
16
An Alternative Semantics for Quantified Modal

Logic: Alien-free Contexts and
Being-constraint Principles

Luciano Vicente
Paulo Vial

Abstract: This paper proposes an alternative, alien-free semantics for quantified modal
logic grounded on a radical being-constraint principle. The authors argue that only ac-
tual entities can appear in the extension of non-modal formulas, including their nega-
tions, and they formalize this constraint through a novel model-theoretic framework.
Philosophical motivations and implications are discussed, especially regarding actual-
ism, contingentism, and essentialism.
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Dedicatória

O presente artigo é uma subversão, ao menos parcial, dos objetivos do volume: ‘Andréa
Loparić on semantics for non-classical logics’. Colocado tudo em pratos limpos, nosso
artigo é sim sobre semantics e, talvez, sobre semantics for non-classical logics (no caso,
se pensarmos que non-classical logic é uma boa caracterização da lógica tematiza no
artigo). Entretanto, o artigo não é sobre as semânticas de Loparić (inclusive, para lógicas
não-clássicas), mas sim sobre algo que, entre tantas coisas aprendidas dela e com ela,
ainda ressoa tanto naminha experiência didática como naminha parca, e provavelmente
sempre incipiente, obra de pesquisador. Minha homenagem é, portanto e primeiramente,
à Professora Andréa (e digo ‘Professora’ com a boca cheia) que formou e forma, mais ou
menos diretamente, muitos de nós (lógicos do Brasil afora e para fora) e que, mais ou
menos indiretamente, ainda e sempre continuará formando.

Luciano Vicente

1. Introduction

It can be said, in an alien-free account of ontology, that alien objects (mere pos-
sibilia), since they don’t exist, are not the sort of thing that belong to extensions
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of an atomic open formula or predicate (e. g., ‘𝑥 is a detective’) in particular or
to extensions of a non-modal open formula or predicate (e. g., ‘𝑥 is a detective
or its not the case that 𝑥 is a masked hero’) in general. An interesting way of
illustrating this account is thinking sets in a ‘compositional way’: a set exists
only if its components also exist. In this case it seems that we will have some
troubles in explaining how objects that do not exist (or do not actually exist)
can belong to sets that do exist (or do actually exist). Trying to avoid this com-
plication, maybe we could say that only objects that actually exist can belong
to sets that actually exist; this seems to be the intuition behind certain restric-
tions in some semantics of quantified modal logic: so, since Sherlock Holmes
in the actual world does not exist, he cannot belong to the actual set of detec-
tives. Thus, by standard model-theoretic reasoning, we must conclude that if 𝔰
is a sequence where Sherlock Holmes is the 𝑖-st element, then is not the case
that 𝔰 satisfy 𝐷 (𝑥𝑖),@ (when 𝐷 is the predicate ‘is a detective’ and @ is the
actual world). Until now, it seems right, but an odd consequence of this stan-
dard model-theoretic reasoning is that we must conclude, similarly, that 𝔰 sat-
isfy ¬𝐷 (𝑥𝑖),@; that is, in the actual world other-worldly things (aliens) satisfy
some sentences. Somehow it seems to lead us to accept that in the actual world
Sherlock Holmes belongs to the complement of the actual set of detectives;
looks like we have not yet solved our problem by introducing those semantical
restrictions, since Sherlock Holmes remains a non-existent object that belongs
to a existent set (the complement of the set of detectives). In some sense, it
seems plausible to believe that predicates can inform us about the content of
some sets (or classes); however, our standard model-theoretic reasoning seems
to be committing us with the existence of actual sets with non-actual objects in
them. Indeed, some philosophers are not very dissatisfied with this situation:
Kit Fine, for instance, famously stated that even if Socrates had failed to exist,
he would have been a human (regardless his alienness)1. However, unlike Fine,
we are radicals in such matters related to aliens. Aliens are not welcomed in
our actualist semantical discussions; therefore, a ‘radical actualist’ account of
model theory for modal logic must prevent both 𝔰 from satisfying 𝐷 (𝑥𝑖),@ and
𝔰 from satisfying ¬𝐷 (𝑥𝑖),@. In this paper, we introduce this kind of alien-free
semantics (on non-modal contexts) for quantified modal logic.
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2. Some Philosophical Preamble

