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The Semantics of the Systems C𝑛 of da Costa∗

Andréa M. Loparić
Elias H. Alves

Abstract: This paper is a sequel to a preceding one (da Costa and Alves [2]). We extend
the semantics and the decision method of C1 to the systems C𝑛, 1 ⩽ 𝑛 < 𝜔, correcting
some results outlined in the mentioned paper.
Keywords: paraconsistent logic • C𝑛 calculi • valuation semantics • strong negation •
quasi-matrix • decidability

1. Introduction

In [2] a two-valued semantics is proposed for the calculus C1 (see also [1]),
showing that this calculus is sound and complete with respect to that semantics.
Bymeans of the proposed semantics a decisionmethod is obtained forC1. Then,
the authors assert:

The extension of the semantics for C1 to the systems C𝑛, 1 ⩽ 𝑛 < 𝜔, is
immediate. All definitions and theorems are the same, only with evident
modifications as regards the strong negation (for example, ¬∗𝐴 becomes
¬(𝑛) 𝐴, which is an abbreviation of ¬𝐴 & 𝐴(𝑛) ), and the symbol ◦ (for
example, 𝐴◦ becomes 𝐴(𝑛) ). (See [2], p.628.)

The decision method proposed in [2] for the systems C𝑛, 1 ⩽ 𝑛 < 𝜔, is
practically the same as C1, containing only a little modification in the case of
the negation of a formula 𝐴, which has value 1:

In the construction of the quasi-matrices, the only change worthmention-
ing is that when 𝐴 is 𝐷𝑛−1 &¬𝐷𝑛−1 or ¬𝐷𝑛−1 &𝐷𝑛−1, we write value 0
for the formula 𝐴. (Idem, p.628.)
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Nevertheless, it is easy to verify that the formulation is incorrect. Indeed,
a quasi-matrix for C𝑛, constructed in that way, would have a line 𝐿 such that,
for a formula 𝐴, 𝐿 (𝐴) = 𝐿 (¬𝐴) = 𝐿 (𝐴(𝑛) ) = 1, and there is no valuation such
that 𝑣(𝐴) = 𝑣(¬𝐴) = 𝑣(𝐴(𝑛) ) = 1.

The purpose of this paper is rigorously to present the extension of the se-
mantics and decision method of C1 to the systemsC𝑛, 1 ⩽ 𝑛 < 𝜔, by correcting
in that way the formulation of [2].

In this paper we define 𝐴0 = 𝐴 and, for 𝑛 > 0, 𝐴𝑛 = ¬(𝐴𝑛−1 & ¬𝐴𝑛−1);
observe that for 𝑛 > 0, the definition of 𝐴𝑛 is the same used in [1] and [2]. 𝐴(𝑛)

is defined as in those papers, that is, like 𝐴1 & . . . & 𝐴𝑛. We also define ¬𝑝𝐴 in
the following way: if 𝑝 = 0, then ¬𝑝𝐴 = 𝐴; if 𝑝 > 0, then ¬𝑝𝐴 = ¬(¬𝑝−1𝐴).

To facilitate the reader, we transcribe here the postulates of C𝑛, 1 ⩽ 𝑛 < 𝜔:

1) 𝐴 ⊃ (𝐵 ⊃ 𝐴)
2) (𝐴 ⊃ 𝐵) ⊃ ((𝐴 ⊃ (𝐵 ⊃ 𝐶)) ⊃ (𝐴 ⊃ 𝐶))
3) 𝐴, 𝐴 ⊃ 𝐵 / 𝐵
4) 𝐴 & 𝐵 ⊃ 𝐴
5) 𝐴 & 𝐵 ⊃ 𝐵
6) 𝐴 ⊃ (𝐵 ⊃ 𝐴 & 𝐵)
7) 𝐴 ⊃ 𝐴 ∨ 𝐵
8) 𝐵 ⊃ 𝐴 ∨ 𝐵
9) (𝐴 ⊃ 𝐶) ⊃ ((𝐵 ⊃ 𝐶) ⊃ (𝐴 ∨ 𝐵 ⊃ 𝐶))
10) ¬¬𝐴 ⊃ 𝐴
11) 𝐴 ∨ ¬𝐴
12) 𝐵 (𝑛) ⊃ ((𝐴 ⊃ 𝐵) ⊃ ((𝐴 ⊃ ¬𝐵) ⊃ ¬𝐴))
13) 𝐴(𝑛) & 𝐵 (𝑛) ⊃ (𝐴 ⊃ 𝐵) (𝑛)

14) 𝐴(𝑛) & 𝐵 (𝑛) ⊃ (𝐴 & 𝐵) (𝑛)

15) 𝐴(𝑛) & 𝐵 (𝑛) ⊃ (𝐴 ∨ 𝐵) (𝑛)

2. The semantics of C𝑛, 1 ⩽ 𝑛 < 𝜔

Let F denote the set of formulas of C𝑛. Γ will designate any subset of F. Γ ⊢𝑛 𝐴
signifies that the formula 𝐴 is deducible in C𝑛 from Γ. Γ

𝑛
will be an abbrevia-
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tion for the set {𝐴 ∈ F : Γ ⊢𝑛 𝐴}. If no ambiguity arises we will use ⊢ instead
of ⊢𝑛.

