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Abstract
The aim of this paper is to argue about the impossibility of constructing a complete formal
theory or a complete Turing machines’ algorithm that represent the human capacity of recognizing mathematical truths. More specifically, based on a direct argument from Gödel’s First Incompleteness Theorem, we discuss the impossibility of constructing a complete formal theory or a complete Turing machines’ algorithm to the human capacity of recognition of first-order arithmetical truths and so of mathematical truths in general.

1. Introduction
Know Yourself!
Delphos’ Oracle

Could we construct models, by using formal theories or algorithms, in order to
completely express the capacity of (some) human beings in identifying arithmetical
truths? Some authors, like Lucas (1961) and Penrose (1989 e 1995), insist in a negative
answer. Penrose (1989 e 1995) argues, from an analysis of the Halt Problem, that the
form of the human thinking is not mechanical. Lucas (1961) argues the same thing, but
in a non-direct way; he constructs a ‘schema of refutation’: given any computational
program that simulates the human capacity of recognizing arithmetical truths, he shows
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how to use Gödel’s First Incompleteness Theorem in order to find one formula that
should be recognized as true by the program, but is not.
Could we present another answer to the initial question, more resumed than the
one given by Penrose and more direct than Lucas’ one? That is the purpose of this paper.
Our perspective is that of someone who tries to construct a theoretical model to
describe one part of the human cognition capacity. We analyze, in a epistemological and
metamathematical sense, the form of the human capacity of recognizing of some kinds
of first-order arithmetical truths (those that are involved in the demonstration of Gödel’s
First Incompleteness Theorem); and then we ask for the possibility of our capacity being completely expressed in a formal theory or completely modeled by an algorithm.
The first difficult to answer the proposed question is to define what is the human
capacity of verification of a first-order arithmetical formula. We preliminary understand
that the question belongs to the logical-mathematical scope and we assume the definition of a true formula due to Tarski (1936, [see 1983]) or those which are similar and
usual in the textbooks. However, note that we do not have, prima facie, a definition of
what is the human capacity of verification of a first-order arithmetical formula.
On the other hand, for the theoretician that asks for what is the human capacity
of verification of first-order arithmetical formulae, the question may be initially analyzed from cases in which we can in principle determine the truth of the sentence. For
example, the theoretician knows that we can in principle determine any free variable
formulae: it is enough to calculate the successor, the addition or the multiplication of the
given terms according to the order of the applications of these operations in the given
formula and then to verify the equality of the results of the calculus.2
It is important to note that if we take the human capacity of verifying a firstorder arithmetical formula in principle, we exclude the memory and the time limitations
for that verification. As we are trying to express completely such capacity by formal
theories or computational algorithms, we can suppose having any space and time as
needed, since we admit the same thing for the execution of an ideal program or for the
set of ideal deductions in a formal theory. The position here is clear: as we deal with the
possibility of modeling either by formal theories or by Turing machines’ algorithms the
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human capacity of verification of formulae, and either there exists in principle no limit
in the length of the demonstrations in a theory or there exists in principle no limit either
of memory or of time in a Turing machines’ processing, then we assume that in principle we have no limitation in space, memory or time to investigate the truth of one
formula.
2. The impossibility of a complete axiomatic first-order theory of human
capacity of recognizing first-order arithmetical truths
Note that the results mentioned in this
postscript do not establish any bounds for the powers of human reason, but rather for the potentialities
of pure formalism in mathematics.
Gödel (1965, pp. 72-73)

First of all, we can verify if it is possible to construct a formal first-order theory
T whose theorems are exactly the formulae that we could recognize in principle as true
in the structure of natural numbers, that we call as usually the standard model. For simplicity, we can consider the following convention.
Notation. We will denote by ψ(A), where A is a first-order arithmetical formula,
that A is true in the standard model and this can be recognized by one logicianmathematician.
Note that ψ denotes a metamathematical unary predicate. More than that, we assume that ψ denotes a partial predicate, i.e., ψ may be not defined for all formulae of
the formal system in consideration (it is possible that we cannot know every true firstorder arithmetical formula, even in principle).
We then consider then the following version of Gödel’s First Incompleteness
Metatheorem3.
Gödel’s First Incompleteness Metatheorem. Given a consistent axiomatic
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formal theory T, whose language is an extension of the first-order arithmetical language
and in which the recursive function are represented, then there exists a first-order formula GT (the Gödel Formula), and we can exhibit it, such that:
(1) GT is true in the standard model; and
(2) GT is not a theorem of T.
Note that the Gödel Formula GT has the form4:
Πv[~B(v, S(w, w))] ,
where Π is the universal quantifier, v and w are individual variables, B is a binary predicate symbol and S is a binary function symbol, these last two designating respectively
the primitive recursive relation B and the primitive recursive function γ defined by
Gödel (1965, respectively in p.57 and p.59), that will be discussed later on. So GT is a
first-order formula. Note that, as they are defined, B is a relation between natural numbers and γ is the function from the set of pairs of natural numbers in the set of natural
numbers (and not a relation between formulae and a function from the set of pairs of
formulae in the set of formulae, as some people usually erroneously think), defined explicitly by composition and primitive recursion from the constant, projection and successor functions.
In his demonstration, Gödel shows: (1) that we can associate a unique natural
number to each formula, today known as the Gödel number of the formula; (2) that we
can associate a unique natural number to each sequence of formulae, today known as
the Gödel number of the sequence of formulae; (3) that the primitive recursive relation

