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On the Discrepancies between Quantum Logic
and Classical Logic

Dfc1o KrRAUSE

Abstract: In this chapter, by ‘logic’ we mean Logica Magna (Great Logic), involving
higher-order systems and set theories. We revise some of the main reasons provided
by quantum theory to question the standard connectives, quantifiers, identity, and the
notion of set ascribed by classical logic. In the end, we discuss the interesting fact that
even if these argumentations are feasible, quantum theories (as done by the physicists)
continue to be developed within standard frameworks, and we ask for the reasons. We
presuppose that the reader is more acquainted with logic than with quantum mechanics,
so we deserve more space for explanations in this field.

Keywords: classical logic e quantum logic ® quantum mechanics

1. Introduction

By ‘logic’ we understand Logica Magna, or Great Logic [7, p.230], [13, p.71],
that is, we shall be not restricted to first-order but consider a logical system
able to encompass within it most of standard mathematics. We shall not con-
sider category theory, which is regarded as providing an alternative way for the
foundations of mathematics; we assume that, in a certain sense, category the-
ory can be reduced to set theory [39], so we will be speaking mostly in terms
of sets and set theories which, without loss of generality, can be assumed to
be the systems ZF (Zermelo-Fraenkel), ZFC (ZF with the Axiom of Choice) or
ZFA (ZFC with atoms) [24]. We also speak of ‘quantum logic’ in the singular,
although there are several non-equivalent logical systems that can be called
‘quantum’ ([16] gives a general view).

2. Classical logic and quanta

The historical routes of quantum logic can be traced back to von Neumann’s
monumental book [49]. Later, in 1936, he and the algebraist Garrett Birkhoff
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published a paper [8] extending the ideas, dealing algebraically with logic (clas-
sical propositional logic, for instance, is identified with Boolean algebras) and
showing that in the quantum domain, one of the main rules of Boolean alge-
bras fails, namely, the distributive law mentioned below.! Von Neumann and
Birkhoff’s paper is generally considered the work that ‘originated’ quantum
logic.

Considering that there are non-commuting observables,? they realized that
the distributive law of conjunction regarding disjunction could not hold in the
quantum domain, namely,3

an(bVvc)y=(anb)Vv(anc). (1)

It is easy to give an example of the violation of this law. In quantum me-
chanics, typical non-commuting observables are the spin in different directions,
say z and x. This means that we cannot get the values of the measurement of
the spin of a quantum system in both directions at once. Furthermore, every
time we measure the spin of a quantum system in a certain direction, it gives
just us one of two values, called UP and DOWN (or 1 and 0 if you prefer). So,
suppose we measure the spin of a quantum system in the z direction and get a
UP. Then, since the values of the measurement of the spin in the x direction will
be either UP and DOWN, we have that the following holds, where ‘v’ means
‘UP’ and ‘d’ means DOWN’:

s; =uA (sy =uVsy,=d). (2)
Thus, by applying rule (1), we get
(5; =uAsy=u)V(s; =uAsy,=4d), (3)

but no one of the disjuncts can hold since, as said already, the spin cannot be
measured in more than one direction at a time. So, since the algebraic counter-
part of classical logic is a Boolean algebra, the algebraic version of ‘quantum
logic’, whatever it is, should be not Boolean, but another mathematical struc-
ture. Later, it was agreed that it should be an orthomodular lattice. This also
shows that quantum logic began algebraically, and only later there were found
axiomatic systems which had these algebraic structures as their Lindenbaum
algebras.* Today there are several different axiomatizations, either in Hilber-

style (using axioms and inference rules) or by natural deduction techniques



On the Discrepancies between Quantum Logic and Classical Logic 209

(with inference rules only) present in the literature [16], [40]. The extensions to
first-order systems and ‘set’ theories have been also developed, yet with strong
differences mainly in what concerns sets (see below). More recently one finds
also categorical developments of quantum theories, as in [28] and the references
therein.

This chapter is organized as follows. We shall comment on some of the
most relevant characteristics of classical logic which are challenged by quan-
tum theories, starting with the propositional connectives, then the quantifiers,
identity, and theories of sets. In between the text, mentions of quantum theo-
ries are inserted to keep the distinctions clear to the reader. In the end, some
philosophical questions are discussed in brief.

3. The algebra of propositions

Let o be a quantum system. The formalism of quantum mechanics (this is a
physicist’s jargon, meaning the mathematical description of the phenomenon
under analysis) associates to o a separable complex Hilbert space H. A proposi-
tion a about o is represented by a closed subspace M, of I{ or, alternatively, by
an orthogonal projection operator P, on J{. Both alternatives are commonly
used, and we follow this line here. Let PP be the set of propositions associated to
o, L(H) the set of the closed subspaces of I and P(H) the set of orthogonal
projection operators. A state of o is represented by a unit vector |) € K.

The operations among propositions are defined as follows, for propositions
a and b:

@ a—>b:=M, CM,
(b) Munp == My N My,

() Mavp = [M, U Mp], the topological closure of the subspace generated
by M, UM,.

(d) M-, = M}, the orthogonal complement of M,,.

The notion of truth is as follows. A ‘YES-NO’ experiment, or test, is an
experimental arrangement that, when applied in a specified manner to o, yields
one of two mutually exclusive outcomes, ‘YES’ or ‘NO’ [9]. Then we say that a
proposition a € P is true whenever a gives an outcome ‘YES’ can be predicted
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with certainty, that is, with probability equal to one. The formalism entails that
a € P is true if and only if the state |y) is such that P|y) = 1.|y) (that is, its
eigenvalue is one) if and only if [) € M,, where P € P(F) [1].

