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Abstract: Within the ecosystem of imprecise probabilities, possibilistic logics are
among the alternatives to probability logic proposed for problems pervaded with impre-
cision. They describe each proposition of classical logic with two measures: possibility
and necessity. We do not survey possibilistic logic, but introduce it by highlighting its
main similarities and differences with probability logic, and discuss the claim that it is
better suited to problems involving imprecision.
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1. Introduction

Deductive logic concerns entailment, a relation that holds between a set of
premises and a conclusion if the truth of the premises ensures the truth of the
conclusion. Many arguments in Artificial Intelligence, and in Science in general,
involve uncertain propositions and take the form of “if these premises are very
likely, the conclusion is also very likely”” As the structure of these arguments
resembles entailment, it seems natural to generalize deductive logic, the study
of truth preservation, into a theory of probability preservation ([18], p71).!

But must it be probability preservation? Probability theory has been the
de facto model of uncertainty and imperfect knowledge; could something else
be used in the effort to generalize Logic? There is an emerging research field
of imprecise probabilities, whose proponents have been arguing that there are
better alternatives than probability theory for subjects pervaded with impreci-
sion and vagueness, especially those related to natural language and rational
beliefs.

Possibilistic logic, based on possibility theory, is a trend within the family
of imprecise probabilities. A possibilistic logic concerns propositions that are
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either true or false, as in classical logic, but whose truth values can, in many
cases, only be estimated. Confidence in the truth value of a proposition is quan-
tified with two measures: possibility and necessity. The possibility of a propo-
sition is how much its truth value is consistent with the available evidence, and
its necessity is how much this evidence entails, or requires, the truth value ([8],
p-440). Both measures usually specify values in the real interval [0, 1]. As for
syntax, the propositions of possibilistic logics are pairs (¢, 1), in which ¢ is
a classical proposition and A is the minimum value of its necessity (or, more
rarely, of its possibility).

It is easier to understand possibilistic logic with a few remarks in mind.
Despite the name, this family of logics developed independently of modal log-
ics and bears little similarity with them, either in its formal properties or in its
applications.? Lastly, as fuzzy logic, possibilistic logic was developed to solve
practical problems and model empirical, imperfect knowledge, rather than ad-
dressing philosophical questions ([12], p.321).

We present possibilistic logic by comparing it to the probability logic of
Nilsson ([18]), and comment the main similarities and differences between both
approaches. Section 2 briefly introduces probability and possibility theories, in
this order, focusing on the aspects most relevant for Logic. Section 3 presents
the probability logic of Nilsson ([18]) and introduces possibilistic logic. The two
systems are compared in section 4. We conclude our presentation in section 5
and suggest further reading.

2. Probability and possibility theories

We present some of the principles of probability and possibility theories, em-
phasizing the aspects that matter the most for the appreciation of the compari-
son between probabilistic and possibilistic logics. Prior to that, we must define
some terms we have been using and will use in the subsequent discussion.
Uncertainty is ignorance regarding the truth value of a proposition: “an in-
formation item is said to be uncertain for an agent if the latter does not know
whether it is true or false” ([5], p.73). This ignorance is due either to “lack of
information, or the presence of conflicting information” ([5], p.73). Examples
include missing evidence, data from imprecise, limited or faulty equipment,
social or psychological biases in polls, etc.? Imprecision is defined as “lack of
specification of [...] meaning” ([12], p.289). Specification is whether at most
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one object fulfills each predicate. Vagueness is “the existence of borderline ele-
ments [...] to which the statement as well as its contrary cannot be completely
applied” ([12], p.289). A predicate that is not vague is said to be crisp; it is either
precise or imprecise.

For example, “the prince of the United Kingdom” is a crisp definite descrip-
tion, because there is a clear definition of who is a prince in that monarchy, but
it is imprecise, because more than one person meets that definition. The predi-
cate “the monarch of the United Kingdom,” on the other hand, is precise, besides
crisp, because exactly one person satisfies it. A typical vague statement is “John
is tall”: as “tall” is used in everyday language, many people do not perfectly
qualify either as tall or not tall.* Another example is the Sorites paradox, which
shows that “heap of sand” is a vague predicate, because the conditions that a
collection of grains of sand must fulfill to form a heap are not well-defined, and
thus many such collections do not seem entirely heaps nor entirely non heaps.

Thus the reference of a precise predicate is a singleton, that of an imprecise
predicate is a set with at least two elements, and that of a vague predicate is
a fuzzy set.’ In classical logic, predicates are either precise or imprecise, never
vague ([12], p.289).

As all axiomatic systems, probability theory can be interpreted in many
ways. Some are more objective, some more subjective, some lean towards a
logical interpretation. Similarly, possibility theory allows for many interpreta-
tions—physical feasibility, for example ([12], p.289). While the interpretations
of these formal systems are an interesting philosophical issue, we shall focus in-
stead on the formal aspects of the theories analyzed, as our goal is to introduce
possibilistic logics through comparison with probability logic.

2.1. Probability theory

The first axiomatization of probability theory was that of Kolmogorov [17]
in 1933,° and it has remained the most prevalent axiomatization, especially in
applications in Science and technology.

Probability theory formally models random experiments, which are pro-
cesses (human-made or natural, despite the name) that can be indefinitely re-
peated and have a well-defined set of outcomes known a priori. Each run of
the experiment produces exactly one result, called an elementary event. As all
axiomatic theories, probability theory gives no particular meaning to these el-
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ementary events, neither assumes they have any properties besides the ones
guaranteed by the axioms.

The sample space of a random experiment is the set of all its possible out-
comes, all its elementary events. For example, in the roll of a six-sided die, the
sample space can be {1, 2, 3,4,5, 6}; in a coin toss, it can be {heads, tails}. In
applications of probability theory, the specification of the sample space of a
random experiment is constrained by the nature of the experiment, but is ulti-
mately somewhat arbitrary, as it is a mathematical abstraction of reality: “any
theory necessarily involves idealization, and our first idealization concerns the
possible outcomes of an ‘experiment’ or ‘observation. If we want to construct
an abstract model, we must at the outset reach a decision about what constitutes
a possible outcome of the (idealized) experiment” ([14], p.8).” For example, if the
only interest in the rolling of a die is whether the number rolled is even or odd,
the set {even, odd} is a viable sample space ([19], p.22). It is straightforward to
define sample spaces for rolling dice, flipping coins, or drawing cards, as these
processes involve objects that are either designed to produce well-defined re-
sults, or are particularly suited to do so. The task becomes more intricate the
more the problem at hand resembles real life scenarios. Finite and infinite sam-
ple spaces require different axiomatizations. We restrict ourselves to the finite
case, as our main interest is classical logic, a scenario where probability values
are assigned to a finite amount of propositions.

Let Q be a sample space. Then § is a field on Q if it is a set of subsets of Q
(that is, § C p(Q)) closed under complement (that is, is such that A = Q \ A
belongs to &, for all A € §), and closed under union (the union of any two sets
in & also belongs to &).2 This concept allows the definition of the axioms of
probability theory as in Kolmogorov ([17], p.2):’

Definition 2.1 (Axioms of probability theory).

I. & is afield of sets.
II. Q belongs to §.
III. To each set A in § is assigned a non-negative real number P(A). This
number P(A) is called the probability of event A.
IV. P(Q) equals 1.
V. If A and B have no element in common, then P(A U B) = P(A) + P(B).

Because Q belongs to any field and fields are closed under complement, the
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empty set @ = Q\ Q also belongs to any field. The first two axioms and the fact
that all sample spaces addressed by this theory are finite entail that fields are
also closed under intersection: if A and B belong to &, so does their intersec-
tion ([19], p.22). The elements of § are called random events (or just “events”);
they can be pictured as “more abstract” results of random experiments. When
an elementary event happens, all the random events it belongs to are said to
have taken place as well ([17], p.3—4). Therefore, in each repetition of a random
experiment a single elementary event takes place, but generally many random
events also do, because the elementary event might belong to multiple random
events. In the example of rolling a die, Q could be 9 ({1, 2, 3, 4, 5, 6}); then event
“an even number was rolled” would be {2, 4, 6}, and “the die lands on 1” would
be {1}. If the die lands on 5, then 5 is the elementary event that takes place,
and “the die lands on 5,” “it lands on an odd number,” and “it lands on a number
greater than 3” are some of the random events that also occur.

A field of probability is “a system of sets, &, together with a definite assign-
ment of numbers P(A) satisfying Axioms I-V” ([17], p.2). One of the reasons
why probability theory is so prevalent in Science is that “one can be practically
certain that if the complex of conditions [necessary for a random experiment
to produce an outcome] is repeated a large number of times, n, then if m be
the number of occurrences of event A, the ratio m/n will differ very slightly
from P(A)” ([17], p.4). So if a fair six-sided die is rolled six times, there is no
reason to expect number 4 to appear exactly once.!® But if it is rolled many
times, then the ratio of occurrences of 4 to the number of rolls will be close
to 1/6. While this correlation between probability and relative frequency is
undisputed, the idea that the probability of an event is its relative frequency
constitutes a principle of frequentism—an interpretation of probability that, as
all other interpretations, has been the subject of philosophical debate.