Definition 1. The set Γ of formulas is said to be trivial in C𝑛 if Γ
𝑛

= F;
otherwise, Γ is called nontrivial.

Definition 2. Γ is a maximal nontrivial set if it is nontrivial and, for all 𝐴, if
𝐴 ∉ Γ, then Γ ∪ {𝐴} is trivial.

Definition 3. A valuation of C𝑛, 1 ⩽ 𝑛 < 𝜔, is a function 𝑣 : F→ {0, 1} such
that:

1. 𝑣(𝐴 & 𝐵) = 1 ⇔ 𝑣(𝐴) = 𝑣(𝐵) = 1

2. 𝑣(𝐴 ∨ 𝐵) = 1 ⇔ 𝑣(𝐴) = 1 or 𝑣(𝐵) = 1

3. 𝑣(𝐴 ⊃ 𝐵) = 1 ⇔ 𝑣(𝐴) = 0 or 𝑣(𝐵) = 1

4.1. 𝑣(𝐴) = 0 ⇒ 𝑣(¬𝐴) = 1

4.2. 𝑣(𝐴) = 0 ⇒ 𝑣(¬¬𝐴) = 0

4.3. 𝑣(𝐴𝑛−1) = 𝑣(¬𝐴𝑛−1) ⇒ 𝑣(𝐴𝑛)
4.4. 𝑣(𝐴) = 𝑣(¬𝐴) ⇒ 𝑣(¬𝐴1) = 1

4.5. 𝑣(𝐴) ≠ 𝑣(¬𝐴), 𝑣(𝐵) ≠ 𝑣(¬𝐵) ⇒ 𝑣(𝐴 § 𝐵) ≠ 𝑣(¬(𝐴 § 𝐵)) where § is
&, ∨ or ⊃.

If 𝑣 is a valuation of C𝑛, then 𝑣 is a 𝑛-model of Γ (in symbols, 𝑣 |=𝑛 Γ) if for
each 𝐴 ∈ Γ, 𝑣(𝐴) = 1. Γ |=𝑛 𝐴 means that, for all valuations 𝑣 of C𝑛, if 𝑣 |=𝑛 Γ

then 𝑣(𝐴) = 1.

Lemma 1. 𝑣(𝐴(𝑛) ) = 1 ⇒ 𝑣(¬𝐴𝑝) = 0, for 1 ⩽ 𝑝 < 𝑛.

Proof. If 𝑣(𝐴(𝑛) ) = 1, then 𝑣(𝐴1) = . . . = 𝑣(𝐴𝑛) = 1; if 𝑝 < 𝑛 then, for some
𝑚 > 1, 𝑝 = 𝑛 − 𝑚. We apply induction on 𝑚. If 𝑚 = 1, the property follows
immediately by 4.3 of Definition 3, because 𝑣(𝐴𝑛) = 𝑣(𝐴𝑛−1) = 1; let𝑚 > 1 and
suppose 𝑣(¬(𝐴𝑛−(𝑚−1) )) = 0; now ¬(𝐴𝑛−(𝑚−1) ) = ¬(𝐴𝑛−𝑚+1) = ¬((𝐴𝑛−𝑚)1);
if 𝑣(¬(𝐴𝑛−𝑚)1) = 0, then, by 4.4, 𝑣(𝐴𝑛−𝑚) ≠ 𝑣(¬(𝐴𝑛−𝑚)); since 𝑣(𝐴𝑛−𝑚) = 1,
we must have 𝑣(¬(𝐴𝑛−𝑚)) = 0, i.e., 𝑣(¬𝐴𝑝) = 0. ■

Lemma 2. If 𝑣(𝐴) ≠ 𝑣(¬𝐴), then 𝑣(𝐴1) = 1 and 𝑣(¬𝐴1) = 0.

Proof. Suppose 𝑣(𝐴) ≠ 𝑣(¬𝐴). Then, 𝑣(𝐴&¬𝐴) = 0 and, by 4.1 of Definition 3,
𝑣(¬(𝐴&¬𝐴)) = 1; but¬(𝐴&¬𝐴) = 𝐴1. On the other hand, 𝑣(¬¬(𝐴&¬𝐴)) = 0,
by 4.2, and ¬¬(𝐴 & ¬𝐴) = ¬𝐴1. ■
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Corollary 1. If 𝑣(𝐴) ≠ 𝑣(¬𝐴), then, for 𝑚 ⩾ 1, 𝑣(𝐴𝑚) = 1 and 𝑣(¬𝐴𝑚) = 0.

Proof. Follows from Lemma 2 by induction on 𝑚. ■

Corollary 2. 𝑣(𝐴(𝑛) ) = 1 ⇔ 𝑣(𝐴) ≠ 𝑣(¬𝐴).

