐹 = □𝐷 𝑗 and was obtained by Gödel’s rule from 𝐷 𝑗 ;

in this case, ⊢ 𝐷 𝑗 and ⊢ 𝐹; hence, by 3.4, 𝑣′ (𝐹) = 1 for every 𝑣′; a
fortiori, if 𝑣 |= Γ then 𝑣(𝐹) = 1. ■

4. F-saturated sets; completeness

4.1 Definition. Δ is an 𝐹-saturated set if Δ ⊬ 𝐹 and for every 𝐺 ∉ Δ, Δ∪ {𝐺}
⊢ 𝐹.
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4.2 Lemma. If Δ is an 𝐹-saturated set,

a) 𝐴 ∈ Δ iff Δ ⊢ 𝐴;
b) ¬𝐴 ∈ Δ iff 𝐴 ∉ Δ;
c) 𝐴 ⊃ 𝐵 ∈ Δ iff 𝐴 ∉ Δ or 𝐵 ∈ Δ.

Proof. a) If 𝐴 ∈ Δ, then Δ ⊢ 𝐴; for the converse, suppose that Δ ⊢ 𝐴, now, if
𝐴 ∉ Δ then Δ ∪ {𝐴} ⊢ 𝐹 and, by the Deduction Theorem Δ ⊢ 𝐴 ⊃ 𝐵, but then
Δ ⊢ 𝐹, by modus ponens; hence 𝐴 ∈ Δ.
b) Δ ⊢ ¬𝐴 ⊃ (𝐴 ⊃ 𝐹); hence if both 𝐴,¬𝐴 ∈ Δ, Δ ⊢ 𝐹; on the other hand
Δ ⊢ (¬𝐴 ⊃ 𝐹) ⊃ ((𝐴 ⊃ 𝐹) ⊃ 𝐹); but if both ¬𝐴, 𝐴 ∉ Δ, Δ ∪ {¬𝐴} ⊢ 𝐹 and
Δ ∪ 𝐴 ⊢ 𝐹; by the Deduction Theorem, Δ ⊢ ¬𝐴 ⊃ 𝐹, Δ ⊢ 𝐴 ⊃ 𝐹, hence Δ ⊢ 𝐹;
so ¬𝐴 ∈ Δ iff 𝐴 ∉ Δ.

c) If 𝐴 ⊃ 𝐵 ∈ Δ and 𝐴 ∈ Δ, then Δ ⊢ 𝐴 ⊃ 𝐵, Δ ⊢ 𝐴 and, by modus ponens,
Δ ⊢ 𝐵; hence 𝐵 ∈ Δ. Suppose, now, that 𝐴 ∉ Δ; then ¬𝐴 ∈ Δ and Δ ⊢ ¬𝐴; since
Δ ⊢ ¬𝐴 ⊃ (𝐴 ⊃ 𝐵), Δ ⊢ 𝐴 ⊃ 𝐵; hence 𝐴 ⊃ 𝐵 ∈ Δ; finally let 𝐵 ∈ 𝐴; hence
Δ ⊢ 𝐵 and, since Δ ⊢ 𝐵 ⊃ (𝐴 ⊃ 𝐵), Δ ⊢ 𝐴 ⊃ 𝐵; therefore 𝐴 ⊃ 𝐵 ∈ Δ. ■

4.3 Lemma. If Γ ⊬ 𝐹, there is an 𝐹-saturated set Δ such that Γ ⊆ Δ.

Proof. Take an enumeration 𝐴1, . . . , 𝐴𝑖 , . . . of the formulas of K. Construct
Δ = ∪𝑈𝑖 , where Γ0 = Γ and, for 𝑖 > 0, Γ𝑖 = Γ𝑖−1 if Γ𝑖−1 ∪ {𝐴𝑖} ⊢ 𝐹, otherwise
Γ𝑖 = Γ𝑖−1 ∪ {𝐴𝑖}. Then Γ ⊆ Δ. It is easy to prove that if Γ𝑖−1 ⊬ 𝐹 then Δ ⊢ 𝐹;
since Γ0 ⊬ 𝐹, by induction, for every 𝑗 > 0, Γ 𝑗 ⊬ 𝐹. Now if Δ ⊢ 𝐹, then for
some finite 𝛼 ⊆ Δ, 𝛼 ⊢ 𝐹, and for some 𝑖 ⩾ 0, 𝛼 ⊆ Γ𝑖 ; in this case Γ𝑖 ⊢ 𝐹; sence
Δ ⊬ 𝐹. Suppose that 𝐺 ∉ Δ; since for some 𝑖, 𝐺 = 𝐴𝑖 , Γ𝑖−1 ∪ {𝐺} ⊢ 𝐹, hence
Δ ∪ {𝐺} ⊢ 𝐹. Therefore Δ is an 𝐹-saturated set such that Γ ⊆ Δ. ■

