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The Illocutionary Structure of Definitions in
Frege’s Early Logic

Marco Ruffino

Abstract:My aim in this paper is to discuss Frege’s perspective on definitions especially
considered from the point of view of their illocutionary structure. In particular, I shall
examine Frege’s view on: (i) the differences between defining and accepting axioms (or
asserting true propositions in general); (ii) the propositional content of definitions; (iii)
the question whether definitions (that are not just abbreviations) have any impact on
the ontology of mathematics. As I shall try to show, Frege has a quite original view in
all of these topics, a view that has largely been ignored in the logic tradition after him.
Keywords: Frege • definitions • illocutionary force • propositional content

1. Introduction

Every formal theory in logic and mathematics starts with a primitive vocab-
ulary, i.e., a collection of terms for which one might provide explanations or
elucidations, but no definition, and a set of axioms, i.e., propositions that are
taken as true, and for which no proof is provided. Apart from axioms and the
basic vocabulary, every theory must have rules of inference for the derivation
of truths (the theorems) from the axioms. But the primitive vocabulary, plus
axioms and rules of inference are frequently not enough to yield all interesting
results in a theory, and something else is necessary within the formal system:
some definitions, in which new pieces of vocabulary are introduced and have
their meaning fixed on the basis of the primitive vocabulary. Normally the con-
tent of definitions is also propositional, so at least superficially propositions and
axioms look pretty much similar.

This is so natural and frequent in formal sciences that one hardly asks some
important questions:

(1) What are we doing when we create a definition in formal sciences such
as logic and mathematics? Besides the trivial terminological difference
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(we call them ‘definitions’, and not ‘axioms’ or ‘theorems’), are we at
the bottom doing the same thing in defining a new term as we do in as-
suming axioms and asserting theorems, or are we doing something com-
pletely different? Although it seems quite local, this question has some
important consequences for the philosophical understanding of logic and
mathematics and their ontology. If in defining a new term or notion we
are doing basically the same thing as we do in assuming an axiom, then
definitions have ordinarymathematical propositional contents. But if the
content of a definition is asserted as we do with axioms, then either it
was already true before the assertion and the definition was true inde-
pendently of being asserted (in this case the definition is, in a way, a
redundant step in the theory), or the content was not true before the def-
inition, and it first becomes true by the act of the definition itself (in this
case, the definition creates a new true mathematical content). Both alter-
natives seem implausible for someone who holds both that definitions
play an indispensable role in mathematics and that mathematical truths
are independent from our linguistic stipulations.

(2) If in defining we are doing something radically different from accepting
axioms, then what exactly is the logical structure of definitions?

(3) Regarding the propositional content of definitions, do they have the same
nature, i.e., are they composed of the same kind of entities as the propo-
sitional contents of axioms and theorems? Or are they different from or-
dinary mathematical propositions?

(4) Apart from some terms from the primitive vocabulary, every term in a
formal theory is constructed on the basis of the defined vocabulary. So,
what we do in definitions might have a considerable impact on the ontol-
ogy of mathematics. How compatible is logical andmathematical realism
with a perspective that gives a central role to definitions?

All these questions were detected and dealt with in Frege’s quite subtle
account of logic in the first formulation of his formal system in Begriffsschrift
(1879) and in some subsequent writings about the philosophical significance
of the system.1 My aim in this paper is to discuss Frege’s approach to these
questions. First we shall see why and how he sees a fundamental difference
between definitions and ordinary assertions (axioms and theorems) not just
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at the propositional level, but especially from the illocutionary point of view.
(This addresses the first and the second questions above.) Next we shall see how
his view on the illocutionary peculiarities of definitions results in some fun-
damental restrictions on their propositional contents (this addresses the third
question.). Finally, we shall consider whether Frege’s perspective is compatible
with his explicit realism in mathematics (this addresses the fourth question.).
As I shall argue, Frege’s perspective can be seen as an intermediary position
between conventionalism (i.e., the thesis that all mathematics and logic is con-
structed or language-dependent) and pure Platonic realism (i.e., the thesis that
mathematics and logic is completely independent from our intellect and lan-
guage). From Frege’s perspective (which is motivated by his view on defini-
tions), both alternatives are only partly correct. He does not embrace a pure
Platonistic account of logic and mathematics (such as, e.g., Hardy ([13])), but
he also rejects a purely constructivist account (such as, e.g., Cole ([3]). The per-
spective that he embraces is that, in mathematics and logic, there is an primitive
and ontologically objective reality (i.e., entities that are “out there” indepen-
dently of our conceptual apparatus) but these entities can only be observed
or treated properly by means of a conceptual apparatus that is not given “out
there", but is first stipulated by a linguistic act. So, there is an interaction be-
tween our conceptual apparatus and the objective mathematical reality.2