Consider elementary events Q,, = {&1,...,&,}. Sets {&1},...,{&,} are
pairwise disjoint, so P(Q,) = P({&1} U --- U{&n}) = P{&1) +--- + P({&n})
(by axiom V). Per axiom IV, P(Q,) = 1,s0 P({&1}) +---+ P({&,}) = 1. If no
elementary event has reason to be thought more likely than the others, each
one might be said to have probability k, so the previous equation can be rewrit-
ten as n X k = 1, which means each elementary event has probability 1/n. For
example, if a six-sided die is assumed to be fair, each face has probability 1/6 of
being rolled. This probability distribution for a finite sample space assigning the
same value to each elementary event is the uniform distribution, and the tenet
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that contexts of ignorance require this distribution is the symmetry principle!!
([22], p-227). We shall see in section 4 that the question of the validity of this
principle is the most prominent justification of imprecise probability systems.

These are the basic concepts needed to understand probability logics.
Among major topics that we left out are conditioning and probability distri-
butions (such as binomial or Poisson’s). Feller [14] and Papoulis and Pillai [19]
are good introductions to the subject. Moreover, the pioneering Kolmogorov
[17] remains a helpful read.

2.2. Possibility theory

Possibility theory was introduced by Zadeh [25] and stems from fuzzy set the-
ory, which in turn was introduced by Zadeh ([24]; [13], p.169, 180; [9], p.353).
For this reason, we briefly introduce fuzzy sets before advancing into possibility
theory proper.

A crisp predicate defines the crisp (i.e., non-fuzzy, classical) set of all ob-
jects that satisfy the predicate.'? A vague predicate similarly defines the fuzzy
set of the objects that partially or fully satisfy the predicate. More formally, a
fuzzy set A is a pair A = (B, ua) where B is a crisp set and pg4: B — [0,1] is
the characteristic function of A ([24], p.339). 14 assigns to each element of B a
number that is the degree to which the element belongs to the fuzzy set A, that
is, how well the element matches the property defining that set. If an object
belongs to a fuzzy set with the maximum degree of 1, it fully satisfies the pred-
icate that defines this set, and is named one of its prototypes. A fuzzy set can
thus be construed as a generalized set, in the sense that a crisp set is a fuzzy set
with its membership function restricted to the {0, 1} codomain ([24], p.339).

Example 2.2 (adapted from Zadeh ([25], p.7)). Consider predicate “small” rela-
tive to positive integers. It can be construed as vague, as it is unclear what is
the threshold that divides small integers from the rest. It might thus define the
following fuzzy set SMALL:"

SMALL = 1/1+1/2+0.8/3+0.6/4+0.4/5+0.2/6

Then SMALL = ({1,2,3,...}, usmarL) is such that 1 and 2 are prototypi-
cally small positive integers, and all integers greater than 6 have degree of
membership of zero. Then sentence “x is a small positive integer” translates
into “psmarL(x) = k7, i.e., “x belongs to SMALL to degree k € [0, 1]

»
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Both possibilistic and fuzzy theories formalize what a database says about a
query. The database is a collection of information assumed to contain all that an
agent knows about the subject at hand ([12], p288). Thus truth in this frame-
work is not “conformity between a statement and the actual state of facts to
which it supposedly refers,” but “rather a measure of agreement between the
representation of the meaning of a statement and the representation of what
is actually known about reality” ([10], p.40). Although there is usually a strong
philosophical distinction between knowing and believing, possibility theory
employs the two notions quite loosely, often interchangeably. It would arguably
be more philosophically rigorous to say that possibility theory addresses what
an agent believes about a subject.

Each piece of information that queries the database or is stored in it is a
statement of the form “x is P”. x is a variable that takes one or more values.
These values may be (partially) unknown, but are guaranteed to belong to a
set U, which is termed a universe of discourse, or a frame of discernment ([13],
p-173). Since we are introducing possibility theory as the foundation of possi-
bilistic logic, we address here the case of finite universes. P is a predicate that
restricts to some subset of U the values that may be assigned to x ([12], p.288).

The database is usually incomplete, that is, it does not necessarily con-
tain either ¢ or —¢ for every statement ¢. This matches the intuition that most
agents do not have perfect knowledge, and regular set theory and classical logic
suffice for those who do ([10, 40], p.40). Hence possibility theory assumes that,
whereas truth is binary, belief (or “knowledge”) is ternary, i.e., for every state-
ment ¢, an agent either believes solely in ¢, believes solely in -, or believes in
neither. The fourth case, of believing in both, is not as orthodox in the theory
and will not be addressed here ([10], p.40-41).

What the database says about the query depends on both the nature of
the statements stored in the former and the nature of the latter. Specifically,
it depends on whether the sets that variables take their values from are crisp
or fuzzy, and, in the former case, on their cardinality. Hence, among systems
for handling imperfect knowledge, a query may be deemed known (fully be-
lieved) to be true (or false), known just to some extent to be true (or false),
known to be partially true (or false), or known to some extent to be partially
true (or false), depending on whether the query and the database information
are precise, imprecise, or vague (fuzzy) ([12], p.288-289). A crisp query is a
statement “x is P” such that P refers to a crisp singleton (a non-fuzzy set with
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exactly one element). Table 1 summarizes the interplay between the sorts of
queries, information in the database, truth, and logics.

Query Knowledge Truth Logic

crisp  precise Oorl classical

crisp  imprecise 0,1 or {0,1} close to modal

ibly 0,

crisp  fuzzy poss? Y possibilistic
possibly 1

vague precise between 0 and 1  many-valued

vague fuzzy fuzzy truth value fuzzy

Table 1: How varieties of information and concepts of truth relate to logics. Adapted from Dubois
and Prade [12], p.295.

We do not address all rows of table 1, but focus on crisp queries on fuzzy
databases, as this is the case that basic possibility theory handles. We also com-
ment what distinguishes fuzzy logic and possibility theory, notwithstanding
their common root in fuzzy set theory. We refer the reader interested in a more
thorough account of the relations arranged in table 1 to the first section of
Dubois and Prade [12].

Example 2.3 (adapted from Zadeh [25]). Let “age” be a function that maps each
person into how many years old they are, so that age(John) is a variable that
takes its value in the universe U = {0,1,2,...,130}. Then query “John is 19
years old” is crisp because it expresses age(John) € {19} (which amounts to
age(John) = 19), i.e,, variable age(John) has a single value and the agent knows
it: 19.

A fuzzy database contains statements with fuzzy predicates. Assuming the
query is crisp, this is the case in which variable x has a single value, and whereas
the agent does not know it with certainty, (s)he might know that some values
are more possible than others. So we may define a fuzzy set F = (U, ur) such
that up: U — [0, 1] maps each element u € U into a number between 0 and 1
that represents not to what extent u fits the definition of U, but how possible
the agent considers x = u to be. Then ur is named a possibility distribution
for x. A possibility distribution is thus a fuzzy set with its characteristic function
given another meaning: “Zadeh [25] proposed an interpretation of membership



Possibilistic Logic Introduced through Comparison with Probability Logic 329

functions of fuzzy sets as possibility distributions encoding flexible constraints
induced by natural language statements” ([11], p.287). Using “n” to stand for p,
as usual in the literature, this distribution is such that, for all u,u’ € U, “n(u) =
0 means that x = u is impossible, 7(#) = 1 means that x = u is completely
allowed, 7(u) > n(u’) means that x = u is preferred to x = u’” ([8, 443],
p-443). The state of complete ignorance is that in which every valuation receives
maximum possibility: if nothing is known, there is no justification to preclude
the possibility of any event. If 7 and n” are possibility distributions such that
m(u) < n’(u) for all u € U, then & is a more informative, or more specific,
distribution—it is further away from the distribution of complete ignorance.

If possibilities are constrained so as to allow many distributions, and that
is the most common case, the least specific one prevails, for there is no justifi-
cation to be more precise than what the current evidence allows for. This tenet
is the principle of minimal specificity ([9], p.358-359).

Still on the example of the age of John, assume that all the agent knows
about this matter is that “John is young.” This is formalized by the fuzzy set
YOUNG = (U, uyounc), mapping each age into how well it fits the concept of
youth. The database thus contains a single piece of information: age(John) €
YOUNG. Assume that pyoung(28) = 0.7.

We now meet a very important difference between fuzzy logic and possi-
bility theory. In fuzzy logic, the value pyounc (age(John)), which is the degree
to which age(John) belongs to YOUNG, specifies how much the restriction of
young age is fulfilled when age(John) = u, for each year u € U ([25], p.5-6).
So the age of 28 years is “70% young,” and hence the sentence “28 years old is a
young age” is 70% true. Thus fuzzy logic proper cannot model John’s age: “John
is 28 years old to a degree of 70%” makes no sense.