4.4 Corollary. If Γ ⊬ □𝐹, there is an 𝐹-saturated set Δ such that 𝜀(Γ□) ⊆ Δ.

Proof. If Γ ⊬ □𝐹 then Γ□ ⊬ □𝐹 and by 1.2, 𝜀(Γ□) ⊬ 𝐹; hence, by 4.3, there is an
𝐹-saturated set Δ such that 𝜀(Γ□) ⊆ Δ. ■

4.5 Theorem. If Δ is an 𝐹-saturated set and 𝐴1, . . . , 𝐴𝑛 is a Σ-sequence, the
characteristic function 𝑓 , of Δ, is an 𝐴1, . . . , 𝐴𝑛-valuation.

Proof. By induction on 𝑛. If 𝑛 = 1, it is easy to prove, using 4.2 b) and c), that 𝑓
is a semi-valuation. Therefore 𝑓 is an 𝐴1-valuation. Suppose that for every Δ′,
every 𝐹′ and every 𝑓 ′, if Δ′ is an 𝐹′-saturated set and 𝑓 ′ is the characteristic
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function of Δ′, then 𝑓 ′ is an 𝐴1, . . . , 𝐴𝑛−1-valuation. Then, in particular, 𝑓 ′ is
an 𝐴1, . . . , 𝐴𝑛−1-valuation. Suppose that, for some 𝑚 < 𝑛, 𝐴𝑛 = □𝐴𝑚; we have
two cases:

I) 𝑓 (𝐴𝑛) = 0; then 𝐴𝑛 ∉ Δ and Δ ⊬ 𝐴𝑛; by 4.4, there is an 𝐴𝑚-saturated Δ′′ such
that 𝜀(Δ□) ⊆ Δ′′; but it follows from the inductive hypothesis that the charac-
teristic function 𝑓 ′′, ofΔ′′, is an 𝐴1, . . ., 𝐴𝑛−1-valuation; now {𝐴1, . . . , 𝐴𝑛−1}□𝑓 ,1
⊆ Δ□, therefore 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑓 ,1) ⊆ 𝜀(Δ□) ⊆ Δ′′; and since 𝐴𝑚 ∉ Δ′′,
𝑓 ′′ |= 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑓 ,1) and 𝑓

′′ (𝐴𝑚) = 0. Hence, if 𝑓 (𝐴𝑛) = 0, the charac-
teristic function 𝑓 , of Δ is an 𝐴1, . . . , 𝐴𝑛-valuation.

II) 𝑓 (𝐴𝑛) = 1; then 𝐴𝑛 ∈ 𝜀(Δ□). Let 𝑝 < 𝑛 and 𝑞 < 𝑝 be such that 𝐴𝑝 = □𝐴𝑞

and 𝑓 (𝐴𝑝) = 0; then 𝐴𝑝 ∉ Δ and Δ ⊬ 𝐴𝑝 ; from 4.4 it follows that there is
an 𝐴𝑞-saturated set Δ′′ such that 𝜀(Δ□) ⊆ Δ′′. Then 𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑓 ,1) ∪
{𝐴𝑚} ⊆ 𝜀(Δ□) ⊆ Δ′′ and 𝐴𝑞 ∉ Δ′′; using the inductive hypothesis we obtain
that 𝑓 ′′, the characteristic function of Δ′′, is an 𝐴1, . . . , 𝐴𝑛−1-valuation, 𝑓 ′′ |=
𝜀({𝐴1, . . . , 𝐴𝑛−1}□𝑓 ,1) ∪ {𝐴𝑚} and 𝑓 ′′ (𝐴𝑞) = 0. That is to say, if 𝑓 (𝐴𝑛) = 1, 𝑓
is an 𝐴1, . . . , 𝐴𝑛-valuation. ■

4.6 Theorem. 𝑣 is a valuation iff for some Δ and some 𝐹 such that Δ is 𝐹-
saturated, 𝑣 is the characteristic function of Δ.