2.1. Alien-free intuitions

Firstly, it is important to stress that, at one side, we have (a) the alien-free se-
mantics that we will sketch in the most technical parts of this paper below; at
the other side, we have (b) the alien-free intuition. Thus, what we briefly said
above is, in some sense, an exposition of the alien-free intuition, i.e. the philo-
sophical intuition behind all the logical project that we will discuss below. Our
intuition consequently can be rightly contrasted with some others philosophi-
cal intuitions about the same subject: the role of aliens in extensions of atomic
open formulas (or predicates) in particular and the role of aliens in extensions
of open formulas in general (notably, in extensions of non-modal negations).
In one hand, we can imagine the philosopher X who agree with us about aliens
don’t being allowed to belong to extensions of any atomic open formula, how-
ever, disagreeing about the fact that aliens don’t belong to extensions of open
formula in general (for instance, ‘Sherlock Holmes is not a detective’ as an ac-
tual truth, or accepting that Sherlock Holmes belong to the set of things that are
not detectives); in other hand, we can imagine the philosopher Y who claims
that aliens do belong to some extensions of some non-modal atomic open for-
mula (for instance, Sherlock Holmes is an actual detective, thus, belong to the
actual sets of detectives) and also belong to some extensions of a more com-
plex non-modal open formula (for instance, Sherlock Holmes is not an actual
writer, thus, belong to the actual sets of non-writer). We call the intuition be-
hind the position held by the philosopher X the alien-tolerant intuition and the
intuition behind the position held by the philosopher Y the alien-friendly in-
tuition. It is important to note that we will not argue in favor of the alien-free
intuition here, we will just discuss some philosophically interesting features of
the position here in 2.1 and 2.2 though.

Philosophically speaking, our alien-free semantics is permeated by two dis-
putes: the most traditional dispute between actualism and possibilism and the
most recent one between contingentism and necessitism. In fact, our semantics
intends to respect some actualist intuitions; it is important to note that tradi-
tionally the actualist thesis is defined as claiming that everything that exists is
actual (and the possibilist thesis as the negation of actualism). However, there
is also some kind of strand in the actualist-possibilist debate that claim that this
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dispute is, in some sense, a purely quantificational one, i.e. actualists and possi-
bilists are just debating about the legitimacy of two different kinds of quantifi-
cation: while the actualist quantifier only ranges over the actual world domain
(or inner domain), the possibilist quantifier ranges over the absolute domain (or
outer domain). Given that, even when we shift the dispute to purely quantifica-
tional grounds, it can be said that the alien-free semantics is indeed committed
with actualism in non-modal contexts, since the quantifier presented in the for-
mal language below only ranges in the non-modal contexts over the domain of
the actual world.

Semantically, what distinguishes us from the more traditional actualist se-
mantics presented in texts like Fine (2005) and Kripke (1963) is the radical being-
constraint principle. In short, the being-constraint principle is the position that
only permits actual objects to belong to actual extensions of atomic open for-
mulas. This restrictions will validate formulas like, where Π1 (𝑥), Π2 (𝑥, 𝑦), . . . ,
Π𝑛 (𝑥1, . . . , 𝑥𝑛) are atomic formulas:

(BC1) □∀𝑥□(Π1 (𝑥) → ∃𝑦(𝑥 = 𝑦));
(BC2) □∀𝑥□∀𝑦□(Π2 (𝑥, 𝑦) → (∃𝑧(𝑥 = 𝑧) ∧ ∃𝑧(𝑦 = 𝑧)); etc.

Or more generally:

(BC𝑛) □∀𝑥1 . . .□∀𝑥𝑛□(Π𝑛 (𝑥1, . . . , 𝑥𝑛) → (∃𝑧(𝑥1 = 𝑧) ∧ . . . ∧ ∃𝑧(𝑥𝑛 = 𝑧)).

Reading the necessity operator as metaphysical necessity and the universal
quantifier as unrestricted, (BC1), (BC2) and (BC𝑛) seem very plausible meta-
physical principles — maybe you can even read (BC1) as saying something like
‘if something is in a certain way, then it exists’ and (BC2) as saying something
like ‘if two things are in a certain relation, then they exist’, etc.