2. The Assertive Illocutionary Force

The very first logical sign that Frege introduces in the formal system in §2 of
Begriffsschrift is the assertion sign, i.e., ‘ ’. It is actually the composition of
two other signs, the content (horizontal) stroke ‘ ’ and the assertion (vertical)
stroke ‘ ’. The content stroke is only applicable to a complete propositional con-
tent (or, in Frege’s early terminology, to a judgeable content), and its intuitive
reading (according to Frege’s explanation) is “the circumstance that so-and-so",
where the “so-and-so" is the state of affairs described in the combination of
signs that follows the horizontal. Hence, ‘ P’ reads “the circumstance that
P". And the vertical stroke ‘ ’ is a mark of the act of judgement. Thus, a com-
plete assertion of the content P is written as ‘ P’.

It has escaped notice to many Fregean scholars that the assertion sign is in-
troduced as a logical sign of the object language, and not of the metalanguage.3

This means that Frege sees the assertion sign as representing something essen-
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tial to logic, and not just as a dispensable ornament of his system. He takes it
as necessary to formally distinguish a situation in which a propositional con-
tent is properly asserted from a situation in which it is just considered but not
asserted (e.g., in an indirect proof, or as the antecedent or consequent of a con-
ditional).4 This feature of the Begriffsschrift is a bit ironic, since Frege is usually
interpreted as a paradigm of a logician that expels from the formal language
absolutely every pragmatic element. This is something that he himself seems
to suggest in passages like the following:

Now, all aspects of ordinary language which result only from the interac-
tion of speaker and listener[...]have nothing corresponding to them in my
formula-language because here the only thing considered in a judgement
is that which influences its possible consequences. ([4, §3])

Aswe see, the fact that the assertion sign is included in the formal system shows
that at least some pragmatic elements are raised to the level of logical symbols.
Frege introduces the assertion sign in §3 of Begriffsschrift, and from that point
on, every propositional content that appears in the text and that is part of a
deduction (up to §24, as we shall see) is preceded by this sign.

In conclusion, it seems to be Frege’s view that, in doing logic and mathe-
matics, we deal essentially with propositional (or judgeable) contents and with
what follows from them. But although not all contents are really asserted (e.g.,
the antecedent of conditionals), we cannot do logic without asserting most of
them (indeed, all contents that enter the “official" part of the formal language,
i.e., that are not just considered in the explanations given in the informal lan-
guage), starting with the Axioms (they are all asserted and not just considered
in the Begriffsschrift), and what follows from them according to the rules of
inference (i.e., the theorems). Theorems are not just listed and proved in the
Begriffsschrift: they are asserted, and the indication of assertion is always the
assertion sign.

3. The Illocutionary Force of Definitions

As said, up to §23 of Begriffsschrift, all propositional contents that are part of
a chain of inference are asserted. But when we come to §24, something new
enters the picture. That is the point in the text where Frege introduces his first
definition (which shall be used later to define y comes after x in the sequence f),
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the second order relation property F is hereditary in the sequence f. Right after
introducing what is sentence 69 in his system he pauses to explain it:

This sentence [69] is different from those considered previously since
symbols occur in it which have not been defined before; it itself gives the
definition. It does not say, “The right side of the equation has the same
content as the left side.”; but, “They are to have the same content." This
sentence is, therefore, not a judgement [. . . ] Although originally (69) is
not a judgement, still it is readily converted into one; for once the mean-
ing of the new symbol is specified, it remains fixed from then on; and
therefore formula (69) holds also as a judgement, but as an analytic one,
since we can only get out what was put into the new symbols [in the
first place]. This dual role of the formula is indicated by the doubling of
the judgement stroke. Thus, with respect to the derivation which follows,
(69) can be treated as an ordinary judgement.

In this passage Frege points out that, in a definition, we have something of an
entirely different nature from ordinary assertions. It is originally not a judge-
ment, presumably because its content is not a description of something that is
the case in the world previously to the definition itself. This is why he thinks
it is necessary to introduce another symbol, namely, ‘ ’ that indicates that
something different from an assertion is operating on a propositional content.
Only after the definition is made the statement is converted into an assertion
properly speaking that can be used in inferences.