In possibility theory, on the other hand, possibility distribution 7 = gyounc
expresses how possible the agent thinks that age(John) = u, for each year
u € U, provided all (s)he knows about John is that he is young: “the proposition
‘John is young’ converts the meaning of 0.7 from the degree of compatibility
of 28 with young to the degree of possibility that John is 28 given the proposi-

5 %

tion ‘John is young’ ” [25, 6]. In possibility theory, age(John) = 28 is either true
or false, but the agent thinks it is only 70% possible that it is true.

Possibility and probability theories are thus suited to scenarios in which
the elements of the (fuzzy) set are mutually exclusive. If John is 28 years old,

for example, his age is not 26 years, nor 31, nor any other number: “when the
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assumption of mutual exclusion of elements of a fuzzy set is explicitly made,
then, and only then, the membership function is interpreted as a possibility
distribution” ([9], p.347). The opposite holds for fuzzy logic proper, which is
why it is unsuitable for modeling partial belief ([9], p.346).

It becomes clear that a major difference between fuzzy logic and possibility
theory is that the former adds graduality to truth itself: their uncountable truth
values are regarded as degrees of truth, such that a proposition is “0.3 true,” “0.7
true,” and so on ([12], p.304). Possibilistic logic, on the other hand, preserves
the binariness of truth and uses a graduality that is epistemic: “[...] we have
propositions that are true or false (thus involving crisp predicates), but due
to the lack of precision of the available information, we can in general only
estimate to what extent it is possible or necessary that a proposition is true”
([12], p.304). The underlying algebra of possibility theory and possibilistic logic
is thus still Boolean.

We may now define measures that describe the confidence of an agent
regarding sets of pieces of information. A possibility measure is a function
IT: p(U) — [0, 1] satisfying these axioms ([8], p.446; [13], p.174-175):

() =0
nw) =1
T1(A U B) = max{II(A), [1(B)}

It remains to be seen how to determine the possibility of an arbitrary subset
of the universe (IT(A) for some A C U). Given possibility distribution 7, we
define T1(A) as in Zadeh ([25], p.9):!*

IM(A) = sup{n(u) :u € A} forallACU

I1(A) “may be interpreted as the possibility that a value of [the variable] x
belongs to A” ([25], p.9), and its definition expresses that “the agent presup-
poses that the actual state of affairs is always as normal as can be” ([10], p.47).
To ensure that TI(U) = 1, at least one element of the universe must be fully
possible: 3u € U(m(u) = 1) must be true. Then distribution 7 is said to be
normalized. This requirement means that at least one element of the universe
is an optimal value for the variable, is fully possible. This is quite reasonable,
as the universe of discourse is supposed to contain all possibilities ([8], p.443;
[13], p.173).
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The dual function is the necessity measure N, which “evaluates to what
extent all possible values of [the variable] x belong to A, i.e., to what extent
one is certain that x belongs to A” ([8], p.447):

N(A)=1-T(A) =inf{1 —7(u) :u ¢ A} forallACU

The two measures verify some important equalities and inequalities ([8],
p.447):

N(A N B) =min{N(A), N(B)}
max{I1(A),II(A)} = 1
min{N(A),N(A)} =0
I1(A N B) < min{II(A),TI(B)}
N(A U B) > max{N(A), N(B)}

The inequalities above show that possibility theory is not truth functional.
Indeed, Dubois and Prade ([12], p.295-296) (see also Dubois and Prade dubois-
prade2001, p.52) prove that when belief is formalized in a Boolean algebra as a
function g truth functional with respect to negation, conjunction and disjunc-
tion, this function collapses into Boolean truth assignment, i.e., g(¢) € {0, 1}
and g(¢) =1 iff g(—¢) =0, for all propositions ¢. Therefore, a ternary belief
function®® requires either forgoing Boolean algebra, or forgoing (global) truth
functionality. Possibility theory opts for the latter. Many fuzzy logics choose the
former, and so remain truth functional ([13], p.192). This is especially common
among mathematical fuzzy logics ([4]; [10], p.46).

So what might appear at first sight to be a difference only on how fuzzy
logic and possibility theory are used to model practical problems and arguments
is a matter with deeper repercussions on the formal systems themselves: “this
distinction [between partial truth and partial belief] has been neglected, as a
mere philosophical debate with no technical consequence. However, it greatly
affects the issue of compositionality with respect to logical connectives” ([10],
p-36).

The concepts we have introduced suffice for the subsequent exposition of
possibilistic logic. We have left out many crucial aspects of possibility theory,
such as conditioning, the issue of possibilistic independence, and combination
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and projection of possibility distributions. Possibility theory is especially con-
cerned with uncertainty pervading natural language, but we did not address
the issue of how to translate natural language statements into theoretical ob-
jects. In particular, how to assign a possibility degree to a logical valuation. This
method includes an empirical aspect that directly relates to the psychology of
the agent being modeled ([12], p.321). We refer the reader to Zadeh [26] for an
introduction on PRUF, one of the earliest methods proposed for this task.

We have addressed quantitative instead of qualitative possibility theory. In
the latter approach, events might lack numeric possibility numbers, but are or-
dered according to their relative possibility, so that A >11 B expresses that A is
more possible than B, or preferred over B. The codomain of possibility distribu-
tions can be a bounded, totally ordered set ([13], p.173), or even a complete and
distributive, not necessarily totally ordered, lattice ([8], p.483-484; [13], p.98).
We favored the quantitative variety because the [0, 1] interval is the typical
codomain of probability distributions, so it is natural for it to play the same
role with respect to possibility distributions, considering our intent to compare
probability and possibility theories. We refer the reader to the fourth section
of Dubois and Prade [13] for a thorough examination of qualitative possibility
theory.

We have only mentioned the topic of a possibility theory handling fuzzy
queries (i.e., fuzzy events), besides the usual fuzzy database. As mentioned, and
shown in table 1, such combination requires fuzzy logic. Section 3.2 of Dubois
and Prade [13] and section 7.6 of Dubois, Nguyen, and Prade [9] explain how
fuzzy queries interact with fuzzy databases.

We did not mention that possibility and necessity measures can be inter-
preted as upper and lower bounds, respectively, on probability values. Walley
([23], p-36-38), and section 5.3 of Dubois and Prade [13] discuss this topic.

3. Probabilistic and possibilistic logics

We proceed into logics proper, recalling that our intent is to introduce pos-
sibilistic logic through comparison with the probability logic of Nilsson [18].
We shall see that, while Nilsson [18] reframes logical entailment within linear
programming, possibilistic logic employs its own analogous formal devices to
select the distributions that satisfy a given universe of discourse.
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3.1. Probability logic

Section 2.1 presented probability theory as it is usually axiomatized and applied
in Science in technology: in terms of sets. But there is an alternative, mostly
equivalent, formalization in terms of (classical) propositions. It was initiated
by Keynes and further developed by Carnap and Popper, among others ([21],
p-xi). This approach is most common in Philosophy, and obviously Logic, as
propositions are the elements of every logic ([21], p.6). This approach is also
employed by Nilsson [18].

While set-based probability theory distinguishes probability distributions

and probability measures,'®

in a probability logic for a language £ there is often
simply a function P: £ + [0, 1] (see Roeper and Leblanc [21], p.6, for exam-
ple). The axioms that P obeys are usually Kolmogorov’s axioms (definition 2.1)
“translated” in terms of logic. Nilsson [18] uses instead a semantics closer to
set-based probability theory—and to possibilistic logic, as we shall see in sec-
tion 3.2.

As mentioned, Nilsson [18] opts for enabling Logic to handle uncertainty
by replacing logical entailment, which concerns preservation of truth, with
probabilistic entailment, a relation whereby high probability that the premises
are true guarantees high probability that the conclusion is also true.

His system starts with a set B of classical propositions, or “beliefs,” and
computes the set Q of all consistent truth assignments to B (and only those
assignments). In the case of propositional logic, Q is the truth table of set B.
Nilsson [18] terms each valuation of Q a possible world, as usual in the literature
([2]); we also use this expression, to be consistent with his terminology. But
notice that a possible world is simply a Boolean valuation; it is not directly
related to modal logic, or Kripke semantics. Consider set Bs = {p, p — g,
q}, which will be a running example throughout this section (as it is in Nilsson
[18]); it is inconsistent for g to be false while p and p — ¢ are true, so this
truth assignment must not be listed.