Despite (BC1), (BC2) and (BC𝑛) being clearly consistent with the alien-free
semantics intuitions, we, as radicals in alien matters, want more. The being-
constraint principle and its restrictions are not sufficiently robust for our pur-
poses; the principle itself do not inform us if aliens could belong to extensions
of actual negation of atomic open formulas or not. Because of that, we call
the semantical restriction behind our intuitions about aliens the radical being-
constraint principle; hence, our restriction will validate not only formulas like
(BC1) and (BC2), but also formulas like, whereΦ1 (𝑥),Φ2 (𝑥, 𝑦), . . . ,Φ𝑛 (𝑥1, . . . ,

𝑥𝑛) are non-modal formulas:
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(RBC1) □∀𝑥□(Φ1 (𝑥) → ∃𝑦(𝑥 = 𝑦));
(RBC2) □∀𝑥□∀𝑦□(Φ2 (𝑥, 𝑦) → (∃𝑧(𝑥 = 𝑧) ∧ ∃𝑧(𝑦 = 𝑧)); etc.

Or more generally:

(RBC𝑛) □∀𝑥1 . . .□∀𝑥𝑛□(Φ𝑛 (𝑥1, . . . , 𝑥𝑛) → (∃𝑧(𝑥1 = 𝑧) ∧ . . . ∧ ∃𝑧(𝑥𝑛 = 𝑧)).

Indeed, (RBC1) and (RBC2) are not immediately metaphysically plausible
as (BC1) and (BC2), however, they themselves seem to be of huge metaphysical
interest — you can read (RBC1) as saying something like ‘if something is in a
certain way, then it exists’ and (RBC2) as saying something like ‘if two things
are in a certain relation, then they exist’ and this includes ‘if something is not
in a certain way (for instance, is not a detective), then it exists’. It can be argued
that counterexamples for (RBC1) are claims like ‘since God is not the creator
of the universe, He does not exist’; and counterexamples for (RBC2) are claims
like ‘although Santa Claus does not exist, some uninformed children believes
him’. Surely, those seem uncontroversially good counterexamples to (RBC1)
and (RBC2), but it seems strange that in an intended interpretation something
could not-be in a certainwaywithout being something, or that two things could
not-be in a certain relation without being something: in an intended interpre-
tation, if something is even in the extension of the negation of an open formula,
then it seems plausible to suppose that that thing exists.

The situation discussed in the last paragraph takes us to the other dispute
that permeate our alien-free semantics: the dispute between contingentism and
necessitism. Briefly, the contingentism is the thesis that is a contingent matter
if some things exist, while the necessitism is the negation of the contingen-
tist thesis. It is interesting to identify in which side of this dispute the intu-
itions behind the alien-free semantics lie. At first glance, we are located in the
contingentist side of the dispute: aliens are possible things that failed to ex-
ist, thus, something failed to exist, thus, aliens are not necessary beings (i.e.
are merely possible contingent ones), thus, aliens are incompatible with neces-
sitism; if something is possible, then it is also actual, in the necessitist account
of ontology.

However, amazingly we are not necessarily contingentists (or rather, we
are just contingently contingentists): as we already said, the big philosophical
intuition behind the alien-free semantics is the radical being-constraint prin-
ciple, which imposes that no alien could belong neither to the extension of
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any atomic open formulas nor to the extension of any non-modal open for-
mulas (negations included), thus, since there are no aliens for the necessitist,
the radical being-constraint principle is trivially respected, and a fortiori the
being-constraint principle is also respected. Therefore, you are not obligated
to be a contingentist by the alien-free semantics; however, since possibly there
are aliens for the contingentist, the alien-free semantics becomes much more
technically interesting when you apply it to a contingentist framework (i.e.
in Kripke models with variable domains of quantification). That happens be-
cause the necessitism, apparently, undercut the relevant distinctions between
the alien-free, the alien-tolerant, and the alien-friendly intuitions: it is not dif-
ficult to see that in a Kripke model with a constant domain, for instance, those
impositions of being-constraint, or radical being-constraint, of the lack of it,
make no relevant difference at all in which formula will be valid or not, the
same objects will be in the extension of any non-modal formula in each of the
semantical impositions.

2.2. Some philosophical problems

As well as every theoretical enterprise, the semantics presented here is not, of
course, immune to philosophical oddness. Thus, it is our duty mainly to the
philosophical community to present and discuss some disputably undesirable
features that arise in our alien-free semantics. However, it is important to note
that the ‘problems’ discussed here don’t arise only in our alien-free semantics,
but it will probably rise also in any attempt to respect the being-constraint
principle in a contingentist framework.