Although Frege himself did not develop a full fledged theory of illocu-
tionary forces and illocutionary acts, and such a theory only appeared several
decades later in the works of more contemporary authors such as Austin, Searle
and Vanderveken (among others), it is clear that he wanted to point out the
necessity of indicating the illocutionary difference between assertions and def-
initions within the formal system. So, it might be profitable to consider Frege’s
point under the perspective of the contemporary theory; this might give us a
better understanding of what he was aiming at. Let us review some basic el-
ements of this theory in the version that appears in Searle and Vanderveken
([25]).5 First of all, every illocutionary act can be seen as the application of
some illocutionary force to some propositional content, so the act can be rep-
resented as 𝐹 (𝑃) where 𝐹 represents the illocutionary force and 𝑃 the propo-
sitional content.6 Second, we have the theoretical notion of direction of fit. If
we abstractly consider the two dimensions language and world, then an illocu-
tionary act may be so that its satisfaction requires that what is said fits the way
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the world is (like, e.g., in describing a fact) or, in the opposite direction, it might
require for its satisfaction that the world fits what is said (like, e.g., in issuing
an order). In the former case we have the word-world direction of fit, and fol-
lowing Searle we can represent it by means of the arrow ‘↓’; in the latter case
we have the world-word direction of fit, and we can represent it by means of
the arrow ‘↑’. We can also consider that all differences among illocutionary acts
come from variations in one or more of the following seven basic dimensions
(or aspects):

• Illocutionary Point: This is the general purpose of an act, and in gen-
eral it is closely tied to the direction of fit. E.g., the illocutionary point of
an assertion is to describe how the world is, while the illocutionary point
of an order is to get someone to do some action.

• Degree of Strength of the Illocutionary Point: Some illocutionary
acts may have the same illocutionary point but with different strengths.
E.g., asserting and conjecturing have the same illocutionary points, but
the former one has a higher degree of strength than the latter.

• Preparatory Conditions: Some illocutionary acts require, for their suc-
cess, that some conditions are met. E.g., ‘I declare the defendant guilty’
can only be successful if the speaker is a judge; ‘I bequeath this house to
my son’ can only be successful if the speaker owns the house.

• Propositional Content Condition: Some illocutionary forces may im-
pose some restrictions concerning the admissible propositional contents.
E.g., a promise requires that the propositional content is about a future
action on the speaker’s part; a testimony requires that the propositional
content is about the past, etc.

• Mode of Achievement: Some illocutionary acts may be achievable only
in a particular way. E.g., issuing an order can only be achieved by invok-
ing the speaker’s authority.

• Sincerity Condition: Most illocutionary acts express a psychological
state, i.e., the act is sincere only if the speaker is in that state. E.g., an as-
sertion expresses belief, an apology expresses regret, an order expresses
a desire, etc.
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• Degree of Strength of the Sincerity Condition: Some illocutionary
acts require the same psychological state but with different degrees of
strength. E.g., requesting and begging require the same psychological
state on the speaker’s part (i.e., desire), but clearly begging requires that
state with a higher degree of strength.

These seven dimensions form the basis of Searle and Vanderveken’s taxonomy
of all illocutionary acts. Although it has seemed to many philosophers (e.g.,
the second Wittgenstein) that there are unlimited possibilities for what can be
done with language, Searle and Vanderveken think that there are actually only
few things that can be done linguistically. This is not an arbitrary statement,
but is based on the limited possibilities for the direction of fit: it can only be
word-world, or world-word, or null (when there is no fit to be searched), or it
can go both ways, i.e., world-word and word-world simultaneously. This pro-
vides a very intuitive and surprisingly simple classification of the totality of
illocutionary acts into five big groups:

• Assertives These are acts that have as illocutionary point to give a cor-
rect description (with a greater or lesser degree of accuracy) of the world;
the direction of fit is ↓. Acts like asserting, denying, supposing, testify-
ing, reporting, etc., all belong to this category (with different degrees
of strength of the illocutionary point). They all require a belief (with a
greater or lesser degree of strength) on the speaker’s part as sincerity
condition, and some of them have preparatory and propositional con-
tent conditions.7

• Comissives These are acts in which the speaker takes responsibility
for a future course of action; the direction of fit is ↑. Acts like promis-
ing, vowing, threatening, etc., belong to this category (with different de-
grees of strength of the illocutionary point). They all require an inten-
tion (with a greater or lesser degree of strength) on the speaker’s part
as sincerity condition. Promises have the preparatory condition that the
promised action is something that the audience prefers, while threats
have as preparatory condition that the action is something that the au-
dience fears.

• Directives These are acts in which the speaker tries to engage the hearer
(or, more broadly, the audience) in a future course of action; the direction
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of fit is ↑. Acts like ordering, requesting, suggesting, begging, etc., belong
to this category. They all require a desire (with a greater or lesser degree
of strength) on the speaker’s part as sincerity condition. Orders have the
preparatory condition that the speaker is in a higher hierarchical position
than the audience, while requests have no such requirement.

• Expressives These are acts in which the speaker manifests his or her
psychological state with regard to a proposition that is assumed to be
true; there is no direction of fit in this case. Acts like boasting, regret-
ting, apologizing, greeting, etc. are of this kind. Some have preparatory
conditions, e.g., apologizing requires that the speaker was responsible
for (or the cause of) the fact for which he or she apologizes.