Proof. I) If 𝑣(𝐴(𝑛) ) = 1, it follows from Lemma 1 that 𝑣(¬𝐴1) = 0; thus, by 4.4,
𝑣(𝐴) ≠ 𝑣(¬𝐴).
II) If 𝑣(𝐴) ≠ 𝑣(¬𝐴), by Corollary 1, 𝑣(𝐴1) = . . . = 𝑣(𝐴𝑛) = 1; thus 𝑣(𝐴(𝑛) ) = 1.
■

Lemma 3. If 𝐴 is an axiom of C𝑛, then 𝑣(𝐴) = 1 for all valuations 𝑣 of C𝑛.

Proof. Immediate for axioms (1)–(11).

(12): Let 𝑣(𝐵 (𝑛) ) = 𝑣(𝐴 ⊃ 𝐵) = 𝑣(𝐴 ⊃ ¬𝐵) = 1. By Corollary 1 of Lemma 2,
𝑣(𝐵) ≠ 𝑣(¬𝐵); if follows that 𝑣(𝐴) = 0 and 𝑣(¬𝐴) = 1.

(13)–(15): Let 𝑣(𝐴(𝑛) = 𝑣(𝐵 (𝑛) = 1; by Corollary 2 of Lemma 2, 𝑣(𝐴) ≠ 𝑣(¬𝐴)
and 𝑣(𝐵) ≠ 𝑣(¬𝐵); by 4.5 of the definition of a valuation, 𝑣(𝐴 § 𝐵) ≠ 𝑣(¬(𝐴 §
𝐵)); by Corollary 2, 𝑣((𝐴 § 𝐵) (𝑛) ) = 1. ■

Theorem of Soundness. Γ ⊢𝑛 𝐴 ⇒ Γ |=𝑛 𝐴.

Proof. By induction on the length of a deduction of 𝐴 from Γ (using Lemma 3).
■

Lemma 4. If Γ is maximal nontrivial (in C𝑛) then 𝐴 ∈ Γ if and only if Γ ⊢𝑛 𝐴.

Proof. Clearly, if 𝐴 ∈ Γ, Γ ⊢ 𝐴. If 𝐴 ∉ Γ, Γ ∪ {𝐴} is trivial, that is, for all 𝐵,
Γ ∪ {𝐴} ⊢ 𝐵; in this case, if Γ ⊢ 𝐴, for all 𝐵, Γ ⊢ 𝐵, that is Γ is trivial; thus
Γ ⊬ 𝐴. ■

Lemma 5. If Γ is maximal nontrivial, then:

1) 𝐴 & 𝐵 ∈ Γ ⇔ 𝐴, 𝐵 ∈ Γ.
2) 𝐴 ∨ 𝐵 ∈ Γ ⇔ 𝐴 ∈ Γ or 𝐵 ∈ Γ.
3) 𝐴 ⊃ 𝐵 ∈ Γ ⇔ 𝐴 ∉ Γ or 𝐵 ∈ Γ.
4) 𝐴 ∉ Γ ⇒ ¬𝐴 ∈ Γ.
5) 𝐴 ∉ Γ ⇒ ¬¬𝐴 ∉ Γ.

Lemma 6. 𝐴(𝑛) ∈ Γ ⇔ 𝐴 ∉ Γ or ¬𝐴 ∉ Γ.
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Proof. I) Since 𝐴(𝑛) , 𝐴,¬𝐴 ⊢ 𝐵 for all 𝐵, if 𝐴(𝑛) , 𝐴,¬𝐴 ∈ Γ Γ is trivial. Then,
if 𝐴(𝑛) ∈ Γ, 𝐴 ∉ Γ or ¬𝐴 ∉ Γ.

II) Let 𝐴(𝑛) ∉ Γ. Since ⊢ 𝐴(𝑛) ∨ ¬𝐴(𝑛) , we have that 𝐴(𝑛) ∨ ¬𝐴(𝑛) ∈ Γ; by
property 2 of the preceding Lemma, if follows that ¬𝐴(𝑛) ∈ Γ; now ¬𝐴(𝑛) ⊢ 𝐴
and ¬𝐴(𝑛) ⊢ ¬𝐴, thus 𝐴,¬𝐴 ∈ Γ. ■

Lemma 7. If Γ is maximal nontrivial, then:

1) 𝐴𝑛−1,¬𝐴𝑛−1 ∈ Γ ⇒ 𝐴𝑛 ∉ Γ.
2) 𝐴,¬𝐴 ∈ Γ ⇒ ¬𝐴1 ∈ Γ.
3) 𝐴 ∉ Γ or ¬𝐴 ∉ Γ, and 𝐵 ∉ Γ or ¬𝐵 ∉ Γ ⇒ 𝐴 § 𝐵 ∉ Γ or ¬(𝐴 § 𝐵) ∉ Γ.

Proof.