The algebraic structure of such subspaces of J{ is not a Boolean algebra, but
an orthomodular lattice, and this is the main reason to guess that the ‘logic’ un-
derlying quantum mechanics is not classical; in particular, the distributive law
we mentioned above does not hold, but only a weak law, called ‘orthomodular
law’, which reads a V b = ((a v b) A b+) Vv b [16, 40].

Let us start by considering the propositional connectives first in order to
see in which way there is a discrepancy between their behaviour in classical
logic and in quantum logic.

4. Propositional connectives

By ‘propositional connectives’ we understand the usual ones, namely: ‘=’
(negation), ‘A’ (conjunction), ‘v’ (disjunction), ‘—’ (implication), and ‘<’ (bi-
implication). One by one, we show just some of their characteristics that are
relevant for our purposes.

4.1. Conjunction

The above characterization of the conjunction of two propositions as the closed
subspace which is the intersection of the subspaces associated with the systems
seems to conduce to ‘standard’ results, since a A b being true is equivalent to
both a and b being true. But we should take care with this conclusion. Really,
there are rules of classical conjunction which are said to be questioned as hold-
ing universally in quantum logic. One is adjunction, which says that from two
propositions a and b, we can always infer their conjunction a A b. Adjunction
clashes with the quantum notions of complementarity and with the existence
of non-compatible observables. Let us explain a little. In 1927, Niels Bohr, one
of the fathers of quantum mechanics, introduced the idea of complementary
propositions. Until today it is disputable the real meaning of this notion, but
most historians and physicists agree that it can be summarized with his own
words,

Information regarding the behaviour of an atomic object obtained under
definite experimental conditions may, however, according to a terminol-
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ogy often used in atomic physics, be adequately characterized as com-
plementary to any information about the same object obtained by some
other experimental arrangement excluding the fulfilment of the first con-
ditions. Although such kinds of information cannot be combined into a
single picture using ordinary concepts, they represent indeed equally es-
sential aspects of any knowledge of the object in question which can be
obtained in this domain. [11], italics mine. See also [43, p.31]

That is, both propositions are necessary for the understanding of the phe-
nomenon but, if taken together, we could arrive in a contradiction (this is one
of the ways of understanding the idea). But it is important to remark that in ad-
mitting complementary propositions, one is not supposing contradictory prop-
erties; as Bohr himself said [10],

[i]n fact, here again, we are not dealing with contradictory but with com-
plementary pictures of the phenomena, which only together offer a natu-
ral generalization of the classical model of description.

In other words, it seems perfectly reasonable to regard complementary as-
pects as incompatible, although not contradictory, in the sense that their combi-
nation (or adjunction) into a single description may lead to logical problems. In
[14], the authors proposed a kind of non-classical logic to deal with this notion.
Basically, the idea is to modify the notion of deduction from the ‘classical’ ‘+’ to
a paraclassical one, ‘+1’, in order to admit that I" +; « iff either (i) @ € T or (ii) is
a classical thesis, or yet (iii) there exists a subset A C I, consistent according to
classical logic, so that A + @.” So, we would be able to consider ‘complementary
propositions’ @ and b such that there exists ¢ such that a +; ¢ and b +; —c, but
a, b ¥1 ¢ A—c. Notice that a and b are not the negation of one another, but that
they imply contradictory assertions.

Another case involving the impossibility of conjunctions is concerning
non-compatible (or non-commuting) observables. These are properties of quan-
tum systems that cannot be measured at the same time. There are plenty of
examples, such as position and momentum, the values of spin in two distinct
directions, and so on. In the words of Eugen Merzbacher [37, p.158], “commut-
ing observables can be specified simultaneously. If A and B are two Hermitian
operators which do not commute, the physical quantities A and B cannot both
be sharply defined simultaneously”

As we see, not always we can form a A b from arbitrarily given a and b. The
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immediate conclusion is that ‘quantum conjunction’ would not hold as classical
conjunction.

4.2. Disjunction

In classical logic, a disjunction a V b is true when at least one of the disjuncts is
true and is false only when both are false. But in quantum mechanics, we may
have a situation where a V b can be said to be ‘true’ even if neither a nor b
nor a A b can be said to be true. This can be seen from the algebraic definitions
shown above. In fact, we see that M, C [M, U M}] and that M, C [M,U M,],
sothata — a VvV band b — a V b, but not the other way around (see also [1]).
As Aerts et al. say (we have modified a little the notation),

The reason is that [M,; U M},] contains, in general, vectors that are not
contained in M, or My,. If the quantum entity is in a state p where v, is
such a vector, then a V b is true without a or b being true. This shows that
the disjunction in quantum logic cannot be interpreted as the disjunction
of classical logic.

Figure (1) below illustrates a case: the vector @ + 8 does not belong neither
to M, nor to its complement, but belongs to [M, U M}] = R?.

But there are other ‘physical’ and not purely algebraic reasons to say that
the quantum conjunction doesn’t fit classical conjunction. Suppose the two slits
experiment [23, cap.6] with the following assumptions. An interference pattern
is verified so that we can conclude that both slits are open.® Suppose yet that
a single particle (an electron, say) is emitted by the source and that it arrives
on the screen at a certain point. Some facts are true according to quantum me-
chanics:

(1) we cannot say (proposition a) that the electron passed by slit A, for if we
know that, the interference pattern would be not verified.