• Declaratives These are acts in which the speaker brings about a state of
affairs by just representing that state of affairs. I.e., by means of the act
itself a state of affairs is created that makes true the propositional content
of that same act. The direction of fit is double, i.e., ↕. Acts like declaring,
convicting, baptizing, etc., are of this kind.8 Some acts of this kind might
have as a preparatory condition that the speaker has an institutional sta-
tus, e.g., convicting requires that the speaker is a judge, while baptizing
requires that the speaker is a priest (in the case of Christian baptizing),
etc. This is a very special kind of illocutionary acts because, by means
of them, we can generate what Searle ([21]) calls institutional facts (as
opposed to brute facts).

One important element to keep inmind about declarative illocutionary acts
is that, as Vanderveken ([26]) points out, their propositional contents must be
contingent (and not necessary). This is so because the illocutionary point of
these acts is to bring about the truth of a proposition by the very illocution;
hence, if the proposition is necessary and already true anyway, the illocutionary
point cannot be achieved. If I, e.g., say (or sign a paper saying) ‘I declare that
Mr. X is my lawyer from now on’, then I can succeed in making it true that
Mr. X is my lawyer from now on on the basis of this declaration. But if I say
‘I declare that 2+2=4’, my declaration is pointless because the content is true
anyway. This has as implication that strictly mathematical contents properly
speaking cannot be the content of declarative acts because they are already true
independently of the act.
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One final element of Searle and Vanderveken’s approach that can be helpful
is the following. In his celebrated lectures, Austin ([1]) detected an interesting
phenomenon, and it is the fact that some utterances involving some special
verbs are, if successful, at the same time also the performance of the action
indicated by the verb. E.g., if I say ‘I promise to come’, then in uttering I am
promising (provided certain conditions are met, e.g., that I am speaking seri-
ously, etc.); if a priest say ‘I baptize you in the name of the father, etc.’, then by
uttering he is baptizing (provided certain conditions are met, e.g., that the ut-
terance is made in an appropriate ceremony, etc.), if a judge says at the end of a
trial ‘I convict the defendant’ than he is convicting the defendant, etc. Contrast
these with utterances such as ‘I play soccer’ (just by saying, even if I am in fact
a soccer player, I am not thereby playing), or ‘I fry an egg’ (just by saying I am
not thereby frying an egg), or ‘I am rich’ (just saying does not make me rich,
unfortunately), etc. Austin famously called the former performative utterances,
as opposed to the latter, which he calls constative utterances.9

Since Austin detected the phenomenon of performative utterances there
has been some dispute among philosophers and linguists about its source and
scope. I shall not review the different theories here.10 I shall only mention that,
in Searle and Vanderveken’s approach, performative utterances are treated as
particular cases of declarative utterances. E.g., when I say ‘I promise to come’,
I am representing a situation in which I promise to come and, just by repre-
senting it, I make it true that a promise is made. The same happens for other
performatives.

We can now go back to Frege’s view on definitions in Begriffsschrift. He
saw that they are illocutionary acts that differ from assertions, and this is the
reason why he introduces the new symbol ‘ ’. Which kind of illocution-
ary act are they? Using the classification provided by Searle and Vanderveken
we can exclude some alternatives. As we saw, there are five big classes of illo-
cutionary acts: assertives, comissives, directives, expressives and declaratives.
We know (and Frege explicitly said so) that they are not assertive acts (or judg-
ments, in Frege’s terminology). We can also, from the outset, say that they are
not expressive acts because the speaker’s feelings or reactions to the content of
a proposition have no importance at all in a formal system. They are also not
directive acts, for these require that the propositional content include a future
action of the audience; but the content of a definition does not seem to be this
way, unless we adopt the very odd interpretation of a definition as having a
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deep structure of the form “You (reader) will from now on treat this expression
(definiendum) as having the same meaning as that expression (definiens)" and
the symbol ‘ ’ is a mark that an order is issued. For the same reason, defi-
nitions do not seem to be comissive acts either. The only remaining alternative
is that they are declarative acts.

This seems to fit well not just Frege’s perspective, but the practice of math-
ematical definitions in general. These normally involve a performative verb (in
Austin’s sense), i.e., something like ‘define’, ‘establish’, ‘name’, etc., that does
not describe a previously existing fact or action in the world, but is such that
pronouncing the verb in the appropriate circumstance constitutes the action.11

If a definition does not explicitly have a performative verb (as it may happen
in highly technical texts), then it at least has a mark in the text (e.g., a ‘DEF.’
preceding it) that basically indicates the same illocutionary force. Normally a
definition is somehow indicated in a formal text so that it should not be taken
as a regular assertion.