B, that is designated in the formal system by B, is such that, given two numbers x and
y, B(x, y) happens if and only if x is the Gödel number of the sequence that constitutes
a demonstration of the formula whose the Gödel number is y; and (4) that the primitive
recursive function γ, that is designated in the system by S, is such that, given two numbers x and y, the result γ(x, y) is the Gödel number of the formula that results of the
substitution, in the formula that the Gödel number is x, of all free occurrences of the
variable w by the term that is the numeral that represents the number y.
4
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From that and the fact that zp denotes the numeral that represents the number p in
the formal system, Gödel (1965, p.60) concludes:
Let U(w) be the formula Πv[~B(v, S(w, w))] and let p be the number of U(w). Now U(zp) is
the formula which results when we replace all free occurrences of w by zp in the formula whose
number is p, and hence has the number γ(p, p). Hence if U(zp) is provable, there is a k such that
kBγ(p, p). But since S(u, v) represents γ(p, p) and B(u, v) represents xBy, it follows that
B(zk, S(zp, zp)) is provable. Also, it is a property of our system that if Π v F(v) is provable, then
F(zl) is provable for all l; consequently, if U(zp) is provable, ~B(zk, S(zp, zp)), as well as B(zk,
S(zp, zp)), is provable, and the system contains a contradiction. Thus we conclude that U(zp) cannot be proved unless the system contains a contradiction.

If we interpret the Gödel Formula Πv[~B(v, S(w, w))], we have that
Πv[~B(v, S(w, w))] occurs if and only if there is no Gödel’s number k such that kBγ(p,
p), what is equivalent to assert that there is no demonstration, in the considered formal
system, of the formula whose the Gödel number is p. But this is the proper Gödel Formula Πv[~B(v, S(w, w))]. So, if the system is consistent, the truth of the Gödel Formula
is equivalent to its indemonstrability in the system. Therefore, if the system is consistent, its Gödel’s Formula is true and unprovable.
From our comprehension of the demonstration of Gödel’s First Incompleteness
Metatheorem, we can say that in principle if we can recognize that the theory is consistent, then we can recognize that its Gödel’s Formula is true.
Note that, as the question here is to determine the complete theory T of the human capacity of verification of first-order arithmetical formulae, we can assume that if
this theory T exists, we could recognize that the axioms of T work and then we could
recognize that the theory T is consistent. So we can say that the human capacity of recognizing first-order arithmetical truths follows the following principle.
Gödel’s Self-Overcoming Principle. Given an axiomatic first-order theory T
about natural numbers, in which we can represent the recursive functions and such that
ψ(A) for all axiom A of T, then there exists a Gödel Formula GT , and we can in principle exhibit it, such that:
(1) ψ(GT);
(2) GT is not a theorem of T.
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Based on that principle, it follows the answer to our initial question.
First Consequence of Gödel’s Self-Overcoming Principle. There exists no
axiomatic first-order theory T about natural numbers in which we can represent the recursive functions and such that A is a theorem of T if and only if ψ(A). In other words,
there exists no complete axiomatic first-order theory T of the formulae that are recognized as true by the human capacity of verification of a first-order arithmetical formula.
In fact, if there exists a theory T in the conditions above, then by Gödel’s SelfOvercoming Principle there exists a formula GT such that ψ(GT), and is not a theorem
of T, what contradicts our assertion that T is complete, i.e., that A is a theorem of T if
and only if ψ(A).
3. The impossibility of a complete Turing machines’ algorithm of human
capacity of recognition of first-order arithmetical truths
We now define the notion, already discussed, of
an effectively calculable function of positive integers
by identifying it with the notion of a recursive function of positive integers (or of a λ-definable function
of positive integers). This definition is thought to be
justified by the considerations which follow, so far
as positive justification can ever be obtained for the
selection of a formal definition to correspond to an
intuitive notion.
Church (1965, p.100)