(2) the same can be said about slit B (proposition b).

(3) since there is no half electron, we cannot assume that it passed by both
slits at once (‘a A b’ cannot be true).

(4) but even so we need to admit that it passed! That is, a V b can be regarded
as true.
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The fact is that the theory (quantum mechanics) doesn’t say what happens
with the electron after its departure from the source until it arrives at the screen;
we can only speculate.

4.3. Negation

Classical negation is exclusionary: if a is true, then —a is false and vice-versa.
This is informally captured by the diagonals in the Square of Oppositions, al-
though we need to consider the postulates of classical logic and its semantics
for a clear idea about the way the connective works. At the propositional level,
being a a proposition, then a is true iff —a is false. However, the truth table
doesn’t define the negation at the elementary level (involving quantification);
to do that, beyond the standard postulates, we need Tarski’s conception of truth.
There, the negation of a formula ¢ is true with respect to an interpretation
A = (D, p), that is, A |= — iff it is not the case that the formula is true in that
interpretation, that is, 0 £ ¢. This reveals the character of contradictoriness of
classical negation. Using the square again, quantum negation is better associ-
ated with contrary propositions, and not with contradictory ones. We may have
the following explanation.

Recall from the above that if a is associated with M, then —a is asso-
ciated with M}, the orthogonal complement of M,,. Let the Hilbert space be
the Euclidean space R? and M,, be the x-axis. Then (since the inner product is
canonic), M is associated with the y-axis (see the Figure 1).

Figure 1: The negation in quantum logic. The vector @ + 8 is a third possibility beyond @ and
B = —g @, since it doesn’t belong to neither M, nor to M. Quantum negation is not exclusionary.
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This helps us to explain why the Schrodinger cat is not alive and dead at the
same time, as usually said. Let dead be the negation of alive, symbolized respec-
tively by @ and B; so, we write 8 = =, @, where ‘-, stands for the ‘quantum
negation’. Then, in a very simplified way, we can write the state of the cat before

the scientist opens the door, as a superposition

y=a+p (4)

or y = « + —ga. But the vectorial sum ‘+ is not a logical conjuction, so we
cannot conclude that the cat is in both states at once. Really, it is in a third state,
the superposition a + 8, which is neither @ nor 8! Consequently, @ and S can
be both false, precisely when the state of the cat is @ + 3, but cannot be true
at once: so, @ and 3 are contraries. A more detailed analysis of the quantum
negation can be seen in [4].

4.4. Implication

Since the bi-conditional is usually defined as in classical logic even in quantum
logics, we shall not consider it here. Classical implication (‘material’ implica-
tion) obeys certain rules, such as (i) the equivalence between a — b and ~a Vv b
(Philo’s conditional), (ii) the deduction theorem holds, (iii) some classical tau-
tologies, such as (1)-(5) mentioned below, are valid. As has been shown by
quantum logicians, these rules are not obeyed by implication in quantum logic.
Let us give here a rough idea of some of these results.®

In the propositional level (which is enough for this discussion), the deduc-
tion theorem says that if I', @ + 8, being I" a set of propositions and @, 8 propo-
sitions, then I + @ — B. The theorem holds in quantum logic only if there are
no hypotheses, that is, what we have is a + 8 entailing @ — S [16, p.182].

According to Dalla Chiara, Giuntini, and Greechie, a sufficient condition
for a connective ‘—’ to be an implication connective is (in algebraic terms) that
for any realization A = (A, v),” we have = a — b iff v(a) < v(b) [16, p.164].
Thus, as these authors show, the Philo Law a — b := =a V b does not give rise
to an implication connective since there are algebraic realizations such that
v(=a Vv b) = 1butv(a) £ v(b). For instance, take the structure defined by the

Hasse diagram of Figure 2:
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1

Figure 2: v(-=a Vb) =a*t v b =1butv(a) £ v(b).

Consider now the following well-known situation [2, Chap.1]: we have two
incompatible observables A and B (such as position and momentum) and mea-
sure A, then we measure B, and then measure A again. The fact is that the new
measurement of A can produce a completely different result than that obtained
in the first measurement. In logical terms, we realize that a classical tautology
like A — (B — A) cannot hold, and in fact, it is violated in standard quantum
logic. Here is a list of classical tautologies involving implication which also do
not hold in quantum logic [16, p.167]:

(1) A= (B—A)

2 A= (B—-0)—>(A—>B) - (A-0)
() (A—=B) = ((B—>C) = (A—=0)

4 (AAB) - C) = (A= (B—C))

(6) (A= (B—=C) = (B—(A—=0)

As we see, the Philo implication cannot be used in quantum logic, except
if used for compatible elements.!° But quantum logicians have found five other
‘quantum implications’ that work; in the classical setting, they are all equivalent
and equivalent to Philo’s. Here are they just for curiosity:

(—1) a—>1b:=-aV(aAb) (Sasakihook)

(=2) a—3b:=bV (-aA-b)

(—3) a—-3b:=(-aArb)Vv(aAb)V (-aA-b)

(—4) a—-4b:=(-anb)VvV(aAb)V ((-aV b)A-b)
)

(—s) a—sb:=(-aAb)V(-~aAn-b)V(aA(-aVbh))
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5. Quantifiers

‘Classical’ first-order quantifiers range over collections (sets) of individuals,
while second-order quantifiers range over collections (also sets) of properties
(monadic relations), relations and functions over the elements of the domain
of individuals. Other higher-order quantifiers do things accordingly. Here we
consider just the case of individuals to express the argument of this section.

