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Valuations in Temporal Logic*

ANDREA M. LoPARIC
CEzZAR A. MORTARI

Abstract: In this paper we apply, to the minimal temporal calculus Kt, the valuation
semantics proposed by A. M. Lopari¢ for Kripke’s calculus K. After presenting an ax-
iomatic basis and defining valuations for Kt, we prove correctness and completeness
theorems.
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1. Introduction

This expository paper! presents an application of the valuation semantics pro-
posed by A. M. Lopari¢ for Kripke’s calculus K to the minimal temporal calculus
K;. (See [1]).

The vocabulary of K; contains the following symbols:

(a)  An enumerable set of propositional variables;

(b)  Connectives: - (negation), G (strong future), H (strong past), — (material
implication).

(c)  Parentheses: (, ).

Well-formed formulas (wffs) are defined in the usual way. We will use cap-
ital Roman letters as syntactical variables for wffs and capital Greek letters for
sets of wifs. ‘FOR’ will stand for the set of all wifs.

An axiomatic basis for K; is given by the postulates below:

P;. A>(B—> A)
Py, (A= (B—C)— ((A—B)—>(A-0)
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P;. (=B — -A) > ((-B— A) —» B)
P, A,LA—>B/B (MP)

Ps. G(A— B) —» (GA — GB)

Ps. H(A — B) » (HA — HB)

P;. -G-HA — A

Ps. —H-GA — A

Py. A/GA (RG)

Pyp. A/HA (RH)

Proof and theorem are defined in the usual way.

1.1 Definition. I' + A (A is a syntactic consequence of the set I') if there is a
sequence Dy, ..., D,, of wifs (called a deduction of A from I') such that D,,, = A
and, for 1 < i < m,a) D; € T'; or b) D; is an axiom; or c) thereisa j < i and a
k < isuchthat Dy = D; — D;; or d) thereis a j < i such that D; = GD; and
some subsequence of Dy, ..., D; is a proof of D; or e) there is a j < i such
that D; = HD; and some subsequence of Dy, ..., D; is a proof of D;

Given the symmetry between the operators G and H, we use V as a syntac-
tical variable for ‘G’ and ‘H’, in definitions or proofs that hold of both operators.
The following metatheorems hold for K;:

1.2 Theorem (Deduction Theorem). ' U {B} + A iff '+ B — A.

1.3 Theorem. If I'+ A then VI" + VA (where VI = {VB : B € T'}).

2. Semi-valuations for Kt

2.1 Definition. B is a subformula of A if a) B = A; or b) for some subformula
Cof A,i) C = =B;orii) C = GB;oriii) C = HB; or iv) for some D,C =B — D
orC=D — B.

2.2 Definition. Aj,..., A, is a normal sequence if, for 1 < i < n,a)if Bisa
subformula of A;, thereisa j < isuchthat B=A;;b)for1<i< j,ifA;=A;
theni =j.

2.3 Definition. A semi-valuation s is a function from FOR into {0, 1} such
that:
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1) s(=A)=1iff s(A) =0;
2) s(A— B)=1iff s(A)=0ors(B) =1.

3. Valuations for Kt
3.1 Definition. Let I" be a set of wifs and f a function from a set A, containing
I, into {0, 1}:

1) TV =4 {Fel: forsome F',F =VF'};

2) (V) =4 {F:VF eI}

3) fET =4 forevery FeTl, f(F)=1;

4) T'py =a¢ {Fel': f(F)=u} (whereu € {0,1}).

3.2 Definition. Let Ay, ..., A, be a normal sequence and f, f’ functions from
FOR into {0, 1}. For 1 € k < n, we say that:

fR) it f7 8({A1,-..,Ak}?,1) and f Fe({Ar,..., A}l ).
3.3 Definition. visan Ay, ..., A,-valuationif Ay, ..., A, isanormal sequence
and:
1) n=1and v is a semi-valuation;

2) n>1,visan Aq,...,A,_1-valuation and, if for some m < n, A,, = VA,,,

I) if v(A,) = 0, then there is an Aq,..., A, _;-valuation v’ such that
V' (Ay) =0and, for V=G, v(n—1)v;for V=H,v(n-1)v;
II) if v(A,) = 1, then, for every p, every g, ¢ < p < nsuch that A, =

