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Some Remarks on ‘Two Systems of Deontic
Logic’

Frank Thomas Sautter

Abstract: I will present an analysis of the paper ‘Two Systems of Deontic Logic’, writ-
ten jointly by Andrea Maria Altino de Campos Loparic and Leila Zardo Puga. In it they
developed an axiomatic system for a paraconsistent first-order deontic logic. I will ex-
amine its capacity to cope with the deontic paradoxes.
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The paper ‘Two Systems of Deontic Logic’, written jointly by Andréa Maria Al-
tino de Campos Loparić and Leila Zardo Puga, was first published in the Volume
15 of the Bulletin of the Section of Logic in 1986 and reedited in 2007 [6]. Col-
laborative work was and, to a certain extent, still is a common practice within
the Brazilian school of logic.The collaboration on this paper, in particular, is far
from artificial: it brings together Puga’s expertise regarding Deontic Logic1 and
Loparić’s expertise in building semantics for non-classical logics.2

In this note, I will comment on the axiomatic systems 𝐷=
0 and 𝐷=

1 , con-
cluding my remarks with some comments on the philosophical significance of
non-classical contexts for deontic modalities.

The axiomatic system𝐷=
0 for classical first-order deontic logicwith identity

is constituted as follows:

• 𝐴1 to 𝐴3 and 𝑅1 is a sound and complete axiomatic system for classi-
cal propositional logic. It is a slightly modified version of Mendelson’s
axiomatic system (see [8, p.31]).3

• 𝐴4 is axiom D for consistency; it is logically equivalent to ∼(𝑂𝐴∧𝑂 ∼ 𝐴)
in normal modal logics, and it fixes the accessibility relation of normal
frames 𝐹 = ⟨𝑊, 𝑅⟩ as serial, i.e., ∀𝑥 ∈ 𝑊 ∃𝑦 ∈ 𝑊, 𝑥𝑅𝑦.

• 𝐴5 is axiom K for distribution; it fixes the system as a normal one.
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• 𝐴6 is axiom 5; it fixes the accessibility relation of normal frames as Eu-
clidean, i.e., ∀𝑥, 𝑦, 𝑧 ∈ 𝑊, (𝑥𝑅𝑦 ∧ 𝑥𝑅𝑧) → 𝑦𝑅𝑧.

• 𝑅2 is th rule of (deontic) necessitation; 𝐴1 to 𝐴6, and 𝑅1 and 𝑅2 is the
Standard Deontic Logic; it is the deontic version of the alethic system S5.

• 𝐴7 to 𝐴9 are classical axioms for identity.

• 𝐴10 or 𝑃∃𝑥𝐴 → ∃𝑥𝑃𝐴4, by duality, is a deontic version of the Barcan
formula; it fixes the frames as anti-monotonic, i.e., if Γ𝑅Δ then 𝐷 (Δ) ⊆
𝐷 (Γ), where 𝐷 (Λ) is the domain of Λ (see [4]). It imposes the meta-
physical thesis of actualism on frames, i.e., there are no merely possible
individuals. It is curious that there is not, among the axioms, the deontic
version of the Converse of the Barcan Formula, i.e., 𝑂∀𝑥𝐴 → ∀𝑥𝑂𝐴 or
∃𝑥𝑃𝐴 → 𝑃∃𝑥𝐴, by duality. The Converse of the Barcan Formula fixes
the frames as monotonic, i.e., if Γ𝑅Δ then 𝐷 (Γ) ⊆ 𝐷 (Δ); it imposes a
much more innocuous metaphysical thesis, namely, individual does not
cease to exist. Apparently, the Converse of the Barcan Formula is par-
tially realized by 𝐴11; this axiom expresses that if individuals are distinct
in the actual world, so they are in all worlds accessible from the actual
world.

The axiomatic system 𝐷=
1 for paraconsistent first-order deontic logic with

identity is constituted as follows:

• 𝐴1 to 𝐴8, and 𝑅1 is the Positive Logic of Hilbert and Bernays (see [3, p.8]).

• 𝐴9 and 𝐴10 say, jointly, that every formula is truth or false, but it is not
excluded the possibility that some of them are truth and false at the same
time (see [3, p.9]).

• 𝐴11 and 𝐴12 regulate the deductive behaviour of consistent or well-be-
haved formulas5. 𝐴11 corresponds to Axiom 10 and 𝐴12 corresponds to
Axioms 14 to 16 in da Costa’s seminal work (see [3, p.10]).

• 𝐴13 conveys well-behaviness to deontic formulas.

• 𝐴14 to 𝐴16, and 𝑅2 characterize the deontic system KD5. 𝐴14 corresponds
to AxiomD, 𝐴15 to AxiomK, and 𝐴16 to Axiom 5; 𝑅2 is the Rule of Deontic
Necessitation.
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• 𝐴17 to 𝐴21, 𝑅3 and 𝑅4 correspond to formulas and rules also found in da
Costa’s seminal work (see [3, pp.23, 33]).