1) Suppose 𝐴𝑛−1,¬𝐴𝑛−1 ∈ Γ; now ¬𝐴𝑛−1 ⊢ 𝐴,¬𝐴, 𝐴𝑚 for 𝑚 < 𝑛 − 1;
thus, 𝐴𝑛−1,¬𝐴𝑛−1, 𝐴𝑛 ⊢ 𝐴,¬𝐴, 𝐴(𝑛) ; but, if Γ ⊢ 𝐴,¬𝐴, 𝐴(𝑛) , Γ is trivial;
therefore if 𝐴𝑛−1,¬𝐴𝑛−1 ∈ Γ then 𝐴(𝑛) ∉ Γ.

2) Suppose 𝐴,¬𝐴 ∈ Γ; by property 1 of Lemma 5, 𝐴 & ¬𝐴 ∈ Γ; now 𝐴 &
¬𝐴 ⊢ 𝐴(𝑛) ⊃ ¬𝐴(𝑛) and, since ⊢ (𝐴(𝑛) ⊃ ¬𝐴(𝑛) ) ⊃ ¬𝐴(𝑛) , it follows
that 𝐴 & ¬𝐴 ⊢ ¬𝐴(𝑛) ; but ¬𝐴(𝑛) ⊢ ¬𝐴1 ∨ . . . ∨ ¬𝐴𝑛 and for all 𝑚 ⩾ 1,
¬𝐴𝑚 ⊢ ¬𝐴1; therefore Γ ⊢ ¬𝐴1 and, by Lemma 4, ¬𝐴1 ∈ Γ.

3) Suppose 𝐴 ∉ Γ or ¬𝐴 ∉ Γ and 𝐵 ∉ Γ or ¬𝐵 ∉ Γ; by Lemma 6, it follows
that 𝐴(𝑛) ∈ Γ and 𝐵 (𝑛) ∈ Γ; then, 𝐴(𝑛) & 𝐵 (𝑛) ∈ Γ and, since 𝐴(𝑛) & 𝐵 (𝑛) ⊢
(𝐴 § 𝐵) (𝑛) , it follows that Γ ⊢ (𝐴 § 𝐵) (𝑛) ; thus (𝐴 § 𝐵) (𝑛) ∈ Γ; therefore,
by Lemma 6, 𝐴 § 𝐵 ∉ Γ or ¬(𝐴 § 𝐵) ∉ Γ. ■

Lemma 8. Every maximal nontrivial set Γ of formulas has a model.

Proof. We define the function 𝑣 : F→ {0, 1} as follows: for every formula 𝐴, if
𝐴 ∈ Γ, we put 𝑣(𝐴) = 1; otherwise, 𝑣(𝐴) = 0. Then, we prove that 𝑣 satisfies all
conditions of the definition of a valuation, which amounts for a straightforward
checking, taking into account Lemmas 5 and 7. ■

Theorem of Completeness. Γ |=𝑛 𝐴 ⇒ Γ ⊢𝑛 𝐴.

Proof. By adapting the proof of the corresponding classical theorem, using Lem-
ma 8 and the fact that we can define in C𝑛 a strong negation (¬(𝑛) ), which has
all the properties of classical negation (see [2], p.628). ■
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3. The decidability of the calculi C𝑛, 1 ⩽ 𝑛 < 𝜔

Definition 4. The formula𝐺 is said to be a descendant of the formula 𝐹 if𝐺 is
a subformula of 𝐹 (about this notion, see [3], p.449) or 𝐹 = ¬(𝐴&𝐵), ¬(𝐴∨𝐵),
¬(𝐴 ⊃ 𝐵) and 𝐺 = ¬𝐴 or 𝐺 = ¬𝐵.

Definition 5. 𝐴1, . . . , 𝐴𝑘 is said to be a regular sequence if:
1) for 1 ⩽ 𝑖 ⩽ 𝑘 and for all 𝐵, if 𝐵 is a descendant of 𝐴𝑖 , there is a 𝑗 , such that

𝑗 ⩽ 𝑖 and 𝐴 𝑗 = 𝐵;
2) if 𝐴𝑖 = 𝐴 𝑗 then 𝑖 = 𝑗 .

Definition 6. A quasi-matrix of degree 𝑛 for a regular sequence 𝐴1, . . . , 𝐴𝑘 of
C𝑛, 1 ⩽ 𝑛 < 𝜔, is a table with 𝑝 lines 𝐿1, . . . , 𝐿𝑝 such that:

(a) If 𝑘 = 1, the table is constructed with 2 items, 𝐿1 and 𝐿2, one with the
value 0 and the other with value 1 (i.e., we make (𝐿1 (𝐴1) = 0, 𝐿2 (𝐴1) = 1).