Proof. Suppose that 𝑣 is a valuation; let Δ1 = {𝐴 : 𝑣(𝐴) = 1} and Δ0 = {𝐵 :
𝑣(𝐵) = 0}; let 𝐹 ∈ Δ0; then 𝐹 ∉ Δ1 and it is easy to prove that Δ1 ⊬ 𝐹; let
𝐺 ∉ Δ1; then 𝑣(𝐺) = 0, 𝑣(¬𝐺) = 1 and ¬𝐺 ∈ Δ1; but, 𝑣(¬𝐺 ⊃ (𝐺 ⊃ 𝐹)) = 1,
hence ¬𝐺 ⊃ (𝐺 ⊃ 𝐹) ∈ Δ1; so Δ1 ⊢ 𝐺 ⊃ 𝐹, therefore Δ1 ∪ {𝐺} ⊢ 𝐹. Hence, Δ1

is an 𝐹-saturated set; and by construction of Δ1, 𝑣 is the characteristic function
of Δ1. The converse is a direct corollary of 2.6 and 4.5. ■

4.7 Definition. |= 𝐹 if for every valuation 𝑣, 𝑣(𝐹) = 1; Γ |= 𝐹 if for every
valuation 𝑣, if 𝑣 |= Γ, then 𝑣(𝐹) = 1.

4.8 Theorem. If Γ |= 𝐹 then Γ ⊢ 𝐹.

Proof. Follows from 4.3, 4.5 and 4.7. ■

5. A simple extension: valuations for T

The valuation method can be extended to most other modal calculi, as we will
show elsewhere. To exemplify, we indicate here how to adapt the results for
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the system T, of Feys–von Wright. As it is well known, T can be obtained by
adding toK the postulate P7: □𝐴 ⊃ 𝐴. To obtain valuations for T it is sufficient
to modify the semi-valuation notion by adding the condition: 3) if 𝑠(𝐴) = 0
then 𝑠(□𝐴) = 0. Adequacy theorems are obtained in the same way as in K,
with obvious adaptations.

6. Valuations and Kripke models

Let M be a structure ⟨𝜔,𝑊, 𝑅⟩ where𝑊 is a non-empty set, 𝜔 is a member of
𝑊 and 𝑅 is a subset of 𝑅 × 𝑅; let F be the set of formulas of K and let 𝐼 be a
function from F into {0, 1} such that, for 𝐴, 𝐵 ∈ F and 𝑎 ∈ 𝑊 ,

1) 𝐼 (¬𝐴, 𝑎) = 1 iff 𝐼 (𝐴, 𝑎) = 0;

2) 𝐼 (𝐴 ⊃ 𝐵, 𝑎) = 1 iff 𝐼 (𝐴, 𝑎) = 0 or 𝐼 (𝐵) = 1;

3) 𝐼 (□𝐴, 𝑎) = 1 iff for every 𝐵 ∈ 𝑊 , such that 𝑏𝑅𝑎, 𝐼 (𝐴, 𝑏) = 1.

Then the function 𝐼 associated with the structure ⟨𝜔,𝑊, 𝑅⟩ is a Kripke model
for K; and a formula 𝐴 is true in this model iff 𝐼 (𝐴, 𝜔) = 1 (cf. [3]).

We say that two models M = ⟨𝐼, ⟨𝜔,𝑊, 𝑅⟩⟩ and M′ = ⟨𝐼 ′, ⟨𝜔′,𝑊 ′, 𝑅′⟩⟩
are equivalent (M ∼M′) iff, for every 𝐴 ∈ F, 𝐼 (𝐴, 𝜔) = 𝐼 ′ (𝐴, 𝜔′).

In this section we shall compare valuations and Kripke models showing a
close connection between them.