On the philosophical importance of the systems 𝐷=
0 and 𝐷=

1 , Loparić and
Puga emphasize the possibility of an alternative treatment for moral dilemmas.
They characterize moral dilemmas as ‘situations in which one has, for some
sentence A, that 𝑂𝐴 ∧ 𝑂 ∼ 𝐴 is true, where ∧ and ∼ are the symbols for con-
junction and negation respectively (. . . )’. This is a usual way to present them, if
we deal with only one type of modalities. If two types of modalities are avail-
able — deontic and alethic ones —, then there is a more general definition of
moral dilemmas (see [2, p.228]):

• one ought all-things-considered to do 𝐴;6

• one ought all-things-considered to do 𝐵;

• it is impossible to do 𝐴 and 𝐵.7

It is not difficult to see that Loparić and Puga’s characterization is a partic-
ular case of this last definition since if some situation is metaphysically impos-
sible (such as 𝐴 ∧ ∼ 𝐴), it is also physically or psychologically impossible.

Brink [2, p.228] deduces a contradiction from a moral dilemma in the fol-
lowing manner:

1. 𝑂𝐴, premise

2. 𝑂𝐵, premise

3. ∼^(𝐴 ∧ 𝐵), premise

4. (𝑂𝐴 ∧𝑂𝐵) → 𝑂 (𝐴 ∧ 𝐵), Principle of Agglomeration

5. 𝑂 (𝐴 ∧ 𝐵), by 1,2, and 4

6. 𝑂 (𝐴 ∧ 𝐵) → ^(𝐴 ∧ 𝐵), Principle of Voluntarism

7. ^(𝐴 ∧ 𝐵), by 5 and 6; and a contradiction with 3 follows.

This deduction is easier with Loparić and Puga’s definition: Axiom 𝐴4 from
𝐷=

0 is logically equivalent to ∼𝑂𝐴∨∼𝑂 ∼ 𝐴; from this and the double negation
of 𝑂𝐴 it follows, by the disjunctive syllogism, that ∼𝑂 ∼ 𝐴, which is contra-
dictory with 𝑂 ∼ 𝐴.
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The Principle of Explosion holds in a classical environment; it says that
from a contradiction, anything follows (Ex contradictione quodlibet) or, more
usually, from a falsehood, anything follows (Ex falso quodlibet). Thus, a con-
tradiction trivializes a classical system, and, as from a moral dilemma, in the
sense of Loparić and Puga, it follows a contradiction, moral dilemmas trivi-
alize a classical system. Loparić and Puga offer two possible solutions to this
problem: first, ‘to weaken the specific postulates for the deontic connectives,
and to keep classical logic’; or, ‘to employ in the place of classical logic some
kind of non-classical logic’. This second type of solution is adopted by Loparić
and Puga; 𝐷=

1 is the paraconsistent deontic logic that substitutes the classical
deontic logic 𝐷=

0 .
Loparić and Puga also say that their deontic systems can cope with the

deontic paradoxes, in particular with the Ross’ Paradox and with the Paradox
of the Good Samaritan. Letme showhow this workswith respect to the Paradox
of the Good Samaritan. Åqvist [1, p.366] expresses it with the following pair of
propositions, which are intuitively consistent:

1. It ought to be that Smith refrains from robbing Jones.

2. It ought to be that the Samaritan helps Jones whom Smith robs (has
robbed).

These propositions are formalized as𝑂 ∼ 𝑝 and𝑂 (𝑟∧𝑝), respectively. From
the second proposition it follows 𝑂𝑝, in contradiction to the first proposition.
Thus, the proposed systems tolerate the deduction of contradictions frommoral
dilemmas, but preclude their trivialization.
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Notes

1Puga also published, in the same year, a note in collaboration with da Costa on Deontic Predi-
cate Logic (see [9]), and in the years immediately following she published a paper in collaboration
with da Costa on an environment for moral and legal modalities (see [10]), and a paper in col-
laboration with da Costa and Carnielli on an environment for alethic and deontic modalities (see
[11]).

2In the same year Loparić published a paper on semantics for propositional calculi (see [7]), and
before that she published a paper in collaboration with da Costa on the same topic (see [5]).

3Mendelson [8, p.31] gives (𝐴 → (𝐵 → 𝐶 ) ) → ( (𝐴 → 𝐵) → (𝐴 → 𝐶 ) ) instead of 𝐴2.
This difference concerns the way Da Costa constructs his paraconsistent logic as an extension of
Johansson’s minimal logic, which, in turn, is constructed as an extension of Hilbert and Bernays’
positive logic. 𝐴2 is an axiom in Hilbert and Bernays’ positive logic.

4𝑃 is the deontic modality of permissibility; 𝑃𝐴means that 𝐴 is permissible.
5A formula A is consistent (it behaves well) if, and only if, ∼ (𝐴∧ ∼ 𝐴) holds.
6An all-things-considered obligation differs from a prima facie obligation.
7This impossibility is not a metaphysical one, but an impossibility in the relevant sense or out

of the agent’s power, i.e., physically or psychologically impossible (see [2, p.226–227]).