(b) If 𝑘 > 1, the table is the extension of the table with degree 𝑛 for 𝐴1, . . . ,

𝐴𝑘−1, obtained as follows:

(1) If 𝐴𝑘 is atomic, we bifurcate each line 𝐿 into lines 𝐿′ and 𝐿′′, i.e., we
make 𝐿′ (𝐴𝑝) = 𝐿′′ (𝐴𝑝), for every 𝑝 < 𝑘 and 𝐿′ (𝐴𝑘) = 0, 𝐿′′ (𝐴𝑘) = 1.

(2) If 𝐴𝑘 is of the form ¬𝐴 𝑗 , then:
2.1) For every 𝐿 such that 𝐿 (𝐴 𝑗 ) = 0, we make 𝐿 (𝐴𝑘) = 1.
2.2) For every 𝐿 such that 𝐿 (𝐴 𝑗 ) = 1, we proceed as follows:

2.2.1) If 𝐴 𝑗 is atomic, we bifurcate the line.
2.2.2) If 𝐴 𝑗 is of the form ¬𝐴𝑖 (that is, if 𝐴𝑘 = ¬¬𝐴𝑖) then:

2.2.2.1) If 𝐿 (𝐴𝑖) = 0, we put 𝐿 (𝐴𝑘) = 0.
2.2.2.2) If 𝐿 (𝐴𝑖) = 1, we have two subcases:

2.2.2.2.1) 𝐴𝑖 is of the form 𝐴𝑡 &¬𝐴𝑡 ; in this case we
put 𝐿 (𝐴𝑘) = 1.

2.2.2.2.2) 𝐴𝑖 is not of that form; in this case we bi-
furcate the line.

2.2.3) If 𝐴 𝑗 is of the form 𝐴𝑝 § 𝐴𝑞 , we have two cases:
2.2.3.1) 𝐴 𝑗 is of the form 𝐴𝑛−1

𝑡 &¬𝐴𝑛−1
𝑡 . In this case we put

𝐿 (𝐴𝑘) = 0.
2.2.3.2) 𝐴 𝑗 is not of the form 𝐴𝑛−1

𝑡 & ¬𝐴𝑛−1
𝑡 ; then:

2.2.3.2.1) If 𝐿 (𝐴𝑝) = 𝐿 (¬𝐴𝑝) or 𝐿 (𝐴𝑞) = 𝐿 (¬𝐴𝑞)
then we bifurcate the line.
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2.2.3.2.2) Otherwise, we put 𝐿 (𝐴𝑘) = 0.
(3) If 𝐴𝑘 is of the form 𝐴𝑖 & 𝐴 𝑗 , then, for each line 𝐿 of the table of

𝐴1, . . . , 𝐴𝑘−1, we calculate 𝐿 (𝐴𝑘) as in the table for the classical propo-
sitional calculus.

Lemma 9. Let 𝐴1, . . . , 𝐴𝑘 be a regular sequence and let 𝑣 be a valuation of
C𝑛. Then, there is a line 𝐿 of the table of degree 𝑛 for 𝐴1, . . . , 𝐴𝑘 such that, for
1 ⩽ 𝑖 ⩽ 𝑘 , 𝐿 (𝐴𝑖) = 𝑣(𝐴𝑖).

Proof. By induction on the number 𝑘 of formulas of the sequence. Let 𝑘 = 1.
Then, 𝐴1 is atomic; since the table of degree 𝑛 for 𝐴1 contains two lines, 𝐿1 and
𝐿2, and since 𝐿1 (𝐴1) = 0, 𝐿2 (𝐴1) = 1, the property holds whatsoever 𝑣(𝐴1).
Let 𝑘 > 1. Suppose there exists 𝐿 in the table of degree 𝑛 for 𝐴1, . . . , 𝐴𝑘 such
that, for 1 ⩽ 𝑖 ⩽ 𝑘 , 𝐿 (𝐴𝑖) = 𝑣(𝐴𝑖).
1) If 𝐴𝑘 is atomic, 𝐿 will be bifurcated; then whatsoever 𝑣(𝐴𝑘) the property

holds.
2) If 𝐴𝑘 = ¬𝐴 𝑗 for some 𝑗 < 𝑘 , we have the following possibilities>

a) 𝑣(𝐴𝑘) = 1, 𝑣(𝐴 𝑗 ) = 0; then 𝐿 (𝐴 𝑗 ) = 0 and, by 2.1 of Definition 6, we
have 𝐿 (𝐴𝑘) = 1;

b) 𝑣(𝐴𝑘) = 1, 𝑣(𝐴 𝑗 ) = 1; then 𝐿 (𝐴 𝑗 ) = 1. We verify that:

I) It is not the case in 2.2.2.1 of Definition 6, because if we had 𝐴𝑘 =

¬¬𝐴𝑖 then 𝑣(𝐴𝑖) = 1 and by the inductive hypothesis, we would
also have 𝐿 (𝐴𝑖) = 1.