We can now investigate the implications of the First Consequence of Gödel’s
Self-Overcoming Principle, concerning to the possibility of simulating in a Turing machine the human recognition of first-order arithmetical true formulae.
First, we will consider that there exists a Turing machine M that calculates the
results of applicating a predicate P if and only if P is recursive, as it was demonstrated
by Turing (1965, p.149) and Church (1965, p.99, [Meta]Theorems XVI-XVII); and we
will consider analogously that there exists a Turing machine M that calculates the results of application of a partial predicate P if, and only if, P is partial recursive.
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Then, we can consider the following definition and results obtained by Kleene
(1965, p.271):
Let P(x1, ..., xn) be a predicate which may not be defined for all n-tuples of natural numbers
as arguments. By a completion of P we understand a predicate Q such that, if P(x1, ..., xn) is defined, then Q(x1, ..., xn) is defined and has the same value, and if P(x1, ..., xn) is undefined, then
Q(x1, ..., xn) is defined. In particular, the completion P+(x1, ..., xn) which is false when P(x1, ..., xn)
is undefined, and the completion P-(x1, ..., xn) which is true when P(x1, ..., xn) is undefined, we
call the positive completion and negative completion of P(x1, ..., xn) respectively. (In P and P+,
the "positive parts" coincide; in P and P-, the "negative parts" coincide.)
[META]THEOREM VI. The positive completion P+(x1, ..., xn) of a partial recursive predicate P(x1, ..., xn) is expressible in the form (Ey)R(x1, ..., xn, y) where R is primitive recursive; and
conversely, any predicate expressible in the form (Ey)R(x1, ..., xn, y) where R is general recursive
is the positive completion P+(x1, ..., xn) of a partial recursive predicate P(x1, ..., xn).

Assertion. If ψ is partial recursive, then there exists an axiomatic first-order
theory T about natural numbers such that: ψ(A) if, and only if, A is a theorem of T.
In fact, if we denote the Gödel number of the formula A by [A], by the above
theorem we have that there exists a general partial recursive predicate R such that
ψ+([A]), if and only if, EyR([A], y); and therefore ψ(A) is true if, and only if, EyR([A],
y). Let T be the theory whose axioms are the first-order formulae with the form A∧(xi=
xi) such that R(i,[A]). First, T is a first-order theory, since T has only first-order formulae. Second, T is axiomatic, since there is a recursive procedure that determines the
axioms of T. So, consider that if we have ψ(A), then there exists i such that A∧(xi= xi)
is an axiom of T and so, by the Simplification Rule, we have that A is a theorem of T.
So, if ψ(A), then A is a theorem of T. Otherwise, if A is a theorem of T, then A can be
obtained by inference rules from the axioms of T, i.e., from formulae Ai such that ψ(Ai).
If we assume that the human capacity of verification of first-order arithmetical formulae
is such that if A is one formula that follows by inference rules from formulae Ai that we
can recognize as true, i.e. ψ(Ai), then the formula A itself can be recognized as true, i.e.
ψ(A), then we have that if A is theorem of T then ψ(A). We can conclude that, if ψ is
partial recursive, then there exists an axiomatic first-order theory T about natural numbers such that: ψ(A), if and only if, A is a theorem of T. Q.E.D.
From the above Assertion and the First Consequence of Gödel’s Self-
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Overcoming Principle, we immediately have the following.
Second Consequence of Gödel’s Self-Overcoming Principle. ψ is not partial
recursive and therefore the human capacity of recognition of first-order arithmetical
truths cannot be completely simulated by a Turing machine.

Hence, certainly, Turing machines cannot satisfy Gödel’s Self-Overcoming
Principle. This principle if we attribute it to the human being — and it seems that we
can do it, since it was discovered by the human being by the analysis of its own thought
—makes us consider that minds are not only Turing machines.
4. The impossibility of an axiomatic conservative extension of a complete
axiomatic first-order arithmetical theory of the human capacity of recognition of
first-order arithmetical truths

In this section, we extend the results obtained in Sections 2 to theories that are
axiomatic extensions of first-order theories.
Third Consequence of Gödel’s Self-Overcoming Principle. There exists no
axiomatic formal theory T whose language is an extension of the first-order arithmetical
language and such that, for all first-order formula A, A is a theorem of T if and only if
ψ(A), i.e., we can recognize that A is a true arithmetical formula.
In fact, if there exists a theory T in the conditions above, then there exists a recursive primitive predicate B, such that B(x, y) if and only if x is the Gödel number of
the sequence that is a proof in T of the formula whose Gödel number is y. If we define
the unary predicate Q such that Q(A) if and only if EyB([A], y), then by [Meta]Theorem VI of Kleene (1965, p. 271), Q is recursive partial. Let V be the conjunction of
Q and P, where P is the recursive predicate such that P(A) if and only if A is a firstorder arithmetical formula. So, V is recursive partial and there exists a general recursive
partial predicate R such that V+([A]) if and only if EyR([A], y). Let T1 be the theory
whose axioms are the formulae of type A∧(xi=xi), such that R(i,[A]). In this case, as we
have seen, T1 is an axiomatic first-order theory, and A is a theorem of T1 if and only if
8

ψ(A). So, if there is a theory T in the conditions enunciated, then there exists an axiomatic first-order theory T1 such that A is a theorem of T if and only if ψ(A). This contradicts the First Consequence of Gödel’s Self-Overcoming Principle and then we have
that there exists no axiomatic formal theory T whose language is an extension of the
first-order arithmetical language and such that, for all first-order formula A, A is theorem of T if and only if ψ(A). Q.E.D.
4. Conclusion

Finally, as the set of first-order mathematical truth that the human being can recognize is a part of the set of all mathematical truths that the human being can recognize,
we can conclude that there exists no complete formal theory, or complete Turing machines’ algorithm, for the human capacity of recognition the mathematical truths.
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