Frege indicates in the passage from §24 quoted above that, although the
definition originally is not a judgment, it is readily converted into one that
may be used in formal reasoning as a true premise. This is indeed an effect
of declarative acts: although the act is not an assertion it has, if successful,
the effect of turning its propositional content into a truth that can now be the
subject of a judgment and, hence, serve as a premise in a reasoning. E.g., a
judge in convicting a defendant is not describing the world as being such that
the defendant is convicted; he is rather creating the defendant’s legal status by
means of the conviction. And right after convicting the defendant, the judge
might use the now true assertion that the defendant is convicted as a premise
for the conclusion that he or she must be punished according to the law.12

4. Propositional Content: Structure and Restrictions

As said before, Frege was perhaps the first to recognize that definitions require
a different kind of illocutionary act, i.e., they are not just regular assertions,
but are first made true by a special act, and only then can their propositional
content be the subject of assertions. Remember that, in a declarative illocution-
ary act, what we have is that a propositional content is made true by the very
illocution. But what is the propositional content of a definition for Frege? In
Begriffsschrift, all definitions are the result of applying the illocutionary force
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indicated by ‘ ’ to a propositional content that contains the symbol ‘≡’.13
This is the general structure of a definition in Begriffsschrift:

(A≡B)

where ‘A’ and ‘B’ are symbols with conceptual contents. So, in order to un-
derstand the structure of the propositional content, we must look at the expla-
nation of the symbol ‘≡’. Frege introduces and explains this symbol in §8; he
does not call it “identity", but rather “identity of content", which is something
quite different from classic identity.14 Although it is an essential part of the
symbolism, along with the symbols for negation and for material implication,
it does something different: it does not operate on the contents, but rather on
the expressions that flank it. ‘A≡B’, according to Frege’s explanation, says that
the symbol ‘A’ and the symbol ‘B’ have the same conceptual content. So, ‘A≡B’
expresses a metalinguistic proposition about the formal system. Frege justifies
the need for this symbol in §8 of Begriffsschrift in the following way:

[T]he need of a symbol for identity of content rests upon the following
fact: the same content can be fully determined in different ways.

The notion of “mode of determination" of a content would only later become
more articulated with the distinction between sense and reference ([5]). At this
point, however, Frege associates the different modes of determination not with
what later would be the sense of an expression, but with the expression itself.
The fact is that there might be different modes of determination of the same
content, and this possibility many times, as Frege puts it, “concern[s] the heart
of the matter" (ibid.). This is so, e.g., in the famous geometrical example given
on §8 of Begriffsschrift of a rotating point B on a circumference coinciding with
the fixed point A as a matter not just of terminology, but of the laws of geometry
(i.e., “the heart of the matter"). So, identity of contents is indispensable to math-
ematics and science in general. At this point Frege also allows for statements
of identities of contents that are just abbreviations, with no foundation on the
“heart of the matter":

A more superficial reason for the introduction of a symbol for identity
of content is that it is occasionally convenient to introduce an abbrevia-
tion for a lengthy expression. We must then express identity of content
between the abbreviation and the original form. (ibid.)
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That is to say, the possibility of producing abbreviations is also a motivation
(though a “more superficial" one) for having the symbol for identity of content.

One thing is clear about statements of identity of content: they are, at least
in part, metalinguistic. So, the propositional content of a definition cannot be a
properly mathematical one, but is concerned with the language of mathematics
itself. ‘A≡B’ says that a certain expression ‘B’ (the definiendum) has the same
content as ‘A’ (the definiens). Before the definition is made, it cannot be true
that both expressions have the same content, since the new symbol first gets
the same content in virtue of the definition. But is it false then? Or nonsensical?
As we know, before the definition is made, ‘B’ is not even part of the object
language yet, since it is also first introduced by the very definition. (Of course
one of the conditions of success of a definition is that it must introduce a new
symbol, instead of giving a new use to a symbol that was already in use in the
system.) Now we have perhaps two interpretations of the ≡-relation, one strict
and one liberal:

• The strict interpretation is that the ‘≡’-relation is true or false only of two
terms of the same language (in our case, of terms belonging to the Begriff-
sschrift). In this case, we must say not only that ‘A≡B’ is false before the
definition is made, but also nonsensical because ‘B’ does not belong to the
language yet. E.g., under this interpretation ‘2≡®’ would be nonsensical
in the language of arithmetic because ‘®’ is not a symbol of arithmetic.
In this case, we must see not just one metalinguistic proposition as the
content of the definition, but at least two:

(1) ‘B’ is part of the object language.

(2) ‘B’ has the same content as ‘A’

Before the definition is made, (1) is false and, hence, (2) is nonsensical.
With the definition, however, both are made true.