Even if you radically agree with the alien-free intuition that there is no role
for aliens in the extension of non-modal formulas, you must also agree that al-
though Sherlock Holmes does not exist, he is, in some sense, a detective, and
that he is not, in some sense, a dog. This kind of problem ends up arising when
you recognize some kind of legitimacy in the opposite discourse on some the-
oretical disputes. Each side disagrees with each other, however, of course there
is some sort of ‘truth’ in the other side; the ‘cash value’ in the alien-friendly
intuition.2 In the best of worlds we could translate the cash value of the alien-
friendly intuition utilizing just some resources of quantified modal logic. This
is particularly interesting, since that, here, in some sense we get closer to the
problem of the reduction of the possibilist discourse:3 possibilists can talk about
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aliens using purely non-modal sentences (‘some childrenwere never conceived’
would be an interest example of a quantified possibilist sentence without the
occurrence of any kind of modal operator); however, actualists find some trou-
bles trying to emulate this kind of discourse since they only have as interesting
tools the combination of modal operators with inner quantifiers. Our situation
is analogous, in some sense, since the alien-friendly intuition don’t make use of
any kind of modal operator, as in ‘Sherlock Holmes is an alien that is actually a
detective’. How do we, alien-free intuition advocates, solve this puzzle? At first
glance, it is simple, we could say that although Sherlock Holmes is not a detec-
tive, he is a possible detective, as he is a possible thing. In other words, we say
that Sherlock Holmes belong to the extension of the modalized atomic predi-
cate ‘is a possible detective’. However, how far have we gone by doing this? To
what extend is our conclusion that ‘Sherlock Holmes is a possible detective’ not
philosophically irrelevant? If you answer is that this is not irrelevant at all then
perhaps your reasons are more philosophically charged than we would like. A
legitimate question that can arise from this is ‘to what extend some position
about aliens belonging to extensions of predicates should commit us to some
kind of essentialism?’.

We call, here, essentialism the doctrine that claim that there is some sen-
tences of the the form ‘it is possible that so-and-so is in a certain way’ that
are falses. For instance, a essentialist could accept that it is possible that Quine
was a soccer player, but he could claim that it is not possible that Quine was
a bat, or that it is not possible that Quine was a fried egg. We will not deny
that it seems a very plausible position in modal metaphysics (and we will not
claim that too). But, back to our question, seems reasonable to think that the
conclusion that Sherlock Holmes is a possible detective only is a relevant one
if Sherlock Holmes is not, for instance, a possible fried egg. That is, without
some kind of essentialist commitment, the alien-free intuition is utterly blind
for modal distinctions of aliens: if we reject essentialism every alien is trivially
a possible anything (in the predicative sense of ‘anything’). In this sense, we
must admit that the alien-friendly intuition does better: we say inner-worldly
that Sherlock Holmes is a detective — if he is a possible fried egg, that is a
questions for essentialists and anti-essentialists to debate.
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3. Formal semantics

Vocabulary of L. The vocabulary of L is the collection of following symbols:

(a) Logical primitives: =, ¬, ∧, ∃, ^, ^′;
(b) Individual variables: 𝑥1, 𝑥2, . . . , 𝑥𝑛, . . .;

(c) Predicates: 𝐹1, 𝐹1
1 , 𝐹

1
2 , . . . , 𝑅

2, 𝑅2
1, . . . , 𝑅

𝑛, 𝑅𝑛
1 , . . . .

Loosely speaking, ^′ is thought as a relativist possibility and ^ is thought
as an absolutist one.

Convention 1. The formation rules and abbreviations are the usual ones.

Although we have not yet presented the semantics, we will briefly expose
informally our intentions here. The intuition is simple, since modal operators
are read as quantifiers over possible worlds, and aliens only occur “inside” these
possible worlds, aliens only can satisfy formulas when those are modalized
ones. However, to respect de re type of modality, we introduce two different
possibility operators: an actualist and a possibilist one. While the former re-
spect the modal intuition that ‘Fernando Haddad could be the president of
Brazil in 2018’ but not the modal intuition that ‘Sherlock Holmes could be a
dentist’, the later respect both. Given that, these are some conventions about
the (un)restrictivity of formulas on a sets of variables:

(Un)restrictivity of formulae on (set of) variables.