When we say that Vx¢(x) is true according to some interpretation A =
(D, p) where D # 0 and p is the denotation function, we mean that for any
individual @ in the domain, ¢ (a) holds. In the same vein, Ix¢(x) is true iff there
exists at least one element a in the domain such that ¢(a) holds.

If D is finite, Vx¢(x) can be understood as ¢(a) A ¢(b) A ... A ¢(n) for
all elements of the domain, but this analogy is usually taken as holding inclu-
sive when D is not enumerable, for it emphasizes the idea that the universal
quantifier works as a kind of “conjunction” with the (names of) elements of
the domain. The relevant fact according to this intuitive idea is that we need to
identify all elements of the domain, that is, they need to be individuals, obeying
the standard postulates of identity. But there is no surprise regarding this, since
D is a set in a standard set theory, hence, precisely a collection of individuals.

This is not the case with quantum objects. It is not the epistemological
problem of we not being able of distinguishing a quantum object, say a boson
in a bosonic condensate, but it is impossible to do that. A bosonic condensate
congregates (sometimes) thousands of bosons in the same quantum state. In
such a situation, the “particles” partake all their quantum numbers, being abso-
lutely indistinguishable due to their ontological nature, not due to some fault of
the theory. A simple example may help: as John Dalton has anticipated in 1808,
all atoms of H, of O, molecules of water, and so on, have all the same charac-
teristics and there cannot be any differences among them [20, pp.142-3]. It is a
physical fact that Nature provides indiscernible things.!!

The fact is that, first, collections of absolutely indistinguishable quantum
systems should not be considered as sets of standard set theories (we shall be
back to this point soon). Secondly, quantum objects cannot have names in the
usual sense, a label that discerns a quantum object in some way and that iden-
tifies the object as such in other possible worlds (or contexts); as Dalla Chiara

and Toraldo di Francia say, the quantum realm is a “land of anonymity” [19].
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So, in logical terms, we should not accept that a theorem such as

Vxe(x) — ¢(a), (5)

being a a term free for x in ¢(x) semantically entails that we can (even if only
in principle) identify the object denoted by a. In the quantum case, the most we
can do is to understand the ‘a’ of equation 5 as a parameter ranging over the
domain, and not as indicating some particular object, or then something like

Vxe(x) = ¢o(y), (6)

where y is a variable that ranges over a collection of quantum systems, perhaps
the same collection over which x ranges. Intuitively, this (either with param-
eters or with new variables) says that if all quantum systems obey a certain
condition, then an object whatever of the collection satisfies the same condi-
tion. The conclusion is that we should not reason as if Vx¢(x) indicates that this,
that, that other etc. object obeys the condition, supposing that we can identify
them. “Quantum quantifiers” are not “classical” quantifiers.

The existential quantifier also deserves a new ‘quantum’ interpretation.
Really, if the domain is composed of indiscernible things, it seems that the clas-
sical rule ¢(a) — Jx¢(x) entails that ¢(x) holds for all objects of the domain:
since they are indiscernible, some could say, if it holds for one, it holds for all.
This is blatantly false, and one example explains it. Suppose a sodium atom,
whose electronic configuration reads 1s? 2s? 2p® 3s!. Notice that all electrons
are indiscernible ( ‘identical’, says the physicist), since we cannot discern them;
please notice that we cannot know which electrons belong to the distinct en-
ergy levels (1, 2 and 3): we just have an amount the energy that corresponds to
a multiple of the fundamental energy (that corresponding to one electron), but
it is wrong to suppose that there are individual things there, despite our dis-
course going to speak of the electrons so and so. This is what happens, say, with
the electron in the outer shell. Notice again the difficulties with the language:'?
we speak of the (only) electron in the outer shell as a definite description, but
cannot grasp ‘the’ electron and attribute a meaningful name to it. So, if ¢(x)
says that ‘x is in the outer shell of the sodium atom’, then ¢(a) — Jxp(x) is
perfectly clear in its meaning, provided that a is just a parameter and not the
name of some individual.



218 Décio Krause

6. Identity

Here comes one of the most debatable and controversial concepts, namely, iden-
tity. The discussion that follows shall be reflected in the next topic about set
theories and ‘quantum sets’. So, let us introduce the problem with a bit of care.

The intuitive, or naive, notion of identity is that of something a thing has or
share just to itself (and some add: ‘with nothing else’). It is disputable whether
such a ‘something’ would be a property or a relation, but any way to have iden-
tity is like carrying a passport that is unique for each thing and which enables
one to acknowledge that it is distinct from any ‘other’ thing. This makes such
a thing an individual, having (at least) the two basic characteristics that follow:

(i) Unicity. An individual is a one os a kind.

(ii) Re-identifiability. An individual can be re-identified as such (that is, as
being that individual) in different contexts.