To list the consistent truth assignments for set B, Nilsson suggests a se-
mantic tree, very akin to the tableaux method.!” The method of semantic trees
is to repeatedly start from the tip of a non-closed branch, pick a proposition
in B that has not been picked yet in the current branch, and fork into the only
two possibilities: either the chosen proposition is true, or it is false. A branch is
considered closed as soon as it contains an inconsistent combination of propo-
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sitions, such as —p and —(p — ¢). The process continues until all branches
are either closed or have picked every proposition ([18], p.73). Each consistent
truth assignment determines the set of those possible worlds where the propo-
sitions in B have the assigned truth values. If B contains exactly one sentence,
for example, there are only two sets of possible worlds: the set of worlds where
the sentence is true, and the set of worlds where it is false ([18], p.72). Fig-
ure 3 showcases the method of semantic trees for example set Bs; inconsistent

€,

branches end with an “x”.

true true false false
true false true true
true false true false

Figure 3: Semantic tree for B3 ([18], p.73).

So there are four sets of possible worlds for our example B3: Qp, = {W;, Wy,
W3, Wy}. In general, the sets of possible worlds “comprise a sample space over
which we can define a probability distribution. This probability distribution
specifies for each set W; of possible worlds what is the probability P; that the
actual world is in W;” ([18], p.73). This semantics is very similar to possibility
theory.

The probability of a sentence S is the sum of the probabilities of the sets of
possible worlds where S is true. But “since we typically do not know the ordi-
nary (true/false) truth value of S in the actual world, it is convenient to imagine
a logic that has truth values intermediate between true and false and, in this
logic, define the truth value of S to be the probability of S” ([18], p.73, emphasis
added). Nilsson [18] conflates probability and truth values, seamlessly fluctu-
ating between classical logic, with exactly two truth values, and a probability
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logic with uncountable truth values. For this reason, it is a questionable choice
for a model of partial belief, as argued in Dubois and Prade [10].

Nilsson [18] studies entailment in this probabilistic system from the per-
spective of linear programming. The first step to solve an entailment problem
is to arrange the truth assignments to the sentences of B in a matrix V, which
requires sorting the set of sentences and each set of possible worlds in the same
arbitrary order. Then the ith row of V contains the truth values given to the ith
sentence, and the jth column contains the truth values given to each sentence
by W, the jth set of possible worlds. In the semantic tree of figure 3, B3 was
sorted in this order: (p, p — ¢, ¢).Each set of possible worlds is in this same
order, so that W, = [false, true, false],'® for example, denotes possible worlds
where p is false, p — ¢ is true, and g is false. Representing truth with 1 and
falsity with 0, the semantic tree method yields matrix V; in figure 4.

W, W, W W,

Figure 4: Matrix V3 for example set Bs.

Notice that V3 is the simple “concatenation” of vectors Wy, Wy, W3 and Wj.
Also notice that V3 contains only classical truth values (ones and zeroes), not
probability values. Column vector P contains the probabilities of the sets of
possible worlds, ordered as in V, so that each P; is the probability of W;. The
matrix product VX P yields column vector I1, which contains the probabilities of
the sentences in B (also ordered as in V). Figure 5 displays this relation between
the three matrices for our example set Bs.

This matrix product results in a system of inequalities:

Theorem 3.1. These three inequalities hold for Bs:

P(p — q)+P(p)—1< P(q) < P(p — q).

Proof. Recall that P(p — ¢q) + P(p) -1 < P(q) < P(p — ¢q) is simply
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Py

1 1 0 0 T
P,

1 0 1 1|X = |my
Ps

1 0 1 0 3
Py

—_——— ~——

Vs 115
P;

Figure 5: Product I13 = V3 x P3 for example set Bs.

2+ — 1 < w3 < m. Calculating the product depicted in figure 5 yields:

1P1 + 1P, + 0P3 + 0Py = my
1P{+0P5; +1P3+ 1Py =m,
1P1+0P2+1P3+0P4:ﬂ'3

From 7y = P1+Ps+ P, and 13 = P+ P3 we have that 713 < 75, as no probability
value can be negative.

Also notice that 7, + 711 = Py + (P1 + Py + P3 + P4), but probability axioms
ensure that P, + P, + P3 + P, = 1. So we have m + 11 = (P +1). We also know
that (P; + 1) — 1 < P; + Ps, again due to the non-negativity of all probability
values. Therefore we have 7, + 711 — 1 < 73, and the transitivity of < ensures
the final result. [

A prolific feature of linear programming is that systems of inequalities
can be interpreted geometrically. For example, two inequalities might delimit
a polygon in a Cartesian plane such that any point within it satisfies both in-
equalities. Figure 6 contains the geometric representation of the inequalities
of theorem 3.1: “consistent values for the probabilities of the three sentences
must lie in the convex hull of these points which is the solid region shown in
the figure [figure 6]” ([18], p.76). As any point within the polyhedron is a consis-
tent probability assignment, the “probabilistic entailment will, as a rule, merely
bound (rather than precisely specify) the probability of the entailed sentence”
((18], p.77).

The pursuit of a theory that embeds probability theory in deductive logic
or generalizes the two frameworks has been prolific and has posed many in-
teresting problems for Logic and Philosophy. Nilsson [18] can be particularly
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3
P(q)

Figure 6: The consistent probability assignments for B3 (adapted from [18], p.76).

difficult to follow, because it reframes logic within linear programming. We
have elected it as representative of probability logic because its quantitative
approach somewhat naturally compares to possibilistic logic. Regarding bib-
liography on probability logic, Hailperin [16] outlines its history, and Roeper
and Leblanc [21] and Adams [1] are comprehensive textbooks with an easier

learning curve.

3.2. Possibilistic logic

Possibilistic logics were introduced by Prade ([20]; [12], p.298). They order clas-
sical propositional language by associating to each proposition ¢ an element A
of a set A, which is usually the real interval (0, 1]. The pairs (g, 1) are thus the
fundamental objects of these logics, their “propositions.” The values A € A are
called “weights” ([11], p.294). Let £ be, throughout this paper, a possibilistic
language using (0, 1] as the scale of weights. Given a set of possibilistic formu-
las A = {{p1, @1), (@2, @2), . .. },its classical projectionis Ax = {¢ : (¢, a) € A},
the set of the classical propositions without their weights. Then L is the clas-
sical projection of our language, that is, the classical language that, along with
(0,1], formed L.
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In the most usual semantics, each weight denotes the minimum value of
N(¢), which is the necessity of classical proposition ¢. That is, a proposi-
tion (¢, A) expresses N(¢) > A. The necessity of a proposition is how much
the available evidence entails its truth ([8], p.440). A proposition of the form
(¢, sup A) asserts that ¢ is fully necessary (i.e., certain). A proposition (¢, inf A),
on the other hand, would only express that ¢ is unnecessary, but that does not
inform anything interesting, as the inequality N(¢) > inf A holds for all ¢.
Propositions of the form (¢, inf A) are therefore usually excluded from the lan-
guage (for example, the most used scale of weights, (0, 1], excludes zero) ([11],
p-293). The possibility of a proposition ¢, given by I1(y), quantifies the com-
patibility of its truth with the available evidence ([8], p.440).

A possibilistic logic (for £) starts with a necessity-valued knowledge base,
which is simply a finite set of possibilistic propositions ([8], p.450). The set of
all its valuations, denoted €, plays the role of universe of discourse. It is then
defined a possibility distribution w: Q +— [0, 1], which maps each valuation w €
Q into a number that quantifies how possible that state of affairs is thought
to be.!” Especially in later works on possibility theory and logic, it is usually
assumed that possibility distributions are normalized ([23], p.35). Notice that
this can only hold if the classical projection of the knowledge base is consistent.
Also notice that the weights that 7 assigns to the valuations do not necessarily
add up to 1, unlike numbers of probability distributions.

Boolean valuations are traditionally construed as impersonal abstractions,
descriptions of the world that do not depend on beliefs or knowledge, but “in
the scope of Artificial Intelligence, a set K of well-formed Boolean formulae is
understood as a set of propositions believed by an intelligent agent [...]. The
belief base enables questions pertaining to the state of affairs to be answered.
Such questions are often put in the form ‘is proposition p true?’. However, it is
important to notice that, in the context of knowledge representation, such ques-

»

tions mean: ‘Is the agent sure that p is true on the basis of the belief base K?’
([10], p.40).

Example 3.2. Consider a possibilistic logic modeling what Mary believes, with
imperfect knowledge, about propositions p, “it is raining,” and ¢, “the sidewalk
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is wet” They generate this truth table:

Q
w1 p q
w2 p —q
w3 Tp q

Wy P g

While exactly one state is the case (in objective reality), Mary does not know
which one is, and therefore regards more than one of them as possible. She
considers impossible for it to be raining and the sidewalk not to be wet, so she
assigns possibility 0 to the second row. She knows that the sidewalk might be
wet even though it is not raining, because when her neighbor uses his garden
sprinklers they wet her sidewalk. Thus she assigns possibility 1 to the third row.
She has not looked outside for a while and her house has strong soundproofing,
so she also assigns maximum possibility 1 to the first and the last rows. Her
beliefs thus translate to this possibility distribution:

Q m(w)
w1 p g 1.0
w2 p —q 0.0
w3 —p g 1.0
wg —p g 1.0

As we have seen, a belief base is not a description of reality itself, but of ev-
erything an agent believes about the relevant subject. For each classical propo-
sition, measures N and IT are then calculated based on the possibility distribu-

tion:%

Definition 3.3 (Necessity and possibility measures [8, 451-452]). The possi-
bility measure of the possibility distribution r is the function IT: £ — [0, 1],
and the necessity measure of this distribution is the function N: L — [0, 1],
such that, for all ¢,y € Lx:?!

