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In order to avoid the paradoxes the development of set theory led
to the construction of theories which contain more comprehensive
objects than sets, the so called proper classes. Among the theories
that formalize such position, called “limitation of size doctrine”,
two had been extemsively used in the literature. They are Von
Neumann-Bernays-Godel theory, in symbols V NBG, and Kelley-
Morse theory, K M. Both of them include sets and also classes that
are not sets, called proper classes. The chief difference between
V NBG and K M lies in their relations respect to the power of proof
with ZF, Zermelo-Fraenkel set theory. In fact, old results by Novak
and Mostowski established that in provability of set theoretical sen-
tences ZF and V N BG coincide. On the other hand, because KM
proves the consistency of ZF, it follows by Godel’s unprovability of
consistency that KM proves set theoretical sentences unprovable in
ZF.

If we denote by VN BG™ and KM™ the set theoretical frag-
ments of VNBG and KM respectively, then the difference between
these theories is expressed in short by ZF = VNBG™ and C KM™.
It follows that ZF axioms suffice to axiomatize V N BG™ but an ax-
iomatization for KM™ must include some extra axioms. In [1j it
is shown that a reflection principle schema is an adequate axiom to
be added to ZF axioms in order to get an axiomatization of KM™.

These arguments are closely connected with the incompleteness
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phenomena discovered by Godel. But Godel later also announced
without proof, in a paper titled " Uber die Lange der Beweise”, that
in passing from a theory to a stronger one simplifies proofs of some
sentences provable in both. If we ask of set theoretical theorems of
ZF and KM™ simultaneously, we get the following theorem:

Let f be recursive function. Then there ezists a set theoretical
sentence ¢, provable 1n ZF and KM™, such that 1f d 13 the shortest
proof of & in ZF and d' 1s the shortest proof of ¢ in KM™, then
f(d') < d.

PROOF: Throughout this paper the length of a proof will be the
number of characters in 1t.

In order to prove the theorem we assume the contrary, 1.e. there
exists a recursive function f such that for every formula ¢, if d 1s
the shortest proof of ¢ in ZF and d’ it shortest proof in K M™ | then
d < f(d').

Let p(z,y) and p'(z,y) be the formulae that numeralwise rep-
resents “y is a ZF-proof of z” and “y is a KM™ - proof of z”
respectively, and let F' be the representation of f.

Let a(z, y) be the formula that says "y is a K M™-proof of z and
there exists a ZF-proof of z of length < F(y)”. Formally « (z, y)
1s the formula p'(z, y) A E2(z < F(y) A p(z, 2)).

Then, due to the assumption, is inmediate that o characterizes
the proof notion for ZF, 1.w. if P, is the relation that corresponds
to a, then

ZF -9 iff EyPy(Dy,y) (%)

Now we can apply the diagonalization Lemma (see [4], Theorem
2.2.1) to the formula VyP, (z, y) and obtain a sentence § such that:

ZF -6 — Vy-a(ls,y) (1)

It follows from (1) and Godel’s First Ipcompleteness Theorem
(see [4], Theorem 2.2.2) that

ZF+ 4 (2)
Also it is worth noting that

ZF + ﬂa(a.«_;, Z),Z e w {3)
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because if ZF + —a(Ay, z), then, due to the fact that P, 1is re-
cursive, ZF + a(Ay,z), and by (*) ZF + § which contradicts (1).
But in models of ZF there are not nonstandard natural numbers,
this means that (2) says that # is true. But truth for ZF can be
formalized in KM (see |2]), that is there exists a formula SAT such
that

KMt SAT(Ap) — 6

whence it follows that

KMF§

because the above argument can be entire formalized in KM. Hence
there exists d such that

ZF + p'(Ay, Aa)- (4)

Using (3) we obtain

ZF+Vz(z < F(Ag) — ~p(As, 2)) (5)

Combining (4) and (5) easily yields

ZF ¢ 6 - Vz(z < F(A4) — ~P(Ap,2)) (6)

and then modus ponens gives ZF + 6. Since this contradicts (2)
we infer that the assumption is false and that ends the proof of the
theorem.

The measure of complexity we have used seems to be very realis-
tic. Using a convenient coding the length of a proof with n symbols
will be proportional to [logz(n + 1)]. The proof also holds if we
take the number that represents a proof as measure. If we take
a definite explicit axiomatization of ZF and KM™ the statement
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of the theorem, with a similar proof, holds if the number of lines
(i.e. number of formulae) in the proof is considered as measure of
complexity. This was the measure originally envisaged by Gédel.

In the theorem just proved the explicit meaning of the formula
¢ 1s “there exists a KM-proof d of myself and any ZF-proof of
myself has length > F(d)”. If we denote by Conzr(n) the formal
expression that corresponds to “There is no Z F-proof of inconsis-
tency with length < n”, then by a formalized proof, analogous to
Godel’s unprovability of consistency, the following ﬁmtlstlc consis-
tency result will be accomplished:

For every recursive function f there exzists a polynomial q(z) such
that there ezists a KM™ -proof of Conzp(f(n)) with length < g(n).

A similar result for VNBG insted of KM™ using the number
of formulae and the length of formulae as complexity measure can
be found in [3]. The method of proof is clearly connected with cuts
in models of V NBG and is not translatable to K M™ because an
essential difference between V NBG and KM™ is that in the later
there are not nontrivial cuts. Also in (3] it is proved that there exists
¢ > 0 such that any formal Z F-proof of Conzr(n) will have length
greater than n®. This gives rise to the following example. Fix n
and consider the theory T = VNBG + —Cony npc(2"). Then T
is clearly inconsistent. However any formal T-proof of the inconsis-
tency of T will have length greater than 2™ ¢ with ¢ aproximately
1/2. If we take n big enough (10° for example) this example shows
finitistic limitations of set theories that eventually lead certains the-
ories consistent until a certain feasible level.
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