Let Mk be the set of all Kripke models for K. For each ⟨𝐼, ⟨𝜔,𝑊, 𝑅⟩⟩ ∈ Mk

and each 𝑎 ∈ 𝑊 , let Δ𝑎 be the set {𝐴 ∈ F : 𝐼 (𝐴, 𝑎) = 1}. Let C be the set
{Γ ⊂ F : for some ⟨𝐼, ⟨𝜔,𝑊, 𝑅⟩⟩ ∈ Mk and for some 𝑎 ∈ 𝑊 , Γ = Δ𝑎}. On the
other hand, let D be the set {Γ : for some 𝐹 ∈ F, Γ is an 𝐹-saturated set }.

6.1 Lemma. C = D.

Proof. 1) Suppose that Γ ∈ C; then for some ⟨𝐼, ⟨𝜔,𝑊, 𝑅⟩⟩ ∈ Mk, and some
𝑎 ∈ 𝑊 , Γ = Δ𝑎; it is easy to prove by induction on the length of a deduction,
that Γ ⊬ ¬(𝐴 ⊃ 𝐴), for every 𝐴; further, if 𝐵 ∉ Γ then Γ ∪ {𝐵} ⊢ ¬(𝐴 ⊃ 𝐴),
for every 𝐴, every 𝐵 (for: a) 𝐵 ∉ Δ𝑎 , hence 𝐼 (𝐵, 𝑎) and 𝐼 (¬𝐵, 𝑎) = 1; since
𝐼 (¬𝐵 ⊃ (𝐵 ⊃ ¬(𝐴 ⊃ 𝐴)), 𝑎) = 1; 𝐼 (𝐵 ⊃ ¬(𝐴 ⊃ 𝐴)) = 1, therefore 𝐵 ⊃ ¬(𝐴 ⊃
𝐴) ∈ Δ𝑎 , 𝐵 ⊃ ¬(𝐴 ⊃ 𝐴) ∈ Γ and Γ ⊢ 𝐵 ⊃ ¬(𝐴 ⊃ 𝐴); so Γ ∪ {𝐵} ⊢ ¬(𝐴 ⊃ 𝐴)).
Therefore for every 𝐴, Γ is a ¬(𝐴 ⊃ 𝐴)-saturated set, that is to say, Γ ∈ D.

2) To prove the converse, let Γ ∈ D and,
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a) construct ⟨𝐼, ⟨Γ,D, 𝑅⟩⟩ such that: i) for every Γ′, Γ′′ inD, Γ′′𝑅Γ′ iff 𝜀(Γ′□) ⊆
Γ′′; ii) 𝐼 (𝐴, Γ′) = 1 iff 𝐴 ∈ Γ′′, for every 𝐴 ∈ F and every Γ′ ∈ D.
b) we prove now, for every Γ′ ∈ D that 𝜀(Γ′□) = ∩{Γ ∈ D : 𝜀(Γ′□) ⊆ Γ}. It is
clear that 𝜀(Γ′□) ⊆ {Γ ∈ D : 𝜀(Γ′□) ⊆ Γ}. For the converse, let 𝐴 ∉ 𝜀(Γ′□);
then□𝐴 ∉ Γ′□, and□𝐴 ∉ Γ′ and, since Γ′ ∈ 𝐷, Γ′ ⊬ □𝐴, hence Γ′□ ⊬ □𝐴; by 1.2,
𝜀(Γ′□) ⊬ 𝐴 and, by 4.3 there is an 𝐴-saturated Γ∗ such that 𝜀(Γ′□) ⊆ Γ∗; hence
𝐴 ∉ Γ∗ and Γ∗ ∈ {Γ ∈ D : 𝜀(Γ′□) ⊆ Γ}; therefore 𝐴 ∉ ∩{Γ ∈ 𝐷 : 𝜀(Γ′□) ⊆ Γ}.
c) From b) together with a.i), we have that 𝐴 ∈ 𝜀(Γ′□) iff 𝐴 ∈ ∩{Γ ∈ D :
𝜀(Γ′□) ⊆ Γ}, iff 𝐴 ∈ ∩{Γ ∈ D : Γ𝑅Γ′}.
d) Now, we can prove that ⟨𝐼, ⟨Γ, 𝐷, 𝑅⟩⟩ is a Kripke model for K; in fact, D is
a non-empty set, Γ ∈ D, 𝑅 is a subset of D × D and 𝐼 is a function from F × V
into {0, 1} such that, for 𝐴, 𝐵 ∈ F, and Γ′ ∈ D,