It seems clear that portions of water, for instance, are not individuals in
this sense [51], but also electrons, protons and the other ‘quantum objects’
seem do not to fall under such a characterization either. An important remark
is in order here: we are not claiming that quantum objects are not individuals
(non-individuals), but just that this is one of the possibilities of characterising
them. There are formulations of quantum mechanics (Bohm’s theory) that re-
gards them as individuals since quantum entities do have trajectories and can
be identified by them. Another alternative is to restrict the possible states such
entities may be in so that they can be considered as individuals after all [25]. But
here we shall be pursuing the non-individuals view (for further details about
this approach, see [3, 35]). But quantum entities can be trapped, dealt with as
‘individual elements’, as has been shown in some experiments that conduced
to Nobel prizes by Hans Dehmelt (1989), Serge Haroche and David Wineland
(2012). So, despite sometimes they would satisfy (i), surely they don’t obey (ii):
quantum systems cannot be re-identified. In the beginnings of quantum me-
chanics, physicists used to say that they have lost their individuality (and their
‘identity’), but today it is more convenient to acknowledge that we are in the
presence of a different kind of entities, typically non-individual ones. A new
kind of ontology is in order.

How can we characterize such entities? This is of course a huge problem.
In [25], the authors proposed to say that the standard theory of identity (STI)
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of classical logic cannot be applied to them. STI can be seen in Logica Magna
either by Leibniz Law, which defines identity in higher-order logics or by the
set-theoretical means (as axiomatized in first-order languages), namely, as a
binary predicate obeying reflexivity, substitutivity, and extensionality. In first-
order logic, let us recall, if taken as a primitive notion, identity is approached
by a binary predicate ‘=" obeying reflexivity and substitutivity, and its intended
interpretation is the diagonal of the domain of an interpretation U = (D, I),
that is, the set Ap = {(x,x) : x € D}. The problem is that first-order languages
cannot fix this set; in other words, we cannot be sure that when speaking of
identity, we are speaking of this diagonal [29], [36, p.100], [3]; in the standard
parlance, we say that the identity of the domain (the set Ap) cannot be axiom-
atized in first-order languages.

But there are other consequences of STI. Let us consider the set-theoretical
case. In a model of a theory such as the ZFC system (Zermelo-Fraenkel with
the Axiom of Choice), everything is an individual in the following sense: given
two objects whatever, call them a and b, they are different, and can be dif-
ferentiated by a monadic predicate (philosophers say that they are absolutely
discernible). Suffices to consider the predicate I, defined this wat: for any x,
put I,(x) © x € {a}. So, only a has this ‘property’ and STI applies. This con-
sequence puts a challenge to the non-individuals interpretation of quantum
mechanics. If we accept that quantum entities are not individuals in this sense,
we should not make them be subjected to STI. Really, quantum entities can
amount in collections with (sometimes) milliards of them without any means
for differentiating them. Would be this just an epistemological impossibility,
that is, there would exist some ‘hidden’ property that discerns them we don’t
know yet? Difficult to accept this idea, since quantum mechanics seems to be
‘complete’ in this sense: nothing is lacking in terms of characterizing quantum
entities. As said before, we are in the presence of a different kind of entity —
they are non-individuals.

So, there is a problem with classical logic also here. There would be no sets
in the standard sense of “collections of distinct things”, as Cantor has said (see
[25] for more on this). The proposal (first suggested by Newton da Costa [13,
p-1171f]) is to develop a theory of quasi-sets where standard identity is restricted
so that it would be not be applied to some kind of entities interpreted as denot-
ing quantum objects. Such a theory was presented in [31] (see [25, 21]). We shall
mention this theory next. For the moment, what we have is the realisation that
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the standard notion of identity is questioned in a strong way in the quantum
domain, hence in any attempt to develop a logic for quantum mechanics.

7. Set theories

As seen above, the most intriguing case concerning sets and quantum theo-
ries is that quantum systems may be indistinguishable in a strong sense, and in
forming collections of them, we would contrast Cantor’s ‘definition’ recalled
above, since the elements would not be distinct from one another. The prob-
lem, as it is easy to grasp, resides in the meaning of distinct. In this paragraph,
after revising some attempts to consider ‘quantum sets’, we shall turn to this
problem.

Dalla Chiara and Toraldo di Francia formulated a proposal for quantum
sets, which they have called quasets [19]. In considering their proposal, we shall
answer the proposed case of fuzzy sets as well [48].

The informal idea of a quaset is that of a collection of objects which has a
cardinal, but so that we cannot say with certainty which elements belong to the
quaset. The theory has two primitive predicates, namely, ‘€’ and ‘¢’, the second
one being not the negation of the former, that is, —x ¢ y does not entail x € y,
but the converse holds. So, it may be the case that it is false that x certainly does
not belong to y, but this doesn’t imply that it certainly belongs to it. Since the
cardinal of a quaset is well defined and identity holds for all elements, there is
just a kind of epistemic ignorance with respect to the elements of a quaset. This
is precisely what happens to fuzzy sets, of which quasets are particular cases.

We think that, although interesting, these attempts are not the best ones for
the quantum case. Really, take a hydrogen atom. It has one electron, we know
that. But the problem is not our present incapacity of knowing which electron
is this one, for since identity holds for all objects both in the case of fuzzy sets
and quasets, we would be able, at least in principle, of identifying the electron,
for these theories treat it as an individual. But quantum theories say that this
is not the case; the electron has not identity in a strong sense, for it is not an
individual which can be re-identified in other situations as being that electron
of a previous experience., as we know already Thus, there is no way to tell
someone which is the electron that belongs to the atom; it is an electron, and
that is all. Electrons, protons, and other quantum objects belong to a different
ontological category of objects than the standard objects of classical physics.
So, the problem of treating them as forming collections is in fact not trivial, but
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necessary, since we usually deal with them in multitudes.!®