II) It is not the case in 2.2.3.1 of Definition 6, because if 𝐴𝑘 = 𝐴𝑛
𝑡 it is

not possible that 𝑣(𝐴𝑘) = 𝑣(𝐴 𝑗 ) = 1. For, since 𝐴 𝑗 = 𝐴
𝑛−1
𝑡 &¬𝐴𝑛−1

𝑡 ,
if 𝑣(𝐴 𝑗 ) = 1 then 𝑣(𝐴𝑛−1

𝑡 ) = 𝑣(¬𝐴𝑛−1
𝑡 ) = 1, and by Lemma 2, we

should have:

a) 𝑣(𝐴𝑡 ) = 𝑣(¬𝐴𝑡 ) = 1, and
b) for 1 ⩽ 𝑝 < 𝑛, 𝑣(𝐴𝑝

𝑡 ) = 1, thus, if 𝑣(𝐴𝑛
𝑡 ) = 1, we should have

𝑣(𝐴(𝑛)𝑡 ) = 1;

and no valuation is such that 𝑣(𝐴𝑡 ) = 𝑣(¬𝐴𝑡 ) = 𝑣(𝐴(𝑛)𝑡 ) = 1.
III) It is not the case in 2.2.3.2.2 of Definition 6, for, if 𝐴𝑘 = ¬(𝐴𝑝§𝐴𝑞)

and 𝑣(𝐴𝑝 § 𝐴𝑞) = 𝑣(¬(𝐴𝑝 § 𝐴𝑞)), then, in view of 4.5 of Definition
3, 𝑣(𝐴𝑝) = 𝑣(¬𝐴𝑝) or 𝑣(𝐴𝑞) = 𝑣(¬𝐴𝑞). Thus, by the inductive
hypothesis, 𝐿 (𝐴𝑞) = 𝐿 (¬𝐴𝑞) or 𝐿 (𝐴𝑝) = 𝐿 (¬𝐴𝑝).
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In the remaining cases, we verify tht 𝐿 (𝐴𝑘) = 1 or 𝐿 bifurcates. So
the property holds.

c) 𝑣(𝐴𝑘) = 0, 𝑣(𝐴 𝑗 ) = 1.Wemust show that it is not the case in 2.2.2.2.1 of
Definition 6. In fact, if 𝐴𝑘 = ¬𝐴𝑖 and 𝐴𝑖 = 𝐴𝑡&¬𝐴𝑡 , i.e., if 𝐴𝑘 = ¬(𝐴𝑡 )1
by 4.4. of Definition 3, 𝑣(𝐴𝑡 ) = 𝑣(¬𝐴𝑡 ); thus 𝑣(𝐴𝑖) = 0 and, by the
inductive hypothesis, we should also have 𝐿 (𝐴𝑖) = 0. In the remaining
cases, 𝐿 (𝐴𝑘) = 0 or 𝐿 bifurcates.

3) If 𝐴𝑘 = 𝐴 𝑗 § 𝐴𝑖 , it is trivial to show that the property hold. And this ends
the proof. ■

Definition 7. Let 𝐿 be a line of the table of 𝐴1, . . . , 𝐴𝑘 . Then Γ𝐿 will be the
set such that, for all formulas 𝐴, 𝐴 ∈ Γ𝐿 if and only if:
1) 𝐴 = {𝐴1, . . . , 𝐴𝑘} and 𝐿 (𝐴) = 0;
2) 𝐴 ∉ {𝐴1, . . . , 𝐴𝑘} and:

a) 𝐴 = 𝐵 & 𝐶 and 𝐵 ∈ Γ𝐿 or 𝐶 ∈ Γ𝐿 ;
b) 𝐴 = 𝐵 ∨ 𝐶 and 𝐵 ∈ Γ𝐿 and 𝐶 ∈ Γ𝐿 ;
c) 𝐴 = 𝐵 ⊃ 𝐶 and 𝐵 ∉ Γ𝐿 and 𝐶 ∈ Γ𝐿 ;
d) 𝐴 = ¬¬𝐵 and 𝐵 ∈ Γ𝐿 .
e) 𝐴 = ¬(𝐵𝑛−1 & ¬𝐵𝑛−1) and 𝐵𝑛−1,¬𝐵𝑛−1 ∉ Γ𝐿 ;
f) 𝐴 = ¬(𝐵 § 𝐶), 𝐵 § 𝐶 ∉ Γ𝐿 and 𝐵 ∈ Γ𝐿 iff ¬𝐵 ∉ Γ𝐿 and 𝐶 ∈ Γ𝐿 iff
¬𝐶 ∉ Γ𝐿 .