• The liberal interpretation is that the ‘≡’-relation is true or false of any
pair of symbols, no matter whether they belong to the same language
or not. Under this interpretation ‘2≡®’ would be false in the language
of arithmetic because, although ‘®’ is not a symbol of arithmetic, it is
anyway false that ‘2’ and ‘®’ have the same content, while ‘2≡II’ would
be true because ‘2’ and the Roman numeral ‘II’ have the same content,
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although they belong to two distinct symbolic systems. In this case we
only need (2) as the propositional content, and it is false before the defini-
tion is made. Presumably, in this case, by declaring that ‘B’ has the same
content as ‘A’ we are bringing the former automatically to the language.

Before we proceed, wemust have inmind an intuitive distinction regarding
definitions. Some of them are meant just as an abbreviation of a long expres-
sion by a shorter one. We might call these purely abbreviative definitions. For
this kind of definition no justification is needed except its practicality. E.g., the
definition of a transitive set: this is just a name given to sets that have some
special properties. But some definitions are not meant as sheer abbreviations:
they are meant as capturing an essential aspect of a pre-theoretical notion. And
they also provide an epistemic perspective for that same notion. E.g., natural
numbers might be defined as sets (as, e.g., in ZFC), or as positions in a struc-
ture (as in Dedekind’s structuralism), or as second-order quantifiers (as Frege
himself considers and then rejects in his later Grundlagen) etc., each defini-
tion providing not just a simple abbreviation, but also a different epistemology
of natural numbers. We might call these contentual definitions. For cases like
this, more than just practicality is needed as their theoretical justification: it
has to be shown that the definition fits entirely or at least in great part our
pre-theoretical notion.15

We can now go back to the driving question of this section: what is the
propositional content of a definition? And the answer seems to depend on
which kind of definitions we are considering. For merely abbreviative defini-
tions, it seems that the only propositional content is something like (2) (or per-
haps (1) and (2), depending on whether we have the strict or the liberal inter-
pretation) above. The propositional content is just the metalinguistic one that
two expressions have the same content. In the case of contentful definitions,
however, we seem to have, besides the purelymetalinguistic content like (1) and
(2) above, also an epistemic content to the effect that a certain pre-theoretical
notion is represented by a formula in the formal system. There might be differ-
ent epistemic perspectives 𝑃1, 𝑃2, etc., that are the result of adopting different
definitions of a pre-theoretical notion. Part of what the definition does is to fix
one of these epistemic perspectives as the “official one" of the theory. Hence,
we might so represent the two propositional contents that are the subject of a
definition as declarative act:
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• (M) ‘B’ has the same content as ‘A’.

• (E) 𝑃𝑛 (i.e., the one according to which the pre-theoretical notion B is
captured by ‘A’) is the “official" epistemic perspective.

(M) is the purely metalinguistic part of the content, while (E) is the epistemic
part. They are both made true by a declarative act in the definition.

We saw above that Frege talks of a “more superficial reason" for the intro-
duction of the symbol of identity of content, i.e., the abbreviation of a longer
expression by a new and simpler one. This is basically what happens in purely
abbreviative definitions. But if we look at the definitions that occur in Begriff-
sschrift (i.e., those occurring in §24, §26 and §31) they are not meant to be just
abbreviations, since Frege’s point here is not just to substitute a long and cum-
bersome expression with a shorter one. On the contrary, he wants to capture
an important notion in a completely logical way, and in this case the content
of the definientia is crucial; this is why Frege, after introducing each definition,
spends a couple of paragraphs explaining the contents of each definiens in order
to show that each of them gives what we should expect from a logicist foun-
dation of arithmetic. The more general goal of the third part of Begriffsschrift
is to produce a definition that captures the notion of following in a sequence in
terms of first and second-order quantification without any resource to intuition
or to any particular object or concept. As we know, this was vital for his logi-
cist project, at least in its first formulation.16 Hence, we can understand Frege’s
definitions in §24, §26 and §31 as having two distinct propositional contents:
one metalinguistic (something like (M)) and one epistemic (something like (E)).
Both are the subject of a declarative act, and both are made true by the same
act: the metalinguistic claim that two symbols have the same content, and the
epistemic claim that a pre-theoretical notion is captured, in Frege’s system, by
a quantified formula.

5. Definitions and Realism

Logic and mathematics are fields in which we have only necessary truths. But
neither the metalinguistic proposition ((M) above) nor the one fixing the epis-
temic perspective ((E) above) are necessary truths, for it is certainly contingent
that ‘A’ and ‘B’ have the same content, and also that 𝑃𝑛 is the official epis-
temic perspective (in the sense that other perspectives are possible and could
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be adopted). So, they are both contingent propositions that are first made true
by the declarative act of the definition. But we have here a special kind of con-
tingency, i.e., one that is not related to the world independent of us, but one
that is made true by us.