Thus, a different theory was erected, one that considers collections of truly
indiscernible things. The way to approach it is by denying that the standard
notion of identity can be applied to them, that is, expressions like x = y are not
well-formed when x or y denote objects for which STI doesn’t hold.'* Quasi-
set theory, let us call it R, is a theory with two kinds of atoms, the M-atoms
(‘macroscopic’ atoms) which act as the atoms of ZFA, and the m-atoms (‘micro-
scopic’ atoms), which play the role of quantum systems. Then x = y is a formula
iff both terms denotes M-atoms. A quasi-set is something that is not an atom,
and it may have elements (the notion of membership is usual), which can be
atoms or quasi-sets; sets are particular quasi-sets, namely, informally speaking,
are those quasi-sets whose transitive closure doesn’t contain m-atoms. If we
restrict the theory by eliminating the m-atoms, it turns equivalent to ZFA. The
most interesting case is, of course, that of a quasi-set whose elements are indis-
cernible m-atoms, let us call it Q. A binary relation of indiscernibility, symbol-
ized by ‘=’ is postulated to have the properties of an equivalence relation, but it
is not a congruence; for instance, it doesn’t follow thatx € yAx’ =x — x’ € y.
In other words, indiscernibility doesn’t grant substitutions in all cases.

A quasi-set Q may have a cardinal, termed its quasi-cardinal, but not an as-
sociated ordinal. This means that we can consider the quantity of elements of
Q, but its elements cannot be ordered, put in a row, counted by standard means
(that is, by means of bijections to a segment of the sequence of the natural num-
bers). The trick is to find a way to attribute a cardinal to a collection without
carrying along with an ordinal. This can be done at least for finite quasi-sets
(those whose quasi-cardinal is a natural number) by taking their cardinals from
the Peano Arithmetics seen as a step theory, and not from the modelo of this
arithmetics there exist inside Q; the details can be seen in [21]. m-atoms, that is,
quantum objects, can be absolutely indiscernible, so Leibniz Law doesn’t hold
for them. The interesting fact is that we can develop quantum mechanics within
£ and it results in some essential postulates of standard quantum mechanics,
such as the Symmetrization Postulate follows from the theory, contrary to the
standard case [5, Chap.17]. For these developments, see [22], [21].

One should not confound quasets with quasi-sets to be mentioned below;
a comparison is presented in [17]. As for quasi-sets, the elements do belong or
do not belong to the quasi-set, although we can be unable to know which is the

case.
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8. Mathematics in general

Geisi Takeuti, in a difficult but celebrated work [47], created a ‘quantum set the-
ory’ to cope with quantum facts in terms of reasonable mathematics. Roughly
speaking, his idea is as follows. There are different ways to construct models
of set theories, from Cohen’s forcing to Boolean-value models [6]. In this last
case, one starts with a complete Boolean algebra B (the details are not relevant
here), but Takeuti started with the ‘quantum structure’, a complete orthonor-
mal lattice, typical of quantum logic. As mentioned by Dalla Chiara et al., it
results that the principle of the indiscernibility of identicals, one of the essen-
tial implications of STI, does not hold, that is, we can find orthomodular lattices
B such that

Ex=y—oVixeze yez). (7)

As these authors say,

As a consequence, one may conclude that two quantum-sets that are ex-
tensionally equal do not necessarily share all the same properties. Such a
failure of the Leibniz-substitutivity principle in quantum set theory might
perhaps find interesting applications in the field of intensional logics.

Dalla Chiara is known for her defence of the idea that the quantum realm
is ‘a world of intensions’, since a well defined ‘intension’ such as ‘to be an elec-
tron’ has not a well-defined extension since any collection of electrons acts as
its extension (cf. [19, 15].) In this sense, there is a twist in the philosophical rela-
tionships between extensions and intensions of concepts, another fact resulting
from quantum mechanics.

Another interesting fact related to mathematics is concerning topology. In
the quantum formalism, the state of a physical system is described by a math-
ematical device called wave-function, which is a function of space coordinates
and time, written ¥ (x, t), where x = (x, y, z) are space coordinates. The domain
of ¥ is a subset of the Euclidean space E*, which has a ‘standard’ topology. In
particular, it has the so-called Hausdorff property. So, if we ascribe some ‘repre-
sentational value’ to the wave-function, that is, if we agree that there is some-
thing behind it, whose states are described by it, then the Hausdorff property, if
transmitted to such entities, clashes with the idea of indiscernible quanta. The
problem can be summarized as follows. Being ‘Hausdorff”, a topological space
entails that any two points (the name given to the elements of the domain) are



On the Discrepancies between Quantum Logic and Classical Logic 223

different, and this difference can be seen by the fact that given a and b whatever
with a # b, we can find open sets A and B such that a € A and b € B and,
more importantly, A N B = (. Intuitively, this means that @ and b are discerned
by some property, say ‘to belong to A’, and then STI holds.

Well, a ‘quantum topology’,!> in order to take account of quantum indis-
cernibility, should not be Hausdorff. This brings a different look at the mathe-
matics underlying quantum mechanics, a topic that still need to be developed.