(a) Π𝑛 (𝑥𝑘1 , . . . , 𝑥𝑘𝑛 ) is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 };
(b) Π𝑛 (𝑥𝑘1 , . . . , 𝑥𝑘𝑛 ) is unrestrictive on ∅;
(c) 𝑥𝑘1 = 𝑥𝑘2 is restrictive on {𝑥𝑘1 , 𝑥𝑘2 };
(d) 𝑥𝑘1 = 𝑥𝑘2 is unrestrictive on ∅;
(e) ¬Ψ is restrictive on 𝐴 if Ψ is restrictive on 𝐴;

(f) ¬Ψ is unrestrictive on 𝐴 if Ψ is unrestrictive on 𝐴;

(g) (Ψ1 ∧Ψ2) is restrictive on (𝐴∪ 𝐵) − (𝐶 ∪𝐷) if Ψ1 is restrictive on 𝐴 and
unrestrictive on 𝐶, and Ψ2 is restrictive on 𝐵 and unrestrictive on 𝐷;

(h) (Ψ1 ∧ Ψ2) is unrestrictive on 𝐴 ∪ 𝐵 if Ψ1 is unrestrictive on 𝐴 and Ψ2 is
unrestrictive on 𝐵;
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(i) ∃𝑥𝑘Ψ is restrictive on 𝐴 − {𝑥𝑘} if Ψ is restrictive on 𝐴;

(j) ∃𝑥𝑘Ψ is unrestrictive on 𝐴 − {𝑥𝑘} if Ψ is unrestrictive on 𝐴;

(k) ^Ψ is restrictive on ∅;
(l) ^Ψ is unrestrictive on 𝐴 ∪ 𝐵 if Ψ is restrictive on 𝐴 and unrestrictive on

𝐵;

(m) ^′Ψ is restrictive on 𝐴 if Ψ is restrictive on 𝐴;

(n) ^′Ψ is unrestrictive on 𝐴 if Ψ is unrestrictive on 𝐴.

The underlying idea is: restrictive variables actualize the virtual domain
of objects, whereas unrestrictive variables are triggers and send the discourse
to the domains of merely possible objects. In any case, the virtuality of merely
possible objects, according to following view, is always preserved.

Thus, (a) and (b) express the intuition behind the idea that since the vari-
ables are the only variables occurring in, that formula is restrictive on; and
since there’s no unrestricted variables, is unrestricted on; similarly case on (c)
and (d); (e) and (f) express the intuition that the negation does not affect the
(un)restrictivity of the set of variables occurring in a formula.

Theorems 1. Basic facts about (un)restrictivity of formulae:

(a) If Ψ is restrictive on 𝐴 and unrestrictive on 𝐵, then (𝐴 ∩ 𝐵) = ∅;
(b) If Ψ is closed, then Ψ is restrictive and unrestrictive on ∅;
(c) If Ψ is restrictive on 𝐴 and unrestrictive on 𝐵, then 𝐴 ∪ 𝐵 is the set of

open variables of Ψ;

(d) If ^Ψ is unrestrictive on ∅, then Ψ is closed;

(e) If Ψ1 is restrictive on 𝐴, Ψ2 is restrictive on 𝐵 and (Ψ1 ∧ Ψ2) restrictive
on 𝐶, then (𝐴 ∩ 𝐵) ⊆ 𝐶 ⊆ (𝐴 ∪ 𝐵).

Interpretation. An interpretation M of L is a collection of following items:

(a) A set IM of indices (or worlds);

(b) An absolute domain DM ≠ ∅;
(c) A sequence DM

𝑖
⊆ DM of relative domains indexed by IM;

(d) A set 𝑖M[Π𝑛] of 𝑛-sequences for each predicate Π𝑛 of L and index 𝑖 of
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M.

Convention 2.

(a) 𝔰, 𝔱, 𝔲,. . . are variables for 𝜔-sequences.

(b) 𝔰(𝑘) is the 𝑘 th term of sequence 𝔰 (term of a sequence);

(c) [⟨𝑎0, . . . , 𝑎𝑘 , . . .⟩]𝑘/𝑎 = ⟨𝑎0, . . . , 𝑎𝑘−1, 𝑎, 𝑎𝑘+1, . . .⟩ (term replacement);

(d) if all terms of sequence 𝔰 are elements of the set 𝐴, we will write 𝔰 ∈ 𝐴.