We could here make use of Searle’s distinction ([21, 22]) between brute
facts and institutional facts to account for the kind of fact created by the defi-
nition. Brute facts are those that exist independently of us. E.g., that Neptune
is made mainly of ice or that Gold has atomic number 79 is something that is
the case independently of our intellect or language. If there were no mankind,
Neptune would still be made mainly of ice, and Gold would have atomic num-
ber 79. On the other hand, facts like national borders, governments, money,
laws, etc., are epistemically objective (in the sense that they are not a mat-
ter of taste or personal opinion) but are ontologically dependent on us (in the
sense that they must be, at some point, the subject of a declarative act). If there
were no mankind, there would be no such things as national borders, govern-
ments, etc.17 So, the facts created by a definition (both the metalinguistic and
the epistemic) are not brute facts in the sense that they do not exist in nature
by themselves; they are essentially created by means of our use of a particular
illocutionary act. This is Frege’s point in §24 of Begriffsschrift. So, they must be
institutional facts in Searle’s sense. The notion of institutional facts is perhaps
more naturally understood when related to political or social institutions such
as governments, contracts, etc., but once we see the essence of it, we have to
recognize that science as whole (including logic and mathematics) is suffused
with institutional facts, for theremust everywhere be the establishment of some
scientific perspective by means of definitions and conventions; theories must
be organized according to a hierarchy of truths, and these are all a matter of
stipulations, which are essentially the product of declarative acts.18 There are
no definitions in nature as brute facts; definitions are always the product of
decisions and declarations.

This brings us directly to the question of how far this perspective is com-
patible with realism, in particular with the mathematical realism that Frege
many times professes. He is normally seen as the paradigm of a realist philoso-
pher of logic and mathematics. But he was also perhaps the first logician to
recognize the central role of illocutionary acts in the formal language, in par-
ticular of declarative illocutionary acts (i.e., acts that bring about new facts).
But are both things compatible?19 They are compatible if we think that, simi-
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larly to what happens in the natural world, there are brute mathematical facts,
but these facts must be described from some perspective. In the natural world,
basic facts like atoms, spins, moleculatr structures, etc. are ontologically in-
dependent from us. Natural science is an attempt to describe and understand
these facts, but science is always made from a point of view given by defi-
nitions, hypotheses, theoretical choices, etc., that are not themselves natural
phenomena. So, brute and institutional facts are intertwined, and the study of
brute facts always makes use of institutional facts; but that the latter is always
a necessary tool to conceptualize and study the former does not mean that
brute facts do not exist.20 In the same way, Frege indicates on many occasions
that he sees logical and mathematical reality as existing independently of our
thought and language. Therefore there are, for him, brute logical and mathe-
matical facts. However, he recognizes that a conceptual network is a necessary
tool for studying this reality. And the same mathematical reality can be studied
using different frameworks, although some of these frameworks might give us
a better perspective of logic and mathematics, in the same way that one might
observe natural phenomena from different perspectives, but some of them pro-
vide a better understanding of the phenomena.21 In conclusion: both perspec-
tives are compatible (or at least Frege thought them to be compatible). There is
a brute logical and mathematical reality, but this reality must be studied from
some particular point of view (a conceptual and epistemic framework) that is
not a brute fact, but a fact linguistically instituted by means of declarative acts.
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Notes

1In the Fregean literature the term ‘Begriffsschrift’ is used ambiguously. Sometimes it refers
to Frege’s book from 1879, and sometimes it refers to the formal system presented in the book. I
shall use ‘the Begriffsschrift’ to refer to the formal system, and simply ‘Begriffsschrift’ (without the
definite article) to refer to the book.

2The interpretation here explained is an expansion of the views defended in Ruffino ([19, Chap.
11]), and Ruffino et al. ([20]).

3One exception is Daniel Vanderveken. As he notices,

Modern logicians and philosophers of language did not recognize fully
the philosophical importance of Frege’s idea of admitting illocutionary
force markers in the ideal object-languages of logic. Rapidly Frege’s as-
sertion sign was eliminated from the object-languages of logic, and be-
came a meta-linguistic sign used only to identify the sentences of object-
languages which are provable in axiomatic systems. I believe that this
failure to recognize the indispensability of illocutionary force markers in
language is responsible for the failure of contemporary logical semantics
to interpret adequately performative and non-declarative sentences. ([26,
p.68])

4See, e.g., the comparison that he draws between his formal system and Peano’s ([7, p.12]), and
his criticism of Schöder’s formalism ([8, p.193]). In “A Brief Survey of my Logical Doctrines" he
says that “We need to be able to express a thought without putting it forward as true" ([9, p.198]).
In his later formal system ([6]), ‘ ’ is also the first logical sign introduced and has basically the
same role with one important change: this time the horizontal stroke is understood as a function
that associates the truth-value True only to the same truth-value True, and the truth-value False to
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any other object. Hence, it is possible to assert, e.g., the negation of an ordinary object like Julius
Caesar, since the content would read “it is false that Julius Caesar is identical to the truth-value
True". See, e.g., Greimann ([12]).