() = sup{n(w) : w E ¢}
N(p) =1-TI(—~¢) = inf{l - 1(w) : W E —p}

Given a possibility distribution 7 and the necessity measure N that it in-
duces, 7 satisfies proposition (¢, 1), denoted 7 £ (¢, 1), if N(¢) > A. And «
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satisfies a set F of propositions if 7 £ ® for all ® € F [8, 452]. Entailment can
then be naturally defined: “[...] a possibilistic formula @ is said to be a logical
consequence of the set of possibilistic formulae F iff any possibility distribution
satisfying F also satisfies @, i.e. Vr, (7 £ F) = (7 £ ®@). It will be denoted by
F £ @7 ([8], p-452, emphasis in the original).

N(¢) = 1 amounts to ¢ being true, and I1(y) = 0, to ¢ being false. The
combination N(¢) = 0 and IT(¢) = 1 “means total ignorance about the truth or
falsity of ¢” ([12], P.298). We thus have the logical representations of the three
attitudes that possibility theory posits an agent can have regarding a piece of
information. In example 3.2, Mary deems proposition “it is raining and the side-
walk is wet” fully possible: [1(p Ag) = max{n(w) : w £ pAq} = max{n(w,)} =
1.0. She also assigns a possibility of 1.0 to the negation of that proposition:
H(=(p A q)) = max{n(w) : w £ =(p Aq)} = max{n(w,), 7(ws3), (w4)} = 1.0.
Because N(pAg) = 1-TI(=(pAq)) = 0, Mary believes that “it is raining and the
sidewalk is wet” is fully possible, but not required by the available evidence. As
the negation of that proposition is also fully possible but not necessary, Mary
is ignorant regarding that proposition. She is not completely ignorant, how-
ever: the fact that she assigns a non-maximum value to at least one valuation
(namely, w,) denotes some knowledge.

Possibility and necessity measures, by definition, verify a few rules, which
are presented as “axioms” of possibilistic logic. This presentation is rather un-
usual; a logic is typically introduced by means of its language, its axioms and
its rules of inference. We shall see shortly that possibilistic logic does have syn-
tactical inference and a proof-theoretical aspect. Indeed, the literature on pos-
sibilistic logic often emphasizes it is amenable to implementation in automated
proof and expert systems ([13], p.169, 218).22 We now resume the presentation
of the semantics.

Theorem 3.4 (Dubois, Lang, and Prade [8], p.451-452). Let ¢, ¥ € Lx* be propo-
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sitions. Then the following always hold:

In(L)=o0

N(T)=1
(e Vv ¢) = max{II(¢), I1(¢)}
(e Ay) < min{II(p), TI(y)}
N(¢ Ay) =min{N(¢), N(¥)}
N(¢ V) > max{N(¢), N()}

¢ By implies N(y) = N(¢)

The following rules hold if, and only if, the possibility distribution that induces I1
and N is normalized ([7], p.65):

I(rm)=1
N(L)=0
N(¢p) > 0 implies[1(¢) =1

The inequalities in theorem 3.4 show that possibilistic logic is not truth
functional in general. For example, possibility IT(p A g) is determined neither
by the possibility or necessity of p or g, nor by their truth values. This conforms
with the issues discussed in section 2.2.

A corollary of theorem 3.4 is that, if ¢ £  and ¢ E ¢, then N(¢) = N(¢).
This means that classically equivalent propositions are interchangeable in pos-
sibilistic logic ([10], p.42); this is of course also the case in probability logic.
Equality II(¢ V ) = max{II(¢), [1(y)} is a direct consequence of the defini-
tion of IT ([26], p.402):

Proof Let Qy = {w:wk ¢}, Q) ={w:wkey},and Qy = {w:wE @V}
Then II(¢ V ¢¥) = supQy. But Q, = Q, U Qy, and therefore I1(¢ V ¢) =
sup Qy = max{sup Q,, sup Q, } = max{I1(p), [1(y)}. [

This implies that the logical possibility measure is indeed a possibility mea-
sure in the sense of possibility theory. We also prove equality N(¢ A ¢) =

min{N(¢), N(¥)}:
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Proof.

N(pe AY) =N(=(=¢ V —)) (De Morgan’s laws)
=1-Tl(-pV ) (definition of N)
=1 - max{I1(—yp), II(-y)} (definition of IT)
=1-max{l1 - N(p),1 -N)} (definition of N)
=min{N(¢), N(¥)} (arithmetic)

]

The last rule of theorem 3.4, that N(¢) > 0 implies I1(¢) = 1 if the two
measures are induced by a normalized possibility distribution, is equivalent
to both max{Il(¢),I1(~¢)} = 1 and min{N(¢), N(—~¢)} = 0 ([7], p.65; [11],
P.290):

Proof. By definition 3.3, [1(¢ V —¢) = 1, because ¢ V —¢ is a top particle. But we
also have IT(¢ V —¢) = max{I1(p), I1(-¢)}, and thus I1(¢) = 1 or I1(—¢) = 1.
From the 1 — TI(—¢) > 0 premise we have I1(-¢) < 1, and therefore I1(¢) =
1. The argument for the same conclusion assuming min{N(¢), N(-¢)} = 0
instead is analogous. ]

This rule expresses that “something somewhat certain should be first fully
possible, i.e., consistent with the available information” ([11], p.290). We now
present a simple knowledge base with two possibility distributions and detail
how possibility and necessity measures are calculated for a few propositions.

Example3.5. Let B={{(p A q,0.2),{q V r,0.3)} be a knowledge base. Consider
possibility distributions 71 and 7, defined over the valuations w € Q of B:

Q pAg —(pAq) qVr =(gVvr) pVv-p m(w) mw)
p q r true false true false true 1.0 0.4
P q -r true false true false true 0.8 0.3
p —q r  false true true false true 0.3 0.2
p -—gqg -r false true false true true 0.1 0.4
-p q r false true true false true 0.3 0.8
-p q -r false true true false true 0.4 0.5
-p g r false true true false true 0.6 1.0
-p -—q -r false true false true true 0.7 0.6

Both distributions are normalized, since sup m; = sup 7z = 1.0. Distribution 4
defines measures I1; and N;, and 7, defines measures I1; and N,. We display



Possibilistic Logic Introduced through Comparison with Probability Logic 343

what values the four measures assign to a few propositions of interest and then
further explain how some of these values are calculated:

proposition II; N; I, N,
PAg 1.0 03 0.4 0.0
-(pAg) 07 00 1.0 06
qVvr 1.0 03 1.0 04
~(gVvr) 07 00 0.6 0.0
pv-p 1.0 1.0 1.0 1.0

« Possibility measures of p A g take into account only the valuations in
which this proposition is true, hence: II;(p A g) = sup{1.0,0.8} = 1.0
and IT(p A q) = sup{0.4,0.3} = 0.4;

+ Necessity measures of p A g take into account only the valuations where
the proposition is false, hence: N1(p A g) = inf{1 — m11(w) : w £ =(p A
q)} =inf{0.7,0.9,0.7,0.6,0.4,0.3} = 0.3and No(pAq) = inf{1—-m(w) :
wE=(pAq)}=inf{0.8,0.6,0.2,0.5,0.0,0.4} = 0.0;

« Proposition p V —p is true in all valuations (it is a top particle). Since
both distributions are normalized, we have I1;(T) = 1.0 = N(T) and
Hz(T) =1.0= Nz(T)

« Distribution 71; satisfies B because N1(p A g) > 0.2and N1(gVr) > 0.3.
Distribution 7, does not satisfy B because, although N,(g Vr) > 0.3, we
have N2(p A g) < 0.2.

We may now introduce a fundamental theorem for inference in possibilistic
logic:

Theorem 3.6 (Dubois, Lang, and Prade [8], p.453-454). Let F = {{¢1, 1), ...,
(¢n,an)} and

. fwr @i A A gy
F | inf{l-ai:wE-@,1<i<n} otherwise

Then, for all possibility distributionst on Q: n & F iff n < np.?