Satisfaction. For any interpretation M (of L), index 𝑗 ∈ IM and 𝔰 ∈ DM:

(𝑆Π) M, 𝑗 , 𝔰 ⊨ Π𝑛 (𝑥𝑘1 , . . . , 𝑥𝑘𝑛 ) iff ⟨𝔰(𝑘1), . . . , 𝔰(𝑘𝑛)⟩ ∈ 𝑗M [Π𝑛] and 𝔰(𝑘1) ∈
DM

𝑗
, . . . , 𝔰(𝑘𝑛) ∈ DM

𝑗
;

(𝑆=) M, 𝑗 , 𝔰 ⊨ 𝑥𝑘1 = 𝑥𝑘2 iff 𝔰(𝑘1) = 𝔰(𝑘2) and 𝔰(𝑘1) ∈ DM
𝑗
;

(𝑆¬) M, 𝑗 , 𝔰 ⊨ ¬Ψ iff M, 𝑗 , 𝔰 ⊭ Ψ, Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 } and
𝔰(𝑘1) ∈ DM

𝑗
, . . . , 𝔰(𝑘𝑛) ∈ DM

𝑗
;

(𝑆∧) M, 𝑗 , 𝔰 ⊨ (Ψ1 ∧ Ψ2) iff M, 𝑗 , 𝔰 ⊨ Ψ1 andM, 𝑗 , 𝔰 ⊨ Ψ2;

(𝑆∃) M, 𝑗 , 𝔰 ⊨ ∃𝑥𝑘Ψ iff there exists 𝔱 and 𝑎 such that M, 𝑗 , 𝔱 ⊨ Ψ and 𝔱 =
[𝔰]𝑘/𝑎;

(𝑆^) M, 𝑗 , 𝔰 ⊨ ^Ψ iff there exists an index 𝑖 ∈ IM such that M, 𝑖, 𝔰 ⊨ Ψ;

(𝑆^′ ) M, 𝑗 , 𝔰 ⊨ ^′Ψ iff there exists an index 𝑖 ∈ IM such that M, 𝑖, 𝔰 ⊨ Ψ, Ψ
is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 } and 𝔰(𝑘1) ∈ DM

𝑗
, . . . , 𝔰(𝑘𝑛) ∈ DM

𝑗
.

4. Some basic results

Theorem 1. IfM, 𝛼, 𝔰 ⊨ Ψ and Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, then 𝔰(𝑘1) ∈
DM

𝛼 , . . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 .

Proof. Induction on complexity of Ψ.

A. Ψ = Π(𝑥𝑘1 , . . . , 𝑥𝑘𝑛 )
1. {A} Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 } [by Restrictivity];
2. {A} If M, 𝛼, 𝔰 ⊨ Ψ and Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, then 𝔰(𝑘1) ∈ DM

𝛼 ,

. . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 [by 𝑆Π].

B. Ψ = ¬Φ
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1. {B} If M, 𝛼, 𝔰 ⊨ Ψ and Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, then 𝔰(𝑘1) ∈ DM
𝛼 ,

. . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 [by 𝑆¬];

C. Ψ = (Φ1 ∧Φ2)
1. {C} IfM, 𝛼, 𝔰 ⊨ Ψ andΨ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, then {𝑥𝑑1 , . . . , 𝑥𝑑𝑚 }∪
{𝑥𝑐1 , . . . , 𝑥𝑐𝑙 } = {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, Φ1 is restrictive on {𝑥𝑑1 , . . . , 𝑥𝑑𝑚 } and Φ2 is
restrictive on {𝑥𝑐1 , . . . , 𝑥𝑐𝑙 } [by Restrictivity];

2. {C} If M, 𝛼, 𝔰 ⊨ Ψ and Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, then 𝔰(𝑘1) ∈ DM
𝛼 ,

. . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 [by 𝑆∧ and Induction Hypothesis];

D. Ψ = ∃𝑥𝑘Φ
7. {D} Φ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 } ∪ {𝑥𝑘} [by Restrictivity];
8. {D} IfM, 𝛼, 𝔰 ⊨ Ψ and Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 } ∪ {𝑥𝑘}, then 𝔰(𝑘1) ∈
DM

𝛼 , . . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 (and 𝔰(𝑘) ∈ DM) [by 𝑆∃ and Induction Hypothesis];

E. Ψ = ^Φ
9. {E} {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 } = ∅ [by Restrictivity];
10. {E} If 𝔰(𝑘) ∈ DM

𝑖
for some 𝑖 ∈ IM, then 𝔰(𝑘) ∈ DM [by Interpretation];

11. {E} If M, 𝛼, 𝔰 ⊨ Ψ and Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, then 𝔰(𝑘1) ∈
DM

𝛼 , . . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 [by 𝑆^ and Induction Hypothesis]

F. Ψ = ^′Φ
1. {F} If M, 𝛼, 𝔰 ⊨ Ψ and Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, then 𝔰(𝑘1) ∈ DM

𝛼 ,

. . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 [by 𝑆^′];

G.
1. ∅ If M, 𝛼, 𝔰 ⊨ Ψ and Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, then 𝔰(𝑘1) ∈
DM

𝛼 , . . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 [by A–F]. ■

A simple version of the radical being-constraint principle is:

Corollary 2. IfM, 𝛼, 𝔰 ⊨ Φ, Φ is a non-modal formula and 𝑥𝑘1 , . . . , 𝑥𝑘𝑛 are the
open variables of Φ, then 𝔰(𝑘1) ∈ DM

𝛼 , . . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 .