VA, and v(A,) = 0 there is an Ay, ..., A,_;-valuation v, such that
vp(Ag) = 0,v,(Ap) = 1and, for V = G, v(n — 1)v,; for V = H,
vp(n—=1)v.
3.4 Definition. v is a valuation if, for every normal sequence Ay, ..., A, v is
an A4, ..., A,-valuation.
3.5 Definition. Let v be an A;, ..., A,_;-valuation and A, ..., A, a normal
sequence. We say that v’ is the canonical extension of v to Ay, ..., Ay if

A) for everym < n, A, # VA, and v’ = v;
B) for some m < n, A, = VA,, and v’ is a function from FOR into {0, 1} such
that for every wif F,



102 Andréa M. Lopari¢ and Cezar A. Mortari

1) if A,, is not a subformula of F, then v/ (F) = v(F);
2) if A, is a subformula of F, then:

a) for F =A,, v (F)=0Iiff thereis an Ay, ..., A,—;-valuation v such
that v(A,,) =0and, for V=G, v(n—-1)v;for V=H,v(n—1)v;

b) for F =~=F',v/(F)=1iff v'(F’) = 0;

c) forF=F — F’, v/ (F)=1iftVv(F')=00rVv(F") =1;

d) for F=VF' v/(F) =v(F).

3.6 Lemma. Ifvisan A, ..., A,—1-valuation and v’ is the canonical extension

of vtoAi,..., Ay, thenv' is a semi-valuation.
Proof. Follows immediately from definition 3.5. ]

3.7 Definition. Letvbean Ay, ..., A,-valuation. For 1 < k < n, we say that: v
is V-Ay, ..., Ag-normalif, for every p,every q,q < p < ksuchthat A, = VA,
and v(A,) = 0, there is an Ay, . .., Ag-valuation v, such that v, (A4,) = 0 and,
for V=G, v(k)vp;for V=H,v,(k)v.

3.8 Lemma. LetAq,..., A, beanormal sequence,v an Ay, . .., Ay—1-valuation
and Vv’ the canonical extension of v to Ay, ..., An. Assumer further that v is G-
and H-A4, ..., A,_1-normal. In this case, v’ is an A4, . .., A,-valuation.

Proof. First,v’isan Ay,..., A,_1-valuation, because v’ is a semi-valuation (by
3.6) and, by construction, for 1 < i < n, v'(A;) = v(A;).

1) If, for every m < n, A, # VA,,, v’ satisfies all conditions of the definition
(3.3) of an Ay, ..., A,-valuation.

2) If, for some m < n, A,, = VA,,, we have two cases:

I) v/(A,) = 0. Suppose V = G. From 3.5.B.2.a, there is an Ay,..., A,y-1-
valuation v such that v(A,,) = 0 and v(n — 1)v. Since, for 1 < i < n, v'(4;) =
v(A;), v/ (n — 1)v; thus the conditions of the definition 3.3 are satisfied, and v’
isan Ay, ..., Ay-valuation. For V = H, the proof is analogous.

II) v'(A,) = 1. Suppose V = G. Let ¢ < p < n be such that A, = GA, and
v/(Ap) =0.Thenv(A,) = 0 and, since v is G-Ay, . . ., A,—1-normal, there is an
A1, ..., Ap—1-valuation v, such that v, (A,) = 0 and v(n—1)v,,. Hence, v/ (n —
1)v,. Now, if we have v,,(A,,) = 0, we should have, by 3.5B.2.a, v'(A,) = 0
(taking v = v,,); 50, v, (A,,) = 1. Thus, v, (Ag) = 0,v,(A,,) = Land v/ (n=1)v),.
By 3.3.2II, v’ isan Ay, . .., A,-valuation. For V = H, the proof is analogous. ®
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3.9Lemma. Letv bean A4, ..., A, -valuation. Thenv isG-and H-A4, ..., A, -
normal.

Proof. By induction on n. For n = 1 the property trivially holds. Let n > 1

and assume (inductive hypothesis) that every Ay, . .., A,_;-valuation is G- and
H-Aq,...,A,_i-normal. Then it follows from Lemma 3.8 that:
() The canonical extensions of the Ay, ..., A,—1-valuations are Ay, ..., Ay,-
valuations.

We prove the lemma by examining three cases:

(A) If, for every m < n, A, # VA, the proof is immediate.
(B) Suppose that, for some m < n, A, = GA,.