9. The meaning of ‘distinct’ in quantum theory

As said at the beginning, quantum objects of the same kind, say electrons, are
not taken in quantum theories as distinct one each other. Physicists say, quite
imprecisely, that they are identical [5]. By using the term ‘identical’, they of
course don’t intend to suggest that all electrons (so as all protons, neutrons,
photons, hydrogen atoms, and so on) are the same thing as if the used term had
the philosophical (and mathematical!) meaning. The word is used in the sense
of sharing the same intrinsic (or ‘essential’) properties, that is, those that do
not depend on the state of the system, such as electric charge, mass or values
of spin. For the sake of precision, it would be better to say that they are indis-
cernible, or indistinguishable relatively to these properties. A property that is
not intrinsic is spatio-temporal location. Thus, we may imagine, two quantum
systems located in different regions of space and time would be different, right?
Not at all. Different, here, cannot be taken just in its intuitive sense; we need
to precise the idea, and then we are confronted again with STI, the standard
theory of identity. According to STI, as said already, different things are dif-
ferentiated by some property or relation, but in the quantum domain (under
certain hypotheses), there are none.

This result is essential for the understanding of the role of ‘sets’ in quantum
theories. Suppose we have a collection A of indiscernible quantum objects and
suppose there is some object indiscernible from the elements of A which do
not belong to A. Exchange this element with one of the elements of A. What
happens? According to the expectations of quantum theory, nothing observable
happened at all.'® A ‘concrete’ situation can be viewed in ionization. We have a
helium atom in its fundamental state (less energy). The atom has two electrons.
By providing it with a certain amount of energy, we make the atom lose an
electron becoming a positive ion. Then, by another process, we make the ion
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to gain an electron, getting a neutral atom again. Questions: (i) what is the
difference between the two neutral atoms, that one before the ionization and
that one after it? (ii) what is the difference between the two electrons, that one
lost by the atom and the electron gained by the ion? The answers are clear: no
observable differences at all. And we should insist: it is not merely a problem of
our ignorance in an epistemological sense, but it is something of an ontological
nature; these things do not behave as standard things, as individuals like those
of classical physics.

So, if A is a collection with the above characteristics, it cannot obey the
axiom of extensionality of standard set theories. This axiom says that a set is
determined by its elements, and if we exchange an element of a set for another
element that does not belong to the set, the resulting set is different from the
original one. This is the meaning of ‘distinct’ we would like to emphasize. The
notions of identity, difference, distinct, similar, discernible, and indiscernible, at
least, need a theory, a logical theory. And this is usually taken to be the theory
of identity encoded in classical Logica Magna, that is, STL. The results are, for
instance, the following ones:

(i) no two things are identical. If they are two, there is a property obeyed
by just one of them, even if this property cannot be actually known. In
terms of sets (sets are the extensions of properties), there is a set to which
just one of them does belong. This is a version of Leibniz’s Principle of
the Identity of Indiscernibles.!’

(i) if we have two things, they are different. In other words, any set with a
cardinal greater than one is such that its elements are distinct from one
another. Really, in order to say that a set has cardinal ‘two’, we need to
attribute it a cardinal, which is (usually) made by defining a bijection
from the set (say {a, b}) to the cardinal 2 = {0, 1} (in von Neumann’s
way), which requires the identification of @ and b.

(iii) if we assume the axiom of choice, every set can be well-ordered, and in
particular, ordered. This makes the elements of a set be identifiable, yet
sometimes we cannot know them precisely (this happens, for instance,
with the least element of any non-empty subset of the reals relative to a
well-ordering over this set).

But quantum theory teaches different things:
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(i) collections of indiscernible things cannot be sets of standard (extensional)
set theories, since their elements not always can be discerned from one
another.

(ii) these collections may have a cardinal, since we may think of a swarm of
them collected as a whole, but not an ordinal; they cannot be ordered,
counted, labelled without ambiguity. This brings a puzzle: how to at-
tribute a cardinal to a collection of indiscernible objects without individ-
ualizing them? A way to do it is shown in [34, 21].

(iii) if we have a collection of quantum objects and one of them is in some
way exchanged by an object not belonging to the collection but indis-
cernible from that considered object, the resulting collection becomes
indiscernible to the original one.

(iv) several ‘semantic situations’ (beyond those above) typical of classical
logic fails in the quantum domain, as shown in [19], such as the following
ones: (a) there is no transword identity (in terms of Kripke semantics), (b)
so there is no rigid designators, (c) nor genidentity-relation in the quantum
domain (ibid.).

These last ‘quantum’ facts seem to be natural for those who have encoun-
tered quantum physics; they are basic assumptions or results of the theory.'®
The theory of such collections is termed quasi-set theory, and the collections
are the quasi-sets. For details, look at [25, Chap.7], [33], and for tan exposition
of the non-individuality of quantum entities, see [35].

Summing up, we can say that ‘distinct’ in quantum theory means ‘cardinal
greater than one’. For instance, in a H,SO4 molecule, we have these: kinds of
entities (H, S, O) and quantities, and no differentiation among things of the
same kind is not even possible.

10. Thus, why still use classical mathematics?

Open a book on quantum physics, whatever you wish, say [27], [37], [50], [5].
Look at mathematics. What do you find? A careful analysis will show standard
mathematics, that which can be constructed in first-order ZFC, ZFA or perhaps
in category theory. Why? The answer seems to be comfort, facility, to keep in
the domain where we know the things, that is, home.
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So, it would be not expected to hope that a physicist will learn non-classical
logics and non-standard mathematics to do her job. She works with the tools
she has, and if something gets wrong, a revision can (in principle) be made
to correct the route. Karl Popper, among others (Lakatos, for instance) have
delineated this standard way of developing science in its ‘creative’ phase. But,
once a ‘theory’ is formulated, a different thing happens: one may be interested
in the study of the theory, say by looking for its principles and assumptions, so
as to how it explains what is going on. Thus it comes the axiomatization, or
perhaps formalization [18], [46].