Theorem 3.6 entails that a set F' satisfies a proposition if, and only if, the
respective ¢ also does. Hence the importance of this possibility distribution: it
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suffices for solving deduction problems, rendering other distributions unneces-
sary. Among the class of distributions satisfying F, np is the least specific (that
is, least informative) one, as it assigns the highest values to each valuation ([8],
p-456). The consistency of a possibilistic knowledge base can be quantified as
follows:

Definition 3.7 (Dubois, Lang, and Prade [8], p.454). The consistency of a base
F, cons(F), is:

cons(F) = sup sup 7(w)
neF weQ

= sup 7r(w)
weQ

And its inconsistency, incons(F), is:
incons(F) =1—cons(F) =1—suprap

The value supnp is thus directly connected to the consistency of the
knowledge base’s classical projection ([8], p.454):

suprp =1=cons(F) iff Jw e Q(wE /\ Fx) iff Fxis consistent

When 0 < incons(F) < 1, the knowledge base is said to be partially incon-
sistent; when incons(F) = 0, itis (completely) consistent, and when incons(F) =
1, it is completely inconsistent ([8], p.456). A very important fact is that “in-
cons(F) is the smallest necessity degree of the contradiction L for all possibil-
ity distributions satisfying F” ([8], p.456):

Theorem 3.8 (Dubois, Lang, and Prade [8], p.456). Let N be the necessity dis-
tribution induced by m, and N the necessity distribution induced by nr. Then:

incons(F) =inf{N(L) : 7 F} = Np(L) =sup{a: F E (L, a)}
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Proof (adapted from Dubois, Lang, and Prade [8], p.504).

incons(F) = irég(l —nr(w))

= inf inf (1-7(w))

TETF WEQ

inf N(1)

eI
=inf{N(L) : 7wk F}
=sup{a: N(L) > o,V £ F}

sup{a: FE{(L,a)}
]

The last two lines of the proof above are more easily understood through
a diagram. Let Ny, N2, N3, Ny and N5 be necessity measures for some partially
inconsistent knowledge base, and let k = sup{a : F F (L, @)}. Assume N3(L) =
k. Values Nq(L),...,Ns5(L) are arranged over a line segment from 0 to 1 in
figure 7. Ny and N5 do not satisfy the knowledge base, because Ny(L) < k
and N5(L) < k. Any other necessity measure N’ such that N'(L) < k does
not satisfy the base. Thus N3(L) = k is the smallest necessity of L among
all necessity measures that satisfy the base: N3(L) = inf{N(L) : 7 £ F}.
Therefore inf{N(L) : £ F} =sup{a: F £ (L,a)}.

0 k 1

[ | | | | |
(! I I I I I

Ns(L)  Ng(L) N3(L) No(d) Ni(1)

Figure 7: A diagram illustrating theorem 3.8.

Per theorem 3.4, ¢ £ ¢ implies N(¢) > N(¢). In classical logic, L —
¢ for all propositions ¢, or, equivalently, per the deduction theorem, L k ¢.
Therefore, N(¢) > N(L): “any formula ¢ is deducible from F with a valuation
greater or equal to incons(F)” ([8], p.458), and “incons(F’) acts as a threshold
inhibiting all formulae of F with a valuation equal to or under this threshold”
([8], p-459, emphasis in the original). A positive incons(F) thus means that
knowledge base F entails two sorts of conclusions ([8], p.458):



346 Daniel Alves da Silva Lopes Diniz and Juliana Bueno-Soler

Trivial deductions If F' £ (¢, @) and @ = incons(F), (¢, @) might be any
conclusion, possibly unrelated to F;

Non-trivial deductions If F £ (¢, @) and @ > incons(F), (g, @) is a non-
trivial deduction.

As possibilistic logic is a layer on top of classical logic, this behavior fol-
lows from the latter’s principle of explosion,* namely, that a bottom particle
deduces every proposition, trivializing the system. This is so because modus
ponens holds in this logic and a bottom particle, being always false, implies
every proposition.

The inconsistency level of a knowledge base F and, by extension, its least
specific possibility distribution nf, are therefore the keystones of possibilistic
semantics, in the sense that F can be reduced to 7r, and inference amounts to
computing incons(F): “[...] if we want to know whether (g, @) is a logical con-
sequence of [knowledge base] F or not, it is sufficient to compute incons(F U
(=, 1)), which is equal to the largest valuation @ such that F £ (g, @)” ([8],
p-460).

After this semantic assessment, it is worthy to consider the syntax of pos-
sibilistic logic. Zadeh’s fuzzy logic was designed as a practical tool, with little
attention to logical rigor, especially syntactical aspects: “[...] such classical pre-
occupations as completeness, consistency, axiomatization and proof procedures
are ‘peripheral’” ([15], p.438). While still emphasizing semantics, possibilistic
logic has attempted to provide a logic in the strict sense of the word.?> The
axioms of a possibilistic system using a scale of weights A are very straightfor-
ward: each classical axiom ¢ translates into axiom (g, sup A) ([11], p.294). The
rules of inference are the following ([11], p.295):

certainty weakening if 8 < @, then (¢, @) + (¢, 8)
modus ponens (=@ Vi, @), {p,a) F (Y,a) foralla € A

The certainty weakening rule intuitively means that any proposition can
have its weight lowered or “worsened,” usually for the purposes of a deduction.
This entails that a classical axiom may be assigned any weight. A corollary of
the above is (- V ¥, @), (¢, B) + (Y, min{a, B)}, a “generalized modus ponens”
([8], p-460). The conclusion of a possibilistic argument is thus only as strong as
the weakest premise ([11], p.295). Example 3.9 illustrates the main aspects of
deduction in possibilistic logic under partial inconsistency.
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Example 3.9 (Dubois, Lang, and Prade [8], p.455).
Let G = {(-~p Vr,0.6),{—=q V —r,0.9),(p,0.8),{(gq,0.3)}. No valuation of ng
reaches 1, so this knowledge base is partially inconsistent:

Q G (w)
w1 p q r 0.1
w2 p q -r 0.4
w3 P —q r 0.7
Wy p —qg -r 0.4

w5 —p q r 0.1
we TP q -r 0.2
w7 —p g r 0.2
ws —p g r 0.2

The value of ng at the fifth row of the table is calculated as described in
theorem 3.6: valuation ws = (=p, g, r) is incompatible with exactly two propo-
sitions of G, {p, 0.8) and (—g V —r,0.9), in the sense that -p, ¢, r and p can-
not all be true, and —p, g, r and =g V —r cannot all be true. We thus have
nG(ws) = inf{1-10.8,1—0.9} = 0.1. The numbers in the other rows are calcu-
lated in the same manner.

G contains (=p V r,0.6), and also contains (p, 0.8). By (generalized) modus
ponens, these premises entail (r, 0.6). Similarly, G contains (=g V =r,0.9) and
(g,0.3), and thus entails (r, 0.3). Proposition  then may be added to the knowl-
edge base with the largest weight with which it is inferred: (r,0.6) € G.

Once 7 has been determined, its possibility and necessity measures for
each proposition can be calculated. Some propositions of interest:

Il Ng
-pVr 07 0.6
-gV-r 07 0.9

p 0.7 08
~p 0.2 03
g 04 03
~g 0.7 0.6
ro0.7 06

-r 04 03
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I (—r) is the largest value of 7 among the valuations in which = is true:
I (=r) = max{ng(w;), nG(w4), G (wWe), G (wg) } = max{0.4,0.4,0.2,0.2} =
0.4. NG(r) is 1 — Ilg(—r) = 0.6. This agrees with the addition of (r,0.6) to G
due to logical entailment (recall that “(r, 0.6)” expresses NG (r) > 0.6).

The inconsistency of G is incons(G) = 1 — sup{ng(w) : w € Q} =1 -
0.7 = 0.3 (definition 3.7). It can also be calculated in another way: incons(G) =
Ng(L) = Ng(r A =r) = min{Ng(r), Ng(=r)} = 0.3 (theorem 3.8).

There is a debate within the field of imprecise probabilities on whether
belief sets should be closed under the consequence relation; that is, on whether
they contain everything the agent knows, or just their initial beliefs ([2]). In
possibilistic logic, knowledge bases are not explicitly closed, but are implicitly
so, in the sense that inference can be reduced to computing inconsistency levels
([8], p-472).

These are the main aspects of possibilistic logic. As in section 2.2, we have
restricted ourselves to the case of crisp queries to a database. We are now able
to compare possibilistic with probability logics.

4. Comparing possibilistic with probability logic

In both possibilistic logic and the probability logic of Nilsson [18], the set of
valuations related to the classical propositions being formally modeled is the
domain of a function: a probability and a possibility distribution, respectively.
Let Q be a set of valuations, P a probability distribution defined on Q% andra
possibility distribution defined on Q. It might seem intuitive to equate P with x,
as both functions assign numbers in the real interval [0, 1] to express degrees
of uncertainty. Another similarity between the two distributions is that the
maximum function in possibilistic logic plays a role analogous to that of ad-
dition in probability logic: in TI(p V ¢) = max{II(p),I1(g)} and in P(p V q) =
P(p) + P(q), where p and g are mutually exclusive and II is the possibility
measure induced by 7, functions + and max “combine” two real numbers into
a third. Indeed, fuzzy set and possibility theories study t-norms and t-conorms,
operations that generalize logical conjunctions and disjunctions, respectively,
to real intervals. These operations share some of the properties of classical set
union: they are all commutative, associative, monotonic, and have an identity
element. Maximum is a t-conorm ([20], p.115). For these reasons, among oth-
ers, some authors have claimed that fuzzy sets generalize probability theory
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([9], p-347). If this were the case, perhaps possibility distributions would also
generalize probability theory, as they are simply fuzzy sets employed so as to
restrict the values assigned to a variable.