I) Let v(A,) = 0. We have;

1) e({Aq,.. ~,An}g,1) =e({Ay, .. ~,An—1}g,1);
2) e({Ay,..., An}:',’l) = e({Aq,..., An—l}t[u) for every Aq,...,A,_1-
valuation v’.

Since, by the inductive hypothesis, vis G-Ay, . . ., A,_;-normal, we have:

3) forevery p,everyq,q < p < nsuchthat A, = GA;andv(A,) = 0there
isan Ay, ..., A,_;-valuation v, such that v,(A;) =0 and v(n — 1)v,,.

For every p,let v, be the canonical extension of v, to Ay, ..., A,. Then:
4) v(Ap) =0andv(n—1)v,.

From 1), 2) and 4):
5) v(n)vp.

From (), 3), 4) and 5), then:
6) for every p, every g, g < p < nsuch that A, = GA, and v(4,) =0

there is an Ay, ..., A,-valuation v, such that v, (A;) = 0 and v(n)v,,.
Now, since v is an Ay, ..., A,-valuation, we have, by 3.3:
7) there is an Ay, ..., A,_1-valuation v, (v,, = V') such that v,(A,,) = 0

and v(n — 1)v,.

Let v,, be the canonical extension of v,, to A4, ..., A,. Then:
8) viu(Ay) =0andv(n—1)v,.

From 1), 2) and 8)
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9) v(n)vy,.
From (), 7), 8) and 9),

10) for p = n,q = m, A, = GA; and v(A,) = 0, there is an Ay, ..., A,-
valuation v,, such that v,,(A,,) = 0 and v(n)v,.

From 6) and 10), then, v is G-Ay, ..., A,;-normal.

II) Let v(A,) = 1. We have:

1) 8({Al’ R An}g’l) = 8({A15 R Anfl}\cil) U {Am},
2) e({Ay,... ,An}:',’l) = e({Aq,... ’A"_l}\lj’,l) for every Aq,...,A,_1-
valuation v’.

Since v(A;) = 1, we get, from 3.3.2.1I:

3) for every p, every q, q < p < nsuch that A, = GA; and v(4,) = 0,
thereisan Ay, ..., A,—1-valuation v, suchthatv,(4,) = 0,v,(A;n) =1
and v(n —1)vp.

For every p,let v, be the canonical extension of v, to Ay, ..., A,. Then:

4) Vp(Ap) =0,V,(A) =1and v(n —1)v),.

From 1), 2) and 4)

5) v(n)vp.

Hence, from (1), 3), 4) and 5), v is G-Ay, . .., A,-normal.

The proof, in case (B).IL, that v is H-Aj, ..., A,-normal is straightforward and
can be carried out without difficulty. Thus, we omit it here.

(C) Suppose that, for some m < n, A,, = HA,,. The proof is analogous to case

(B). [
3.10 Corollary. Let Ay, ..., A, beanormal sequence,v an Ay, ..., A,_1-valua-
tion and v’ the canonical extension of v to Ay, ..., A,. ThenVv' isan Ay, ..., Ay-

valuation and, for1 < i < n,v'(A;) = v(A;).
Proof. Easily, from 3.5, 3.8 and 3.9. ]

3.11 Theorem. v is an Ay, ..., Ay-valuation iff: 1) Ay, ..., A, is a normal se-
quence; 2) v is a semi-valuation; 3) v is G- and H-Aq, . . ., A,-normal.
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Proof. A)Ifvisan Ay, ..., A,-valuation, the proposition immediately follows
from 3.3 and 3.9.

B) Let Ay, ..., A, be a normal sequence and v a function from FOR into {0, 1}
satisfying 2) and 3). We prove the theorem by induction on n. If n = 1, it follows
from 2) that v is an A;-valuation. Let n > 1 and suppose that every function
from FOR into {0, 1} that satisfies 2) and is G- and H-A4, ..., A,,_;-normal is an
Aq,...,A,_q-valuation. Since v is G- and H-A4, ..., A,,-normal, v is G- and H-
A1, ..., A,_1-normal; since v satisfies 2), v is an Ay, ..., A,_;-valuation. Now
we have three cases:

1) If, for every m < n, A, # VA,,, there is nothing to prove.

2) For some m < n, A,, = GA,,.