So, in answering the question, physicists use what they know, and of course,
sometimes they develop what they need, as Fourier did with the study of heat
and Newton’s differential and integral calculus also. Anyway, sometimes the
study of the theory and its implications suggest that different logical bases are
in need. Let us comment in brief on some cases that would demand further
study.

The axiom of choice seems to be essential in quantum mechanics,'® since
we want that Hilbert spaces to have bases and that all bases have the same car-
dinality, something that cannot happen if the axiom of choice is dropped from
ZFA. In this case, there is the possibility of the so-called Lauchli’s permutation
models [30], where interesting things can happen, such as (i) vector spaces with
no basis, (ii) a vector space with bases of different cardinalities, among others,
which would bring serious problems for (at least) the Hilbert-space formulation
of the theory.

Notice that the underlying logic of both ZFC and ZFA is (usually) classi-
cal elementary logic,?’ involving the standard connectives and quantifiers seen
above. If you think of semantics for a delineated quantum language, you will
elaborate it using standard sets, and so on [19]. That is, all is done within a
standard, classical framework. But, if the above criticisms make any sense, ap-
parently we should consider a different logical basis for quantum theories. So,
what?

What should we do to convince the physicist that these problems are rel-
evant and deserve attention? I believe that nothing more than what we have
done, namely, to make congresses, publish our papers and books, enter the dis-
cussions, and hope that someday things will change. As Max Planck said in his
Scientific Autobiography and Other Papers,
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[a] new scientific truth does not triumph by convincing its opponents and

making them see the light, but rather because its opponents eventually
21
t.

die, and a new generation grows up that is familiar with i

So, there is no immediate solution to the problem of the logical foundations

of quantum theories. Despite much having been done mainly since the 1960s,
we still need to wait for these developments to enter the mind of the physicist,
who tends to be more experimentalist than sensible to foundational problems,

mainly the logical ones. But logic will win, so we hope!
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Notes

IThey remained in the propositional level, so as standard ‘quantum logics’ in general; see [16].

%In classical mechanics, it is assumed that all measurable quantities have defined values at any
instant of time, independently of whether we can know them or not. Furthermore, it is also assumed
that they can (in principle) be measured together. In quantum physics, this is not true. Observables
can be measured only in groups (‘contextually’) and not all of them can be available at the same
time. Furthermore, there are (‘non-commuting’) observables that cannot be measured at once in
any way; see below.

3Their example of the failure of the distributive law is a little bit different but equivalent to ours.

This is how are called the algebraic counterparts of most logical systems; the Lindenbaum
algebra associated to classical propositional logic is a Boolean algebra, while for propositional in-
tuitionistic logic, we have a ‘Heyting algebra’ [16, p.151], [38].

5‘Consistent according to classical logic’ means that there is no formula @ such that A + @ and
A+ —a, being ‘+’ the classical deduction.

°If just one of the slits is open, no interference pattern is observed. The curious but not special-
ized reader can see the video ‘Dr. Quantum - Double Slit Experiment’ at the YouTube.

7For a more detailed discussion about the cat (in Portuguese), see [32].

8For the violation of the Lindenbaum property by quantum logic, see [26], and for the failure
of the substitutive property, see [41].

%An algebraic realization for a logic L is a structure A = (B, v), where B is some algebraic
structure and v is a valuation-function “that transforms sentences into elements of B, preserving
logical form” [16, p.150].

19Two elements of an orthomodular lattice B are compatible if a = (a A=b) V (a Ab).If a and
b are compatible, then v(a —; b) = v(—a) Vv (b) for all implications shown below (i = 1, ..., 5)

11No’[withstanding this, there are different quantum theories, and some of them, such as Bohm’s,
postulates an ontology closer to classical physics, where all entities are individuals.
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12In speaking about the difficulties to express what happens with quantum objects, Schrodinger
stressed that “[i]t is not at all easy to realize this lack of individuality and to find words for it” [44,
p.205].

BCategory theory provides an alternative, yet we will not comment on this topic here, since we
regard categories as reducible to sets in some set theory, as argued in [39].

14This idea was put forward by Newton da Costa in [13, p.117f], yet he didn’t developed it.

I5There are incursions on ‘quantum topology’ in the literature, but in another sense.

16Ballentine calls our attention to the fact that it is a mistake to say, as some do, that the state of
the system does not change with the permutation. According to him, we can affirm only that there
are not observable differences [5, p.475].

This principle, which goes back at least to the Stoics, says (roughly) that there are no two
things which discern solo numero, that is, by one being ‘this’ and the other being ‘that’, without the
existence of a property that distinguishes them; for details, see [42].

18We are leaving certain cases, as Bohm’s quantum mechanics, since it is much more mysterious
than standard quantum physics; I strongly believe that the pilot wave and the quantum potential
are stranger than the collapse of the wave function or of the non-individuality of quantum objects.
For Bohm’s theory, see [12].

9The Hilbert-space formulation of quantum mechanics is the most common but is not the only
way to develop this theory. Styer et al. [45] mention nine different alternatives.

20You could think of second-order ZFC, but this is not usual, since the first-order version is
enough for all standard mathematics.

Zhttps://www.goodreads.com/author/quotes/107032.Max_Planck