1) 𝐼 (¬𝐴, Γ′) = 1 iff ¬𝐴 ∈ Γ′ iff 𝐴 ∈ Γ′ (see 4.2.6) iff 𝐼 (𝐴, Γ′) = 0;

2) 𝐼 (𝐴 ⊃ 𝐵, Γ′) = 1 iff 𝐴 ⊃ 𝐵 ∈ Γ′ iff 𝐴 ∉ Γ′ or 𝐵 ∈ Γ′ (see 4.2.c) iff
𝐼 (𝐴, Γ′) = 0 or 𝐼 (𝐵, Γ′) = 1;

3) 𝐼 (□𝐴, Γ) = 1 iff □𝐴 ∈ Γ′ iff □𝐴 ∈ Γ′□ iff 𝐴 ∈ 𝜀(Γ′□) iff 𝐴 ∈ ∩{Γ ∈ 𝐷 :
Γ𝑅Γ′} (see c), iff for every Γ ∈ 𝐷 such that Γ𝑅Γ′, 𝐴 ∈ Γ iff for every
Γ ∈ 𝐷 such that Γ𝑅Γ′, 𝐼 (𝐴, Γ) = 1.

Thus, ⟨𝐼, ⟨Γ,D, 𝑅⟩⟩ ∈ Mk.

e) Since ΔΓ = {𝐴 : 𝐼 (𝐴, Γ) = 1} = Γ, Γ ∈ C. ■

6.2 Theorem. There is a bijective function ℎ from the set V of all valuations into
the set Mk/∼ such that if 𝑣 ∈ V, ℎ(𝑣) = |𝑀 | and 𝑀 = ⟨𝐼, ⟨𝜔,𝑊, 𝑅⟩⟩ then for
every 𝐴 ∈ F, 𝑣(𝐴) = 𝐼 (𝐴, 𝜔).

Proof. Consequence of 4.6 and 6.1. ■

7. A decision method for K, based on valuations

Let 𝐴 be any formula; we easily see how to construct a Σ-sequence 𝐴1, . . . , 𝐴𝑛

such that 𝐴𝑛 = 𝐴. Let V(𝐴1, . . . , 𝐴𝑛) be the class of all 𝐴1, . . . , 𝐴𝑛-valuations
and, for 𝑣, 𝑣′ ∈ V(𝐴1, . . . , 𝐴𝑛), define 𝑣 ∼ 𝑣′ iff, for 1 ⩽ 𝑖 ⩽ 𝑛, 𝑣(𝐴𝑖) =

𝑣′ (𝐴𝑖). Clearly V(𝐴1, . . . , 𝐴𝑛)/∼ is finite. Hence, if we exhibit an algorithm
whcih permits us to produce, for every |𝑣 | ∈ V(𝐴1, . . . , 𝐴𝑛)/∼, the restriction
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𝑣 of some 𝑣′ ∈ |𝑣 | to the set {𝐴1, . . . , 𝐴𝑛}, then we have obtained a decision
method forK. We call such a construction the tableu for 𝐴1, . . . , 𝐴𝑛, in symbols,
𝑇 (𝐴1, . . . , 𝐴𝑛).

Before giving the precise definition of 𝑇 (𝐴1, . . . , 𝐴𝑛) let us illustrate the
main ideas by an example. Let 𝐴 be □(𝑝 ⊃ ¬𝑝) ⊃ □¬𝑝 and 𝐴1, . . . , 𝐴6 the se-
quence 𝑝, ¬𝑝, 𝑝 ⊃ ¬𝑝, □¬𝑝, □(𝑝 ⊃ ¬𝑝), □(𝑝 ⊃ ¬𝑝) ⊃ □¬𝑝. Then we begin by
constructing 𝑇 (𝐴1) and then extend it successively to 𝑇 (𝐴1, 𝐴2),. . . ,𝑇 (𝐴1, 𝐴6),
in the following way:

1 2 3 4 5 6
𝑝 ¬𝑝 𝑝 ⊃ ¬𝑝 □¬𝑝 □(𝑝 ⊃ ¬𝑝) □(𝑝 ⊃ ¬𝑝) ⊃ □¬𝑝

1) 1 0 0 1 1 1
2) 0 1 1 1 1 1
3) 1 0 0 0 0 1
4) 0 1 1 0 0 1

As we see, 𝑇 (𝐴1), 𝑇 (𝐴1, 𝐴2) and 𝑇 (𝐴1, 𝐴2, 𝐴3) are constructed as usual.
But, in 𝑇 (𝐴1, . . . , 𝐴4) two new rows are constructed. The reason for this can
be explained thus: V(𝐴1, . . . , 𝐴3)/∼ has, as obviously, only two elements, say
|𝑣1 | and |𝑣2 |, and the members of |𝑣1 | and |𝑣2, restricted to 𝐴1, . . . , 𝐴3 are repre-
sented, respectively, by rows 1 and 2. Now, for 𝑖 ∈ {1, 2}, since {𝐴1, . . . , 𝐴3}□ =

∅, we have:
I) 𝑣 |= 𝜀({𝐴1, . . . , 𝐴𝑛}□𝑣𝑖 ,1) and 𝑣1 (¬𝑝) = 0; hence the necessary condition for

the existence of a 𝑣′ and a 𝑣′′ in V(𝐴1, . . . , 𝐴4) such that 𝑣 ∈ |𝑣1 |, 𝑣′ ∈ |𝑣2 |
and 𝑣(𝐴4) = 𝑣′ (𝐴4) = 0; is satisfied; and, vacuously:

II) for each 𝑝 < 4, each 𝑞 < 𝑝 such that 𝐴𝑝 = □𝐴𝑞 and 𝑣𝑖 (𝐴𝑝) = 0, there
is a 𝑗 ∈ {1, 2} such that 𝑣 𝑗 (𝐴𝑞) = 0 and 𝑣 𝑗 |= 𝜀({𝐴1, . . . , 𝐴3}□𝑣𝑖 ,1) ∪
{𝐴2}. Hence, the necessary conditions for the existence of a 𝑣 and a 𝑣′

in V(𝐴1, . . . , 𝐴4) such that 𝑣 ∈ |𝑣1 |, 𝑣′ ∈ |𝑣2 | and 𝑣(𝐴4) = 𝑣′ (𝐴4) = 0;
is also satisfied. Hence, it is plausible that V(𝐴1, . . . , 𝐴4)/∼ has four mem-
bers |𝑣1 |, . . . , |𝑣4 | and that, for 1 ⩽ 𝑖 ⩽ 4, the elements of |𝑣𝑖 | restricted to
𝐴1, . . . , 𝐴4, are represented by the lines 1–4.
On the other hand, V(𝐴1, . . . , 𝐴5)/∼ has, at most, |𝑣1 |, . . . , |𝑣4 | as its mem-

bers, for:
I) If 𝑖 ∈ {1, 2} and 𝑣 ∈ |𝑣𝑖 |, 𝜀({𝐴1, . . . , 𝐴4}□𝑣,1) = {¬𝑝} and, for 1 ⩽ 𝑖 ⩽ 4, no
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𝑣′ ∈ |𝑣 𝑗 | is such that 𝑣′ |= {¬𝑝} and 𝑣′ (𝑝 ⊃ ¬𝑝) = 0; hence, for {1, 2} and
𝑣 ∈ |𝑣𝑖 |, 𝑣(𝐴5) = 1.

II) If 𝑖 ∈ {3, 4} since □¬𝑝 = 𝐴4 = □𝐴2 and, for 𝑣 ∈ |𝑣𝑖 |, 𝑣(𝐴4)00, 𝑣(𝐴5) = 0;
for although 𝜀({𝐴1, . . . , 𝐴4}□𝑣,1) = ∅, no 𝑣′ ∈ |𝑣 𝑗 |, for some 𝑗 , 1 ⩽ 𝑗 ⩽ 4,
is such that 𝑣′ (¬𝑝) = 0 and 𝑣′ |= ∅ ∪ {𝑝 ⊃ ¬𝑝}; hence, for 𝑖 ∈ {3, 4} and
𝑣 ∈ |𝑣𝑖 |, 𝑣(𝐴5) = 0.

Let us now give a precise definition of a tableau for aΣ-sequence 𝐴1, . . . , 𝐴𝑛.