I) v(A,) = 0. Since v is G-Ay, ..., A,-normal there is an A4, ..., A,-valu-
ation v, such that v, (A,;,) = 0 and v(n)v,. Obviously v, is an A;, ..., A,_1-
valuation and v(n — 1)v,,. Hence, v is an Ay, . . ., A,-valuation.

II) v(A,) = 1. Since v is G-Ay, ..., Ay-normal, for every p, every ¢, ¢ <
p <nsuchthat A, = GA; and v(A,) = 0 thereis an Ay, ..., A,-valuation v,

such that v, (A;) = 0 and v(n)v,. Obviously v, is an Ay, ..., A,_;-valuation,
vp(Ap) =1and v(n —1)v,. Therefore v is an Ay, ..., A,-valuation.
3) For some m < n, A,, = HA,,. Proof as in case 2). [

4. Correctness

4.1 Definition. | F if, for every valuation v, v(F) = 1; I" | F if, for every
valuation v, if v = I" then v(F) = 1.

4.2 Lemma. Letv be an A4, ..., A,-valuation; then for 1 < i < n, if A; is an
axiom of Ky, v(A;) = 1.

Proof. a) If A; is an axiom of the classical propositional calculus (P;-P3), then,
since v is a semi-valuation, v(A;) = 1.

b) Let A; be of the form V(A — B) — (VA — VB).If v(4;) = 0, then
v(V(A — B)) = v(VA) = 1, and v(VB) = 0. In this case, by 3.11, there is an
A1, ..., A,-valuation v/ such that v/(B) = 0 and, for V = G, v(n)v’. Since A,
A — Bee({Aq,... ,An}g’l), we have v/ (A) = v/(B) = 0 — and this is not
possible. Therefore, v(A;) = 1. For V = H, the proof is similar.
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c) Let A; be of the form -G—-HA — A. Suppose v(=G-HA) = 1: then v(G—-HA)
= 0. From 3.11 there is an Ay, .. ., A,-valuation v’ such that v/ (-HA) = 0 and
v(n)v'. Thenv'(HA) =1and A € e({A4, ..., A,,}t',’l). So v(A) = 1; therefore,
v(A;) = 1.

d) Let A; be of the form -H-GA — A. Proof like in case c) [

4.3 Theorem. If F is an axiom of K, then |= F.
Proof. Easily, from 3.4, 4.1 and 4.2. [ ]

4.4 Lemma. Foreveryn, everyi,1<i< n,ifvisanAy,...,A,-valuation and
F A;, thenv(A;) = 1.

Proof. By induction on the number r of rows of a proof for A; in K;.

A)Ifr =1, A; is an axiom and the property follows from 4.2.

B) If » > 1, A; is an axiom, and the property follows form 4.2, or:

a) A; was obtained by MP from B, B — A;; we have + Band - B — A;.

Obviously every normal sequence o in which A; occurs can be extended to
a normal sequence ¢’ in which B and B — A; occur, too. Suppose v is a 0-
valuation and v(A;) = 0.In this case, we can get v’ by canonically extending v to
o’; v’ is a 0”’-valuation and, of course, v/ (A;) = v(A;) = 0. But, by the inductive
hypothesis, v/(B) = v/(B — A;) = 1. Thus, it is impossible v(A;) = 0.

b) A; = VA, and was obtained from A ; by RV. For every normal sequence o in
which A; occurs, A; occurs, too; hence, by the inductive hypothesis, for every
o-valuation v, v(A;) = 1. It follows from 3.11 that, for every o-valuation v,
v(A;) = 1. [

4.5 Corollary. If + F then = F.
4.6 Theorem (Correctness Theorem). If I' + F then T = F.

Proof. By induction on the number r of rows of a deduction of F fromI". m

5. Completeness

To prove completeness of K; we use the properties of F-saturated sets.

5.1 Definition. A is an F-saturated set if A ¥ F and for every F’ ¢ A, AU
{F'}+ F.
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5.2 Lemma. IfA is an F-saturated set,
a) AeAiffAr A;

b) —AcAiffA¢A;

c) A->BeAiffA¢AorBeA.

5.3 Lemma. IfT" ¥ F, then there is an F-saturated set A such thatT" C A.

Proof. By a standard Lindenbaum argument. ]
5.4 Lemma. IfT" ¥ VF then there is an F-saturated set A such that s(TV) C A.
Proof. 1t follows easily from 1.3 and 5.4. ]
5.5 Lemma. IfA is F-saturated, A is F'-saturated, e(AS) C A" iffe(A’M) C A.