Theorems 3.

(a) IfM, 𝛼, 𝔰 ⊨ Ψ, thenM, 𝛼, 𝔰 ⊭ ¬Ψ;

(b) ifM, 𝛼, 𝔰 ⊨ ¬Ψ, thenM, 𝛼, 𝔰 ⊭ Ψ;

(c) if Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, 𝔰 ∈ DM, 𝔰(𝑘1) ∈ DM
𝛼 , . . . , 𝔰(𝑘𝑛) ∈

DM
𝛼 andM, 𝛼, 𝔰 ⊭ ¬Ψ, thenM, 𝛼, 𝔰 ⊨ Ψ;
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(d) if Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, 𝔰 ∈ DM, 𝔰(𝑘1) ∈ DM
𝛼 , . . . , 𝔰(𝑘𝑛) ∈

DM
𝛼 andM, 𝛼, 𝔰 ⊭ Ψ, thenM, 𝛼, 𝔰 ⊨ ¬Ψ.

Corollaries 4. if Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, 𝔰 ∈ DM and 𝔰(𝑘1) ∈
DM

𝛼 , . . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 , then:

(a) M, 𝛼, 𝔰 ⊨ Ψ→ Ψ;

(b) M, 𝛼, 𝔰 ⊨ Ψ ∨ ¬Ψ;

(c) M, 𝛼, 𝔰 ⊨ ¬(Ψ ∧ ¬Ψ).

Theorem 5. If Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, 𝑥𝑘 ∈ {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 } and
M, 𝛼, [𝔰]𝑘/𝑎 ⊨ Ψ for each 𝑎 ∈ DM

𝛼 , then M, 𝛼, [𝔰]𝑘/𝑏 ⊨ ∀𝑥𝑘Ψ for each
𝑏 ∈ DM.

Proof.

1. {1} Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, 𝑥𝑘 ∈ {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 } and M, 𝛼, [𝔰]𝑘/𝑎 ⊨
Ψ for each 𝑎 ∈ DM

𝛼 ;

2. {2} M, 𝛼, [𝔰]𝑘/𝑏 ⊭ ∀𝑥𝑘Ψ [Reduction Hypothesis];

3. {1, 2} M, 𝛼, [𝔰]𝑘/𝑏 ⊨ ∃𝑥𝑘¬Ψ [by Restrictivity, 1 and 2];
4. {1, 2} M, 𝛼, [𝔰]𝑘/𝑐 ⊨ ¬Ψ [by 𝑆∃ and 3];
5. {1, 2} 𝑐 ∈ DM

𝛼 [by Theorem 1 and 4];

6. {1, 2} M, 𝛼, [𝔰]𝑘/𝑐 ⊭ Ψ [by 4];
7. {1} M, 𝛼, [𝔰]𝑘/𝑏 ⊨ ∀𝑥𝑘Ψ [by 1, 2 and 6]. ■

Theorem 6. If M, 𝛼, 𝔰 ⊨ Ψ and 𝛽 ∈ IM, thenM, 𝛽, 𝔰 ⊨ ^Ψ.

Theorem 7. If M, 𝛼, 𝔰 ⊨ ¬^Ψ and 𝛽 ∈ IM, thenM, 𝛽, 𝔰 ⊭ Ψ.

Theorem 8. If M, 𝛼, 𝔰 ⊨ Ψ, Ψ is restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }, 𝛽 ∈ IM and
𝔰(𝑘1) ∈ DM

𝛽
, . . . , 𝔰(𝑘𝑛) ∈ DM

𝛽
, then M, 𝛽, 𝔰 ⊨ ^′Ψ.

Theorem 9. If M, 𝛼, 𝔰 ⊨ ¬^′Ψ, 𝛽 ∈ IM and 𝔰(𝑘1) ∈ DM
𝛽
, . . . , 𝔰(𝑘𝑛) ∈ DM

𝛽
,

then M, 𝛽, 𝔰 ⊭ Ψ.