Lemma 10. In all sets Γ𝐿 we have:

1) 𝐴 & 𝐵 ∈ Γ𝐿 iff 𝐴 ∈ Γ𝐿 or 𝐵 ∈ Γ𝐿 ;
2) 𝐴 ∨ 𝐵 ∈ Γ𝐿 iff 𝐴 ∈ Γ𝐿 and 𝐵 ∈ Γ𝐿 ;
3) 𝐴 ⊃ 𝐵 ∈ Γ𝐿 iff 𝐴 ∉ Γ𝐿 and 𝐵 ∈ Γ𝐿 ;
4) ¬𝑝+1𝐴 ∉ Γ𝐿 or ¬𝑝𝐴 ∉ Γ𝐿 ;
5) If 𝐴 ∈ Γ𝐿 then ¬¬𝐴 ∈ Γ𝐿 ;
6) If 𝐴𝑛−1,¬𝐴𝑛−1 ∉ Γ𝐿 then 𝐴𝑛 ∈ Γ𝐿 ;
7) If 𝐴,¬𝐴 ∉ Γ𝐿 then ¬𝐴1 ∉ Γ𝐿 ;
8) If 𝐴 ∈ Γ𝐿 iff ¬𝐴 ∉ Γ𝐿 , and 𝐵 ∈ Γ𝐿 iff ¬𝐵 ∉ Γ𝐿 , then 𝐴 § 𝐵 ∈ Γ𝐿 iff
¬(𝐴 § 𝐵) ∉ Γ𝐿 .

Proof.
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1) a) Let 𝐴 & 𝐵 ∈ Γ𝐿 ; if 𝐴 & 𝐵 ∈ {𝐴1, . . . , 𝐴𝑘} then 𝐿 (𝐴 & 𝐵) = 0 and this
occurs only when 𝐿 (𝐴) = 0 or 𝐿 (𝐵) = 0; but 𝐴, 𝐵 ∈ {𝐴1, . . . , 𝐴𝑘};
then 𝐴 ∈ Γ𝐿 or 𝐵 ∈ Γ𝐿 ; if 𝐴 & 𝐵 ∉ {𝐴1, . . . , 𝐴𝑘} then, directly from
Definition 7, we have that 𝐴 ∈ Γ𝐿 or 𝐵 ∈ Γ𝐿 .

b) Suppose 𝐴 & 𝐵 ∉ Γ𝐿 ; if 𝐴 & 𝐵 ∈ {𝐴1, . . . , 𝐴𝑘} then 𝐿 (𝐴 & 𝐵) = 1;
consequently 𝐿 (𝐴) = 𝐿 (𝐵) = 1; therefore, since 𝐴, 𝐵 ∈ {𝐴1, . . . , 𝐴𝑘}, it
follows that 𝐴, 𝐵 ∉ Γ𝐿 ; if 𝐴 & 𝐵 ∉ {𝐴1, . . . , 𝐴𝑘}, we have directly that
𝐴, 𝐵 ∈ Γ𝐿 .

2) and 3) are easy to prove.

4) The proof of this property is by induction on 𝑝.

a) Let 𝑝 = 0. Since ¬𝑝+1𝐴 is not of the form ¬¬𝐵, if ¬𝑝+1𝐴 ∈ Γ𝐿 , then
¬𝑝+1𝐴 ∈ {𝐴1, . . . , 𝐴𝑘} and 𝐿 (¬𝑝+1𝐴) = 0. It follows from 2.1 that
𝐿 (¬𝑝𝐴) = 1; since ¬𝑝𝐴 also is in {𝐴1, . . . , 𝐴𝑘}, ¬𝑝𝐴 ∉ Γ𝐿 .

b) Let 𝑝 > 0. Suppose that ¬𝑝+1𝐴 ∈ Γ𝐿 . If ¬𝑝+1𝐴 ∈ {𝐴1, . . . , 𝐴𝑘}
we have the same case as in a). Suppose that ¬𝑝+1𝐴 ∉ {𝐴1, . . . , 𝐴𝑘}.
Then ¬𝑝−1𝐴 ∈ Γ𝐿 and it follows from the inductive hypothesis that
¬(𝑝−1)+1𝐴 ∉ Γ𝐿 , i.e., that ¬𝑝𝐴 ∉ Γ𝐿 .

5) Suppose that 𝐴 ∈ Γ𝐿 . If ¬¬𝐴 ∈ {𝐴1, . . . , 𝐴𝑘} then 𝐴 ∈ {𝐴1, . . . , 𝐴𝑘} and
𝐿 (𝐴) = 0; hence, 𝐿 (¬¬𝐴) = 0 and ¬¬𝐴 ∈ Γ𝐿 . If ¬¬𝐴 ∉ {𝐴1, . . . , 𝐴𝑘} we
have directly that ¬¬𝐴 ∈ Γ𝐿 .

6) Let 𝐴𝑛−1,¬𝐴𝑛−1 ∉ Γ𝐿 . If 𝐴𝑛 ∈ {𝐴1, . . . , 𝐴𝑘} so 𝐴𝑛−1,¬𝐴𝑛−1 ∈ {𝐴1, . . . ,

𝐴𝑘} and 𝐿 (𝐴𝑛−1) = 𝐿 (¬𝐴𝑛−1) = 1 and 𝐿 (𝐴𝑛−1 &¬𝐴𝑛−1) = 1. Thus we are
in case 2.2.3.1 of Definition 6, and we have 𝐿 (𝐴𝑛) = 0; hence 𝐴𝑛 ∈ Γ𝐿 . If
𝐴𝑛 ∉ {𝐴1, . . . , 𝐴𝑘} then we hae directly that 𝐴𝑛 ∈ Γ𝐿 .