The two distributions are mathematically different, however, and therefore
cannot be equated. The domain of the probability distribution is p(€): P as-
signs a number to each subset of Q. The domain of the possibility distribution,
on the other hand, is Q itself: 7 assigns a number to each element of Q. Hence
the probability distribution is a Boolean function, whereas the algebra underly-
ing 7 is a weaker one. Moreover, the numbers that P assigns to the valuations
addup to 1 (3 ,ecq P(w) = 1), a constraint that does not hold for 7 ([9], p.347).
Probability and possibility are thus independent concepts that cannot be re-
duced to one another ([9], p.348).

A remarkable analogy between the system of Nilsson and possibilistic logic
is that both start with a set of propositions, termed a “knowledge base” in the
latter framework. The valuations of these propositions become the domain of a
probability or possibility distribution. Measures of probability, possibility and
necessity can then be calculated for all propositions. Given knowledge base F,
possibility distribution 75 delimits the family of possibility distributions that
satisfy F, in the sense that, for all 7 on Q, 7 £ F iff 7 < np (theorem 3.6). In
the semantics of Nilsson [18], inequalities such as those of theorem 3.1 similarly
delimit a region wherein the probability value of the conclusion of an argument
must lie.

Returning to the earlier point that ), .o P(w) = 1, there is an important
difference between probability and possibilistic logics: that probability is an
auto dual measure. For any proposition ¢, equality P(¢) + P(—¢) = 1 holds.
So the more probable a proposition is, the less probable its negation is, and
knowing either P(¢) or P(—¢) implies knowing the other value. For example,
if the probability of a player winning a game is 0.8, then the probability that
they do not win is 0.2. On the other hand, TT1(¢) + I1(—¢) is not necessarily 1,
but max{I1(¢), [1(=¢)} = 1 holds in all consistent knowledge bases, because
(¢ V =) = max{I1(p),[1(-¢p)}, but ¢ V =¢ = T and I[1(T) = 1 (per theo-
rem 3.4).27 Therefore, at least one of an event and its complement must be fully
possible, and nothing prevents both of them being so ([13], p.175). An analo-
gous reasoning applies to the necessity measure N.

Knowing only either I1(¢) or N(¢) is thus not very informative, and the
lack of auto duality motivates the use of two measures in possibility theory: “the
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weak relationship between IT(A) and II(A) forces us to consider both quan-
tities [IT and N] for the description of partial belief about the occurrence of
[event] A” ([13], p.175). Possibility and necessity are nevertheless dual to one
another: N(¢) is 0.4 if, and only if, I1(—¢) is 0.6, for example. As possibility
theory and logic use two measures to express the same epistemic state that
probability theory and logic describe with a single measure, the former have
the disadvantage of requiring more inputs and computation steps to model the
same data: “[...] a fuzzy analysis requires considerably more input than a stan-
dard decision analysis or sensitivity analysis” ([22], p.264). On the other hand,
considering the possibilities of a proposition and of its negation as independent
matters may grant more expressive power and subtlety ([11], p.283).

In particular, the independence of the possibility of a proposition and its
negation allows both values to be high, in which case little is known about that
proposition. Indeed, compared to probability logics, possibilistic ones are said
to excel in expressing the state of completely ignorance (with respect to the
universe of discourse). A formal model of such state is expected to be noninfor-
mative: it must convey that the agent knows nothing about the subject.

Possibilistic logics simply assign possibility 1 and necessity 0 to these pro-
positions, whereas probability logics employ an uniform distribution (i.e., as-
sign the same probability value to each one) due to the symmetry principle. We
exemplify why this has been considered inadequate.

Example 4.1. Consider the scenario of total ignorance regarding two atomic
propositions, p and q. Let P be a probability distribution, and 7 a possibility

distribution:
Q P bd

w1 p qg 025 1.0
w3z p —gq 025 1.0
w3 —p g 025 1.0
wg —p g 025 1.0

Notice that each valuation w1, w,, w3, and w, is an elementary event of sample
space Q. So the probability distribution assigns 0.25 to all elementary events,
but a larger number to the other events (except for the empty set). For example,
P({w1,ws}) = P{w1}) + P({ws}) = 0.25 4 0.25 = 0.5. The possibility mea-
sure I1 that  induces, on the other hand, assigns 1 to all events other than the
empty set: [1({w1, ws}) = max{Il1({w1}), H({ws})} = max{1,1} = 1.
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Such disparity on the values assigned to non elementary events under to-
tal ignorance is a direct consequence of the fact that probability is additive,
whereas possibility uses the maximum and supremum operations. This is what
Dubois and Prade ([12], p.287) mean by “the state of knowledge where there
is an equal lack of certainty about all events (including non-elementary ones)
that are liable to occur cannot be expressed by a single probability measure.”
The key notion here is “including non-elementary ones.”

Simply refraining from assigning a probability value is not an option in
probability theory; there is no way to suspend judgment, as “the probability
function must output some number” ([2]). Walley ([22], p.3) names “Bayesian
dogma of precision” the assumption “[...] that uncertainty should always be
measured by a single (additive) probability measure, and values should always
be measured by a precise utility function.”

Another problem is that we may assign the same probability value to each
elementary event either because we know nothing, or because we know, with
some confidence, that they do have the same probability value. We may as-
sign 0.5 to the probability that a coin will land heads because we do not know
whether it is fair or biased, or in the latter case, what is its bias. But we may
also assign this number because we have good reason to do so; perhaps we have
thrown the coin many times and are now confident that 0.5 is the probability of
landing heads. Probability theory has no means of distinguishing the two cases,
so “it is a common criticism of the Bayesian approach that it fails to distinguish
lack of information from knowledge of chances” ([22], p.212).

The literature on imprecise probabilities tends to regard the “dogma of pre-
cision” as the foremost limitation of probability theory and the main reason for
developing alternative systems. The inability of probability theory to express
complete ignorance in a fully noninformative manner is a consequence of this
limitation ([23], p.8). We can nevertheless name a few other objections to the
application of probability theory to imprecise or vague subjects.

In an infinite sample space, an event of probability zero is not guaranteed
to never occur. Drawing 0.45 from the real interval [0, 1], for example, is fully
possible, but the probability of this event is infinitesimal because the sample
space is infinite and continuous. For the same reason, the probability of hitting
a specific spot on the dartboard when throwing darts is zero, even though all
spots within the dartboard are possible. An event of possibility zero, on the
other hand, is deemed impossible in the knowledge state that the possibility
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distribution describes; recall that possibility theory is epistemic rather than on-
tological.

The probabilistic approach has been criticized as overly idealized, because
it is usually hard to specify precise numbers for everyday beliefs as probabil-
ity theory requires, even when interpreted as degrees of belief: “[...] it seems
that the insistence that states of belief be represented by a single real-valued
probability function is quite an unrealistic idealization” ([2]). These beliefs are
(argued to be) more naturally expressed as ranges of reasonable values.

It could be objected that, while it may be arbitrary whether a belief has
probability of 0.5, 0.53, or any other number, to say that its probability lies in
a certain interval simply moves the problem, because the boundaries of the in-
terval must themselves be specific, arbitrary numbers. Should these boundaries
also be “blurred” into intervals? What about their boundaries? A similar criti-
cism was made against fuzzy logics in Haack ([15], p.443): “[...] though one is
not obliged [in fuzzy logic] to require that a predicate either definitely applies
or definitely does not apply, one is obliged to require that a predicate definitely
applies to such-and-such, rather than to such-and-such other, degree (e.g. that
a man 5ft 10in tall belongs to tall to degree 0.6 rather than 0.5)” That is, to say
that someone 23 years old is “0.8 young” is not any less arbitrary than to define
that to be young is to be 30 years old or less. In the scope of imprecise probabil-
ities, Bradley [2] names this the “uncertainty escalator” problem: “we objected
to precise values for degrees of belief, so why be content with sets-valued be-
liefs with precise boundaries? [...] Why is sets of probabilities the right level
to stop the regress at? Why not sets of sets?”