Corollary 10. If M, 𝛼, 𝔰 ⊨ ^′Ψ, thenM, 𝛼, 𝔰 ⊨ ^Ψ.
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4.1. Simple Barcan questions.

Theorem 11. If M, 𝛼, 𝔰 ⊨ ∃𝑥𝑘^Ψ, thenM, 𝛼, 𝔰 ⊨ ^∃𝑥𝑘Ψ.

Proof.

1. {1} M, 𝛼, 𝔰 ⊨ ∃𝑥𝑘^Ψ;
2. {1} M, 𝛼, [𝔰]𝑘/𝑎 ⊨ ^Ψ [by 𝑆∃ and 1];
3. {1} M, 𝛽, [𝔰]𝑘/𝑎 ⊨ Ψ [by 𝑆^ and 2];
4. {1} M, 𝛽, 𝔰 ⊨ ∃𝑥𝑘Ψ [by 𝑆∃ and 3];
5. {1} M, 𝛼, 𝔰 ⊨ ^∃𝑥𝑘Ψ [by 𝑆^ and 4]. ■

Theorem 12. If M, 𝛼, 𝔰 ⊨ ^∃𝑥𝑘Ψ, thenM, 𝛼, 𝔰 ⊨ ∃𝑥𝑘^Ψ.

Proof.

1. {1} M, 𝛼, 𝔰 ⊨ ^∃𝑥𝑘Ψ;
2. {1} M, 𝛽, 𝔰 ⊨ ∃𝑥𝑘Ψ;
3. {1} M, 𝛽, [𝔰]𝑘/𝑎 ⊨ Ψ;
4. {1} M, 𝛼, [𝔰]𝑘/𝑎 ⊨ ^Ψ;
5. {1} M, 𝛼, 𝔰 ⊨ ∃𝑥𝑘^Ψ ■

Theorem 13. If M, 𝛼, 𝔰 ⊨ ∃𝑥𝑘^′Ψ, thenM, 𝛼, 𝔰 ⊨ ^′∃𝑥𝑘Ψ.

Proof. Let Ψ be restrictive on {𝑥𝑘1 , . . . , 𝑥𝑘𝑛 }
1. {1} M, 𝛼, 𝔰 ⊨ ∃𝑥𝑘^′Ψ;
2. {1} M, 𝛼, [𝔰]𝑘/𝑎 ⊨ ^′Ψ [by 𝑆∃ and 1];
3. {1} M, 𝛽, [𝔰]𝑘/𝑎 ⊨ Ψ and 𝔰(𝑘1) ∈ DM

𝛼 , . . . , 𝔰(𝑘𝑛) ∈ DM
𝛼 [by 𝑆^′ and 2];

4. {1} M, 𝛽, 𝔰 ⊨ ∃𝑥𝑘Ψ [by 𝑆∃ and 3];
5. {1} M, 𝛼, 𝔰 ⊨ ^′∃𝑥𝑘Ψ [by 𝑆^′ , 2 and 4]. ■

Theorem 14. There exists M and 𝛼 ∈ IM such that M, 𝛼, 𝔰 ⊨ ^′∃𝑥𝑘Ψ and
M, 𝛼, 𝔰 ⊭ ∃𝑥𝑘^′Ψ.
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Proof.

1. {1} Let B be a model such that:
(a) IB = {1, 2};
(b) DB = {Pelé};
(c) DB

1 = {Pelé}, DB
2 = ∅;

(d) 1B[𝐹1] = {Pelé}, 2B[𝐹1] = ∅.
2. {1} B, 2, ⟨Pelé,. . . ⟩ ⊭ ∃𝑥1^

′𝐹1 (𝑥1) [by 𝑆^′ and 1];
3. {1} B, 1, ⟨Pelé,. . . ⟩ ⊨ 𝐹1 (𝑥1) [by 𝑆Π and 1];
4. {1} B, 1, ⟨Pelé,. . . ⟩ ⊨ ∃𝑥1𝐹

1 (𝑥1) [by 𝑆∃ and 3];
5. {1} B, 2, ⟨Pelé,. . . ⟩ ⊨ ^′∃𝑥1𝐹

1 (𝑥1) [by 𝑆^′ and 4]. ■
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Notes

1See Fine, 2005, chap. 9, p. 321
2As Williamson uses in (2013) p. 305.
3Fine, 2005, chap. 4, p. 133.