Proof. Suppose £(A®) C A’, and let A € &(A’M). Then HA € A’, and —~HA ¢
A’. In this case, since €(A°) € A, G=HA ¢ A; thus -G-HA € A. Since
-G-HA — A, A+ A, thatis, A € A. So £(A’M) C A. The converse is proved in

a similar way. ]
5.6 Theorem. For every set A, every wff F, every sequence A1, ..., A,, every
function f, if A is an F-saturated set, and Ay, ..., A, is a normal sequence, the
characteristic function f, of A, is an Ay, . .., A,-valuation.

Proof. First, it is easy to prove, by 5.2, that:

() for every A, every F, every normal sequence Ay, ..., A, and every f, if
f is the characteristic function of A, then f is a semi-valuation.

We now apply induction on 7 to prove the theorem. For n = 1 the property
trivially holds (from () above). Suppose it holds for n— 1 and let Ay, ..., A, be
anormal sequence, A an F-saturated set and f the characteristic function of A.

1) If, for every m < n, A, # VA,,, trivially f isan Ay, ..., A,-valuation.

2) For some m < n, A,, = GA,,.

I) f(A,) = 0. Then A, ¢ A, that is, A ¥ GA,,. From 5.4 there exists A’ A,,-
saturated such that £(AS) C A’. In this case, by 5.5, e(A’") C A. Lef f” be
the characteristic function of A’. By the induction hypothesis, f and f’ are
Ai,...,A,_1-valuations. Since {Ay,..., A,,,l}?’1 C A, we have ¢({A4, ...,
An_l}?’l) C (NS C Asthus f Ee({Ay,..., An_l}?’l). On the other hand,
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{A1,~--,An—1}?,’1 C A’; therefore, s({Al,...,An_l}?,’l) c e(AHH c A
Therefore, f E e({Ay,... ,An—1}?/,1)~ Then by 3.2 we get f(n — 1) f’. And,
since A’ is an A,,-saturated set, f'(A;;) = 0. Thus we have: if f(A,) =0, there
isan Ay, ..., A,_i-valuation f”’ such that f'(A,,) =0and f(n—1) f’. From 3.3,
fisan Ay,...,A,-valuation.

II) f(A,) = 1. Suppose there is p, there is g, ¢ < p < n such that A, = GA,
and f(A,) = 0. Then GA, ¢ A and A ¥ GA,. By 5.4 there is A" A,-saturated
such that s(AG) C A’; in this case, by 5.5, we have e(A'M) € A. Let f’ be
the characteristic function of A’. Analogously to the preceding case, we show
that f(n — 1) f’. Since A" is A,-saturated, f'(A4) = 0; and since A,, € £(A%),
f'(Ay) = 1. Thenif f(A,;) =1, fisan Ay, ..., A,-valuation.

3) For some m < n, A,, = HA,,,. Proof as 2) above. [

5.7 Theorem. v is a valuation iff for some A and some F such that A is F-
saturated, v is the characteristic function of A.

Proof. Suppose that v is a valuation. Let [v]; = {A : v(A) = 1}, and [v]o = {B:
v(B) = 0}. Let F € [v]o; then F ¢ [v]1, and we easily see that [v]; ¥ F. Let F’
be a wif such that F’ ¢ [v];. Then v(F’) =0, v(=F’) = 1 and =F’ € [v];. But
v(=F" — (F' - F)) =1;s0 -F' — (F' — F) € [v];. Thus [v]; + F/ — F;
hence, [v]; U{F’'} + F.Let A = [v];. Then A is an F-saturated set and, by
construction of A, v is the characteristic function of A. The converse is proved
similarly. ]

5.8 Theorem (Completeness Theorem). If I' = F then' + F.

Proof. 1t follows easily from 4.1, 5.3 and 5.7. ]

6. Final Remarks

In forthcoming papers, we will show how the valuation semantics here pre-
sented can be used to generate a decision procedure for K;. We will also show
how it is possible to apply the valuation semantics to other temporal calculi

(see [2]).
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Notes

The results presented in this paper were delivered as a communication at the Fourth Brazilian
Conference on Mathematical Logic (UNICAMP - Campinas, November 24-25, 1980).