5There are other ways of classifying illocutionary acts, but the one offered by Searle and Van-
derveken seems to have the clearest motivation and the most intuitive design.

6The vast majority of illocutionary acts have propositions as content. Some few are exceptions
in that they may not have a proposition as content. Some acts may just give expression to my
feeling as when, e.g., I say ‘oh!’ in view of an object of art or ‘hi!’ when I meet someone; there is
no propositional content on which I operate here. I shall assume, following Frege, that definitions
have propositions as contents.

7The conditions might vary according to the context. E.g., in doing logic or mathematics, a
preparatory condition for asserting P is that there is a proof of P. In mathematics, there is an
additional propositional content condition, namely, that the content must not contain indexicals or
non-mathematical terms. Ordinary assertions have much weaker conditions.

8“By definition, a declarative illocution is successful only if the speaker brings about the state
of affairs represented by its propositional content in the world of utterance [. . .] All successful
declarations have a true propositional content and in this respect declarations are peculiar among
speech acts in that they are the only speech acts whose successful performance is by itself sufficient
to bring about a word-world fit. In such cases, “saying makes it so”". (Searle and Vanderveken ([25,
p.57]))

9The distinction between performative and constative occurs right at the beginning of Austin’s
book. Later in the text he becomes progressively convinced that the distinction is artificial, and
that all utterances in communication are somehow performatives. Many philosophers and linguists
do not follow Austin in the second move, and prefer to reserve the term ‘performative’ for those
utterances in which a performative verb explicitly appear (i.e., to those utterances that Austin calls
explicit performatives.

10See, e.g., Recanati ([18]), Hedenius ([14]), Lewis ([16]), Bach and Harnish ([2]), Ginet ([11]),
García-Carpintero ([10]), Searle ([23]), Pagin ([17]), Jary ([15]).

11There are, of course, preparatory conditions peculiar to definitions in mathematics, e.g., it
must not include terms that are neither primitive nor have been previously defined, it must not be
inconsistent with other definitions given before, etc.

12Marco Panza has suggested in conversation that, in the same way that one could see a kind of
compositionality in the assertion symbol ‘ ’ since it is, according to Frege, the composition of
the content stroke ‘ ’ and the assertion stroke ‘ ’, one could also see a sort of compositionality
in ’ ’, which would be like the previous one except that the first vertical stroke closer to the
horizontal stroke would be the one indicating the definition properly speaking, and the second
one to the left would be the one indicating the assertion resulting from the definitory act. If Frege
meant the definition sign to be a composition of the other two symbols, what we have in it is an
instance of a compositionality not at the propositional level but at the illocutionary level, in which
one illocutionary act is the result of operations on two (or more) other acts.

13Later, in Grundgesetze, the propositional content has the symbol ‘=’, which means something
quite different, despite appearances.

14As Perry notices, classic identity ‘=’ occurs only twice in Begriffsschrift, and only in marginal
examples of ordinary mathematical contents formulated in the informal language. The symbol for
identity of content is part of the formal language, but the symbol for classic identity is not.

15Frege acutally requires more from contentual definitions: he requires that they are fruitful in
the sense that they are not trivial combinations of concepts that are already part of the theory. We
shall come back to this point later. See Footnote 21.

16Five years later, in the Grundlagen, Frege would have the notion of extensions and define the
concept of following in a sequence in terms of it.
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17Actually Searle ([24]) formulates it in a more general way: these facts require language, and
language requires intentionality; human beings have the capacity of creating language and, hence,
have intentionality. Maybe other biological species also have this capacity (or will have it at some
point in evolution). If there were no intentionality (hence no language), whether human or of any
other creature, these facts would not exist.

18See my Ruffino ([19]) for a study of the standards of measurement like meter and kilogram as
the product of declarative illocutionary acts.

19Some like Cole ([3]) seemathematics in its entirety as composed of institutional facts in Searle’s
sense.

20This is the perspective in defense of realism advocated in Chapters 7 and 8 of Searle ([24]).
21In “Boole’s logical Calculus and the Concep-script" (from 1880/1881) Frege explains what he

sees as some advantages of his formal language over Boole’s. He points out that, although there
might be different conceptual frameworks in logic, some of them are fruitful in the sense that they
are not trivial combinations of already existing concepts. The fruitful concepts are those that give
us a better perspective into logical reality:

For this reason what we may discover in them [fruitful concepts] has a far greater
claim on our attention than anything that our everyday trains of thought might
offer. For fruitfulness is the acid test of concepts, and scientific workshops the true
field of study for logic. ([9, p.33])