7.1 Definition. The tableau for a given Σ-sequence 𝐴1, . . . , 𝐴𝑛 is a function
𝑎𝑛 : 𝐼𝑛 × 𝐽 (𝐼𝑛) → {0, 1}, where 𝐼𝑛 = {1, . . . , 𝑛} and:
1) for 𝑛 = 1, 𝐽 (𝐼𝑛) = {1, 2}, 𝑎1 (1, 1) = 1 and 𝑎1 (1, 2) = 0;

2) for 𝑛 > 1, and 𝐽 (𝐼𝑛−1) = {1, . . . , 𝑞}
a) If 𝐴𝑛 is a propositional variable, then 𝐽 (𝐼𝑛) = {1, . . . , 2𝑞} and,

i) for 𝑖 < 𝑛, 𝑗 ∈ 𝐽 (𝐼𝑛−1), 𝑎𝑛 (𝑖, 𝑗) = 𝑎𝑛−1 (𝑖, 𝑗);
ii) for 𝑖 < 𝑛, 𝑗 ′ ∈ 𝐽 (𝐼𝑛−1) and 𝑗 = 𝑞 + 𝑗 ′, 𝑎𝑛 (𝑖, 𝑗) = 𝑎𝑛−1 (𝑖, 𝑗 ′);
iii) for 𝑖 = 𝑛, 𝑗 ∈ 𝐽 (𝐼𝑛−1), 𝑎𝑛 (𝑖, 𝑗) = 1;
iv) for 𝑖 = 𝑛, 𝑗 ′ ∈ 𝐽 (𝐼𝑛−1) and 𝑗 = 𝑞 + 𝑗 ′, 𝑎𝑛 (𝑖, 𝑗) = 0;

b) If 𝐴𝑛 = ¬𝐴𝑘 , 𝐽 (𝐼𝑛) = 𝐽 (𝐼𝑛−1) and:
i) for 𝑖 < 𝑛, 𝑎𝑛 (𝑖, 𝑗) = 𝑎𝑛−1 (𝑖, 𝑗);
ii) for 𝑖 = 𝑛, 𝑎𝑛 (𝑖, 𝑗) ≠ 𝑎𝑛−1 (𝑘, 𝑗);

c) If 𝐴𝑛 = 𝐴𝑘 ⊃ 𝐴𝑒, 𝐽 (𝐼𝑛) = 𝐽 (𝐼𝑛−1) and:
i) for 𝑖 < 𝑛, 𝑎𝑛 (𝑖, 𝑗) = 𝑎𝑛−1 (𝑖, 𝑗);
ii) for 𝑖 = 𝑛, 𝑎𝑛 (𝑖, 𝑗) = 1 iif 𝑎𝑛−1 (𝑘, 𝑗) = 0 or 𝑎𝑛−1 (𝑒, 𝑗) = 1;

d) If 𝐴𝑛 = □𝐴𝑘 , for each 𝑗 ∈ 𝐽 (𝐼𝑛−1),
I) let 𝛼( 𝑗 , 𝑛 − 1) = { 𝑗 ′ ∈ 𝐽 (𝐼𝑛−1) : 𝑎𝑛−1 (𝑘, 𝑗 ′) = 0 and, for every 𝑟 ,

1 ⩽ 𝑟 < 𝑛, if 𝐴𝑟 = □𝐴𝑠 and 𝑎𝑛−1 (𝑟, 𝑗) = 1, then 𝑎𝑛−1 (𝑠, 𝑗 ′) = 1};
II) for every 𝑝 < 𝑛, every 𝑞 < 𝑝 such that 𝐴𝑝 = □𝐴𝑞 and 𝑎𝑛−1 (𝑝, 𝑗) = 0,

let 𝛽(𝑝, 𝑗 , 𝑛 − 1) = { 𝑗 ′ ∈ 𝐽 (𝐼𝑛−1) : 𝑎𝑛−1 (𝑞, 𝑗 ′) = 0, 𝑎𝑛−1𝑘𝑠, 𝑗
′) = 1

and for every 𝑟 , 1 ⩽ 𝑟 < 𝑛, if 𝐴𝑟 = □𝐴𝑠 and 𝑎𝑛−1 (𝑟, 𝑗) = 1, then
𝑎𝑛−1 (𝑠, 𝑗 ′) = 1}.