A reply to this objection is that using probability intervals might be an ad-
equate compromise between single probability values, which are simple but ar-
guably too restrictive, and several layers of imprecise boundaries, which are ex-
pressive but costly to compute and difficult to understand, perhaps to the point
of becoming useless. This approach can grant a good enough level of impreci-
sion, being thus an admittedly arbitrary but useful convention. As mentioned,
possibility theory, and even applied probability theory, is traditionally more
concerned with practical issues of modeling real-life decision making rather
than theoretical rigor and elegance. Bradley [2] calls this the “functionalist in-
terpretation” response to the uncertainty escalator problem: “for the function-
alist interpretation [...], this is something of a pragmatic choice. The further
we allow this regress to continue, the harder it is to deal with these belief-
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representing objects. So let’s not go further than we need”

Broadly speaking, proponents of possibility theory claim it complements,
rather than replaces, probability ([9], p.362). They describe the former as a more
qualitative, non statistical calculus, that tolerates lack of precise knowledge
and compares numbers with the infimum and supremum operations, instead of
adding or multiplying them ([12], p.323: [26], p.402). Another strength of possi-
bility theory is that it is easily adapted into a purely comparative system, a very
complex task with probability ([9], p.344-345). Proponents of possibility theory
argue that empirical evidence supports the claim that this formalism is much
closer than probability to the cognitive process of human decision-making ([9],
p-356). For these reasons, possibility theory is posited as more adequate than
probability to handle the meaning of information, rather than information it-
self. In particular, to handle contexts of imprecise knowledge, especially impre-
cision due to the characteristics of natural language ([25], p.4). The interplay
between probabilistic and possibilistic logics is a complex subject that can be
tackled in a number of ways. We favored an analysis of formal aspects over the
philosophical implications of both systems, while attempting to require as little
mathematical background as possible.

5. Conclusion

We introduced imprecise probabilities as alternatives for probability theory in
the endeavor of generalizing logical entailment into the realm of uncertainty.
Among these alternatives, we chose to focus on possibilistic logic, presenting
it in comparison with the probability logic of Nilsson [18]. In order to assume
less mathematical background, we introduced the concepts of probability and
possibility theories most needed for understanding their respective logics. We
delved into the claim that possibilistic logics are better suited to problems in-
volving imprecision.

We did not deal with imprecise probabilities except as background of pos-
sibilistic logic. Bradley [2] is a good introduction to the subject, and Walley
[22] a thorough treatise. Dubois, Lang, and Prade [8] is the best introduction to
possibilistic logic. Its appendix collects proofs not found in most other works.
Regarding possibility theory, Zadeh [25] is worthy reading as its inception, but
it is quite hard to grasp. Dubois and Prade [12] was the first comprehensive
publication on the matter ([9], p.353), and it draws a helpful comparison be-
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tween fuzzy logic proper and possibility theory, besides addressing issues of
(lack of) truth functionality in these systems. Dubois and Prade [13] is a more
thorough survey and a good first contact with the subject. Dubois and Prade
[10] discusses the difference between a gradient of truth values and a gradient
of belief degrees overlaid on Boolean truth values, which is a rather confusing
issue. Dubois, Nguyen, and Prade [9] and Denceux, Dubois, and Prade [5] sur-
vey the controversy regarding the interplay between probability theory, fuzzy
sets, and possibility theory.

An interesting open question is of course the implications of using a non-
classical logic as the base for possibilistic logic. In Carnielli and Bueno-Soler
[3] a generalization of possibility and necessity models (called credal calculi)
based on the paraconsistent logics of formal inconsistency (LFIs) is investi-
gated, exploring their expressivity in terms of the notions of consistency and
inconsistency. The authors show how paraconsistent possibility and necessity
reasoning can, under certain conditions, provide realistic models for artificial
judgment. This suggests that the discussion started here can be directed to-
wards other underlying logics as well, opening new avenues of research.
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Notes

nstead of converting classical entailment into probabilistic “entailment.” one could add prob-

abilistic connectives to the base logic [6]. This approach will not be addressed here, as it is not the
one used in Nilsson [18].
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2 Although Zadeh ([25], p.4) asserts that “the interpretation of the concept of possibility in the
theory of possibility is quite different from that of modal logic,” later works suggest a closer relation
between the two approaches ([13], p.175). Dubois and Prade ([12], p.302) compares them.

3For a discussion on sources of imprecision, see section 5.2 of [22].

“Whether a predicate is vague or not is ultimately a choice of how to model the problem
at hand. Human tallness can be a vague predicate, but can also be arbitrarily turned precise as
{TALL, SHORT}, or {TALL, AVERAGE, SHORT}, and so on ([12], p2.89).

SFuzzy sets are sets with graded membership functions, such that a collection of grains of sand
might belong to the fuzzy set of heaps of sand to a degree of 0.8, for example. Fuzzy sets are properly
introduced in section 2.2.

®Kolmogorov’s “Foundations of the theory of probability” was first published, in German, in 1933.
Kolmogorov [17] is a 1950 English translation.

7This is what we meant when we said that the outcomes of a random experiment are known a
priori; they had been set by the very act of converting a phenomenon into a random experiment,
which is an abstract model.

8The main reason why the power set of Q is not always the set of random events is that “in
certain cases involving sets with infinitely many outcomes, it is impossible to assign probabilities
to all subsets satisfying all the axioms” ([19], p.22).

A “A” signals the end of a definition, theorem, or example. Proofs end with a “0”.

10This mistaken expectation is known as “gambler’s fallacy.”

11 A weaker version of the principles of indifference and of insufficient reason.

121t is well known that assuming that every predicate defines a set leads to problems such as
Russell’s paradox. As set theory is not our main concern, we assume that suitable precautions have
been taken against such problems.

3Finite crisp sets can be defined by listing their elements between curly brackets, separated by
commas. So “{3, 1, 2}” denotes the set of the three smallest positive integers. The fuzzy counterpart
of this enumerative definition is slightly different: “x/e” expresses that element e belongs to the set
to degree x; any unlisted element has membership degree of zero. The symbol “+” in this context
denotes fuzzy set union, not any kind of addition.

4Infima and suprema are used in possibility theory for generality, so as to handle even infinite
universes of discourse. For finite ones, infima and suprema can be safely replaced by minima and
maxima ([13], p.174), respectively, because the minimum of a set, if it exists, is its infimum, and the
same principle applies to the maximum and supremum.

15 And a belief function must be ternary, according to possibility theory.

16In very general terms, a distribution in probability theory is a function that maps elementary
events into interval [0, 1]. It defines a probability measure, which is a function that maps random
events into interval [0, 1].

17 As classical logic is truth functional, it would be simpler to list all possible truth assignments to
the propositional variables in the propositions of B; the truth values of non-atomic sentences would
then be already specified, and there would be no way for inconsistent truth assignments to appear.
This simpler method does not extend to first-order logic, however, so semantic trees, although
overkill for the propositional case, are preferred because they are a more general approach.

181y running text, we may write column vectors in row format, as in Nilsson [18], p.76.

19 Although the scale of weights usually does not contain 0, the codomain of the distribution
must do so, because 0 expresses that a valuation is impossible.

20We say that IT and N are induced by possibility distribution 7.

21In most cases in possibilistic logic, we handle finite sets of propositions, which generate finite
sets of valuations (finite truth tables), so that infima and suprema can be safely replaced by minima
and maxima, respectively, as remarked in footnote 14.
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22Many works up to 2000 highlight how well possibility theory and possibilistic logic could be
used in expert systems (cf. Walley [23], for example). An expert system is a computer program that
emulates an expert on a given field. It “thinks” by applying logical rules to facts provided by human
experts. These softwares were first introduced in the early 1970s and were pioneers of Artificial
Intelligence. Although they have been superseded by machine learning technologies such as neural
networks, they greatly influenced the field of automated inference.

% Notation “7r < 71" means 7(w) < 7p(w), forall w € Q.

24 Also known as “ex falso sequitur quodlibet, “Pseudo-Scotus principle,” among other names.

% Among fuzzy logics proper, mathematical fuzzy logic is a trend that has also designed more
logically rigorous systems (cf. Cintula, Fermiiller, and Noguera [4] for more on that regard).

26Notice that here P is a probability distribution in the sense of the probability logic of Nilsson
[18].

27The counterpart to this reasoning in possibility theory is that T (AUA) = max{II(A),I1(A)},
but AU A = Q, and therefore max{I1(A),TI(A)} = II(Q) = 1.

28Bayesian probability is a subjective interpretation of probability that is a foundation of Bayes-
ian inference. In this framework, one assigns a probability value to every untested uncertain hy-
pothesis, even ones not expected to be random. These prior probabilities may be revised and up-
dated as more information is obtained, especially by means of Bayes’ theorem. While this theorem
is a straightforward corollary of Kolmogorov’s axioms, its use in Bayesian inference is a matter of
contention, especially with the frequentist school of Statistics. The subjective nature of Bayesian
probability makes it particularly comparable to possibility theory, and the need of Bayesian infer-
ence to assign a (prior) probability value to every event motivates Walley’s criticism.