7) Suppose that 𝐴,¬𝐴 ∉ Γ𝐿 and remember that 𝐴1 = ¬¬(𝐴 & ¬𝐴). Then
𝐴,¬𝐴 ∈ {𝐴1, . . . , 𝐴𝑘} and 𝐿 (𝐴) = 𝐿 (¬𝐴) = 1; thus 𝐿 (𝐴 & ¬𝐴) = 1 and,
by 2.2.2.2.1, 𝐿 (𝐴1) = 1; hence, ¬𝐴1 ∉ Γ𝐿 . Let ¬𝐴1 ∉ {𝐴1, . . . , 𝐴𝑘}. Since
𝐴,¬𝐴 ∈ Γ𝐿 , by property 1, 𝐴&¬𝐴 ∈ Γ𝐿 and by condition d) of Definition 7,
¬¬(𝐴 & ¬𝐴) ∈ Γ𝐿 ; thus 𝐴1 ∈ Γ𝑙 .

8) Let 𝐴 ∈ Γ𝐿 iff ¬𝐴 ∉ Γ𝐿 and 𝐵 ∈ Γ𝐿 iff ¬𝐵 ∉ Γ𝐿 . Suppose that ¬(𝐴 §
𝐵) ∈ {𝐴1, . . . , 𝐴𝑘}. Then 𝐴,¬𝐴, 𝐵,¬𝐵, 𝐴 § 𝐵 ∈ {𝐴1, . . . , 𝐴𝑘} and 𝐿 (𝐴) ≠
𝐿 (¬𝐴), 𝐿 (𝐵) ≠ 𝐿 (¬𝐵). Now if 𝐿 (𝐴§𝐵) = 0, by 2.1, 𝐿 (¬(𝐴§𝐵)) = 1 and if
𝐿 (𝐴 §𝐵) = 1, we have either case 2.2.3.1 or case 2.2.3.2.2; and in both cases
we have 𝐿 (¬(𝐴§𝐵)) = 0. Thus we always have 𝐿 (𝐴§𝐵) ≠ 𝐿 (¬(𝐴§𝐵)); it
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follows that 𝐴 § 𝐵 ∈ Γ𝐿 iff ¬(𝐴 § 𝐵) ∉ Γ𝐿 . On the other hand, if ¬(𝐴 § 𝐵) ∉
{𝐴1, . . . , 𝐴𝑘} then we have directly that 𝐴 § 𝐵 ∈ Γ𝐿 iff ¬(𝐴 § 𝐵) ∉ Γ𝐿 . ■

Lemma 11. For all lines of a quasi-matrix of C𝑛 for 𝐴1, . . . , 𝐴𝑘 , there is a val-
uation 𝑣 of C𝑛, such that, for 1 ⩽ 𝑖 ⩽ 𝑘 , 𝑣(𝐴𝑖) = 𝐿 (𝐴𝑖).

Proof. We construct, for each line 𝐿, the set Γ𝐿 as in Definition 7, and a function
𝑓𝐿 , of F into {0, 1} such that 𝑓𝐿 (𝐴) = 0 iff 𝐴 ∈ Γ𝐿 . It is easy to verify, using
Lemma 10, that 𝑓𝐿 is a valuation; but, by construction, 𝑓𝐿 (𝐴) = 𝐿 (𝐴) for all
𝐴 ∈ {𝐴1, . . . , 𝐴𝑘}. ■

Theorem. Let 𝑇 be a quasi-matrix for 𝐴1, . . . , 𝐴𝑘 . For 1 ⩽ 𝑖 ⩽ 𝑘 , ⊢ 𝐴𝑖 if and oly
if for each line 𝐿 of 𝑇 , 𝐿 (𝐴𝑖) = 1.

Proof. If ⊢ 𝐴𝑖 , then, for all valuations 𝑣 of C𝑛, 𝑣(𝐴𝑖) = 1, by soundness. But if
follows, by Lemma 11, that, if there is 𝐿 of 𝑇 , such that 𝐿 (𝐴𝑖) = 0, then there
is a valuation 𝑣 of C𝑛, such that 𝑣(𝐴𝑖) = 0. Therefore, for each line 𝐿 of 𝑇 ,
𝐿 (𝐴𝑖) = 1. If ⊬ 𝐴𝑖 , by completeness, there is a valuation 𝑣, such that 𝑣(𝐴𝑖) = 0.
But, by Lemma 9, there is a line 𝐿 of 𝑇 such that 𝐿 (𝐴𝑖) = 𝑣(𝐴𝑖); so there is a
line 𝐿 of 𝑇 such that 𝐿 (𝐴𝑖) = 0. ■

Corollary. The calculi C𝑛, 1 ⩽ 𝑛 < 𝜔, are decidable by he quasi-matrices.
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