III) Now let { 𝑗1, . . . , 𝑗𝑚} ⊆ 𝐽 (𝐼𝑛−1) be such that:

1) 𝑗𝑚′ < 𝑗𝑚′′ if 𝑚′ < 𝑚′′;
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2) 𝑗𝑚′ ∈ { 𝑗1, . . . , 𝑗𝑚} if 𝛼( 𝑗𝑚′ , 𝑛 − 1) ≠ ∅, and for each 𝑝 < 𝑛,
𝛽(𝑝, 𝑗𝑚′ , 𝑛 − 1) ≠ ∅.

Then, 𝐽 (𝐼𝑛) = {1, . . . , 𝑞, . . . , 𝑞 + 𝑚} and:
i) for 𝑖 < 𝑛, 𝑗 < 𝑞, 𝑎𝑛 (𝑖, 𝑗) = 𝑎𝑛−1 (𝑖, 𝑗);
ii) for 𝑖 < 𝑛, 𝑗 = 𝑞 + 𝑚′, 𝑎𝑛 (𝑖, 𝑗) = 𝑎𝑛−1 (𝑖, 𝑗𝑚′ );
iii) for 𝑖 = 𝑛, 𝑗 such that 𝛼( 𝑗 , 𝑛 − 1) = ∅, 𝑎𝑛−1 (𝑖, 𝑗) = 1;
iv) for 𝑖 = 𝑛, 𝑗 such that 𝛼( 𝑗 , 𝑛 − 1) ≠ ∅ and 𝛽(𝑝, 𝑗 , 𝑛 − 1) = ∅, for

some 𝑝 < 𝑛, 𝑎𝑛−1 (𝑖, 𝑗) = 0;
v) for 𝑖 = 𝑛, 𝑗 such that 𝛼( 𝑗 , 𝑛 − 1) ≠ ∅ and, for each 𝑝 < 𝑛, 𝛽(𝑝, 𝑗 ,

𝑛 − 1) ≠ ∅, in which case, for some 𝑚′ ∈ {1, . . . , 𝑚}, 𝑗 = 𝑗𝑚′ or
𝑗 = 𝑞 + 𝑚′,
1) if 𝑗 = 𝑗𝑚′ , then 𝑎𝑛 (𝑖, 𝑗) = 1;
2) if 𝑗 = 𝑞 + 𝑚′ , then 𝑎𝑛 (𝑖, 𝑗) = 0.

Let 𝑎𝑛 : 𝐼𝑛 × 𝐽 (𝐼𝑛) → {0, 1} be the tableau of the Σ-sequence 𝐴1, . . . , 𝐴𝑛.

7.2 Lemma. For each 𝑗 ∈ 𝐽 (𝐼𝑛) there is a valuation 𝑣 such that 𝑣(𝐴𝑖) = 𝑎𝑛 (𝑖, 𝑗),
for 1 ⩽ 𝑖 ⩽ 𝑛.

Proof. Let {𝐴1, . . . , 𝐴𝑛} 𝑗 ,𝑢 = {𝐴𝑖 ∈ {𝐴1, . . . , 𝐴𝑛} : 𝑎𝑛 (𝑖, 𝑗) = 𝑢}. By induction
on 𝑛, we prove that if 𝐴𝑖 ∈ {𝐴1, . . . , 𝐴𝑛} 𝑗 ,0, then {𝐴1, . . . , 𝐴𝑛} ⊬ 𝐴𝑖 . Then the
proposition follows from 4.8. ■

7.3 Lemma. For every valuation 𝑣 there is a 𝑗 ∈ 𝐽 (𝐼𝑛) such that, for 1 ⩽ 𝑖 ⩽ 𝑛,
𝑣(𝐴𝑖) = 𝑎𝑛 (𝑖, 𝑗).

Proof. By induction on 𝑛. ■

7.4 Theorem. ⊢ 𝐴𝑖 , iff for every 𝑗 ∈ 𝐽 (𝐼𝑛), 𝑎𝑛 (𝑖, 𝑗) = 1.

Thus, K is decidable by the tableau of valuations.

8. Final remarks

The results obtained in sections 6 and 7 are easily adapted to T. Valuations
for S4, S5 as well as for many other calculi, having or not Kripkean semantics,
can be obtained by convenient modifications on the procedures here employed.
They contribute also to the better understanding of Kripke models: as we have
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seen for the system K, the plurality of worlds in a given model and the relation
between worlds can be considered as technical devices to simplify the truth
conditions governing modal formulas.
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